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ABSTRACT. In 2007 Chang and Yu determined all the algebraic relations among
Goss’s zeta values for A = Fy[0] also known as the Carlitz zeta values. Goss
raised the problem about algebraic relations among Goss’s zeta values for a
general base ring A but very little is known. In this paper we develop a general
method and determine all algebraic relations among Goss’s zeta values for the
base ring A attached to an elliptic curve over F;. To our knowledge, these
are the first non-trivial solutions of Goss’s problem for a base ring whose class
number is strictly greater than 1.
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INTRODUCTION

0.1. Background. A classical topic in number theory is the study of the Riemann
zeta function ((.) and its special values {(n) for n € N and n > 2. By a well-known
analogy between the arithmetic of number fields and global function fields, Carlitz
suggested to transport classical results relating to the zeta function to the function
field setting in positive characteristic. In [16], he considered the rational function
field equipped with the infinity place (i.e. when A = F4[f]) and introduced the
Carlitz zeta values (4(n) which are considered as the analogues of ((n). Many
years after Carlitz’s pioneer work, Goss showed that these values could be realized
as the special values of the so-called Goss-Carlitz zeta function (4(.) over a suitable
generalization of the complex plane. Indeed, Goss’s zeta functions are a special
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case of the L-functions he introduced in [28] for more general base rings A. The
special values of this type of L-function, called Goss’s zeta values, are at the heart
of function field arithmetic in the last forty years. Various works have revealed
the importance of these zeta values for both their independent interest and for
their applications to a wide variety of arithmetic applications, including multiple

zeta values (see the excellent articles [15, 46] for an overview), Anderson’s log-
algebraicity identities (see [2, 3, 6, 32, 43]), Taelman’s units and the class formula
a la Taelman (see [11, 24, 25, 26, 27, 38, 42] and [10] for an overview).

For A = F,[f], the transcendence of the Carlitz zeta values at positive integers
Ca(n) (n > 1) was first proved by Jing Yu [17]. Further, all linear and algebraic
relations among these values were determined by Jing Yu [48] and by Chieh-Yu
Chang and Jing Yu [23], respectively. These results are very striking when com-

pared to the extremely limited knowledge we have about the transcendence of odd
Riemann zeta values.

Goss raised the problem of extending the above work of Chang and Yu to a more
general setting. For a base ring A of class number one, several partial results about
Goss’s zeta values have been obtained by a similar method (see for example [37]).
However, to our knowledge, nothing is known when the class number of A is greater
than 1.

In this paper, we provide the first step towards the resolution of the above prob-
lem and develop a conceptual method to deal with the genus 1 case. The advantage
of working in the genus 1 case (elliptic curves) is that we have an explicit group
law on the curve which we often exploit in our arguments. On the other hand,
where possible we strive to give general arguments in our proofs which will readily
generalize to curves of arbitrary genus. Our results determine all algebraic relations
among Goss’s zeta values attached to the base ring A which is the ring of regular
functions of an elliptic curves over a finite field. To do so, we reduce the study
of Goss’s zeta values, which are fundamentally analytic objects, to that of Ander-
son’s zeta values, which are of arithmetic nature. Then we use a generalization of
Anderson-Thakur’s theorem on elliptic curves to construct zeta t-motives attached
to Anderson’s zeta values. We apply the work of Hardouin on Tannakian groups in
positive characteristic and compute the Galois groups attached to zeta t-motives.
Finally, we apply the transcendence method introduced by Papanikolas to obtain
our algebraic independence result.

0.2. Statement of Results. Let us give now more precise statements of our re-
sults.

Let X be a geometrically connected smooth projective curve over a finite field
F, of characteristic p, having g elements. We denote by K its function field and
fix a place 0o of K of degree do, = 1. We denote by A the ring of elements of K
which are regular outside co. The oo-adic completion K, of K is equipped with
the normalized oo-adic valuation ve, : Koo — Z U {+00}. The completion Cy of a
fixed algebraic closure K o, of Ko comes with a unique valuation extending v, it
will still be denoted by v.

To define Goss’s zeta values (our exposition follows closely to [29, §8.2-8.7]),
we let m € K be a uniformizer so that we can identify K., with F,((7)). For
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x € F;, one can write z = 7= sgn(z)(x) where sgn(z) € qu and (z) is a
1-unit. If we denote by Z(A) the group of fractional ideals of A, then Goss defines
a group homomorphism
—x
[a:Z(4) = K
such that for x € K*, we have [zA]4 = z/sgn(z).

Let E/K be a finite extension, and let Og be the integral closure of A in E. Then
Goss defined a zeta function (o, (.) over a suitable generalization of the complex
plane S,. We are interested in Goss’s zeta values for n € N given by

Ol —x
Gow(m) = [3} B
d>03€Z(05),3C0x, A
deg(Ng,/k(3))=d

where Z(OFg) denotes the group of fractional ideals of Op.

0.3. Carlitz zeta values (the genus 0 case). We set our curve X to be the
projective line P! /F, equipped with the infinity point co € P1(F,). Then A = F,[f],
K =T,(0) and Ko, =F,((1/0)). Let Ay the set of monic polynomials in A.

Since the class number of A is 1, by the above discussion, Goss’s map is given
by [zA]a = x/sgn(z) for x € K*. Then the Carlitz zeta values, which are special
values of the Carlitz-Goss zeta function, are given by

1
Ca(n) = Z a*nEK;é, n €N.

a€Ay

Carlitz noticed that these values are intimately related to the so-called Carlitz
module C' that is the first example of a Drinfeld module. Then he proved two
fundamental theorems about these values. In analogy with the classical Euler for-
mulas, Carlitz’s first theorem asserts that for the so-called Carlitz period 7 € F:O,
we have the Carliz-Euler relations:

a(n)
%n
His second theorem states that (4(1) is the logarithm of 1 of the Carlitz module
C, which is the first example of log-algebraicity identities.

€K foralln>1,n=0 (modgq-—1).

Many years after the work of Carlitz, Anderson and Thakur [1] developed an
explicit theory of tensor powers of the Carlitz module C®" (n € N) and expressed
Ca(n) as the last coordinate of the logarithm of a special algebraic point of C®".
Using this result, Yu proved that (4(n) is transcendental in [17] and that the
only K-linear relations among the Carlitz zeta values are the above Carlitz-Euler
relations in [48].

For algebraic relations among the Carlitz zeta values, we obviously have the
Frobenius relations which state that for m,n € N,

Ca(p™n) = (Ca(n))?".

Extending the previous works of Yu, Chang and Yu [23] proved that the Carlitz-
Euler relations and the Frobenius relations give rise to all algebraic relations among
the Carlitz zeta values. To prove this result, Chang and Yu use the connection be-
tween Anderson F,[f]-modules and t-motives as well as the powerful criterion for
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transcendence introduced by Anderson-Brownawell-Papanikolas [5] and Papaniko-
las [39]. This latter criterion, which we will also use in our present paper, states
roughly that the dimension of the motivic Galois group of a t-motive is equal to
the transcendence degree of its attached period matrix.

0.4. Goss’s zeta values on elliptic curves (the genus 1 case). In a series of
papers [30, 31, 32], Papanikolas and the first author carried out an extensive study
to move from the projective line P!/ F, (the genus 0 case) to elliptic curves over F,
(the genus 1 case).

We work with an elliptic curve X defined over IF, equipped with a rational point
oo € X(Fy). Then A =Fy[0,n] where 6 and 7 satisfy a cubic Weierstrass equation
for X. We denote by K = F,(6,n) its fraction field and by H C K., the Hilbert
class field of A.

The class number CI1(A) of A equals to the number of rational points X (F,) on
the elliptic curve X and also to the degree of extension [H : K], i.e.

CI(A) = |X(F,)| = [H : K].

For a prime ideal p of A of degree 1 corresponding to an F,-rational point on X,
we consider the sum

Gy = Y =, neN.

acp™t,

sgn(a)=1
The sums (4(p,n) where p runs through the set P of prime ideals of A of degree
1 are the elementary blocks in the study of Goss’s zeta values on elliptic curves.
When E = K, (a(n) can be expressed as a K-linear combination of C4(p,n).
When E = H, (o, (n) which is a regulator in the sense of Taelman (see [, 12]) can
be written as a product of K-linear combinations of (4 (p, n).

Contrary to the [F4[f]-case, one of the main issues is that the elementary blocks
Ca(p,m) (p € P) are of analytic nature. To overcome this problem, Anderson
introduced the so-called zeta values of Anderson (,(b;,n) (see (1.22) for a precise
definition) indexed by a K-basis b; € Oy of H (recall that |P| = [H : K] = Cl(A)).
They are also K-linear combination of (4 (p,n). The crucial point is that Anderson’s
zeta values are of arithmetic nature and intimately related to the standard rank 1
sign normalized Drinfeld A-module p which plays the role of the Carlitz module.

In [32], Papanikolas and the first author developed an explicit theory of the above
Drinfeld A-module p. They rediscovered the celebrated Anderson’s log-algebraicity
theorem on elliptic curves and proved that ¢,(b;, 1) can be realized as the logarithm
of p evaluated at a prescribed algebraic point. In [30, 31], the first author introduced
the tensor powers p®" for n € N and proved basic properties of Anderson modules
p®™. Then he obtained a generalization of Anderson-Thakur’s theorem for small
values n < q. By a completely different approach based on the notion of Stark units
and Pellarin’s L-series, Angles, Tavares Ribeiro and the second author [9] proved a
generalization of Anderson-Thakur’s theorem for all n € N. It states that for any
n € N, Anderson’s zeta values (,(b;, 1) can be written as the last coordinate of the
logarithm of p®™ evaluated at an algebraic point '.

n fact, this theorem holds for any general base ring A, see [9].
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In this paper, using the aforementioned works, we generalize the work of Chang
and Yu [23] for the Carlitz zeta values and determine all algebraic relations among
Anderson’s zeta values on elliptic curves.

Theorem A (Theorem 4.3). Let m € N and {b1,...,b,} be a K-basis of H with
b; € B. We consider the following set

A={m,} U{((bi;n):1<i<h,1<n<m suchthatq—1{n and p{n}

where , is the period attached to p. Then the elements of A are algebraically
independent over K.

As an application, we also determine all algebraic relations among Goss’s zeta
values on elliptic curves (see also Theorem 5.3).

Theorem B (Corollary 5.4). Let m € N and L be an extension of K such that
L C H. We consider the following set

Gr={m}U{lo,(n): 1 <n <m such that g —1tn and p{n}.

Then the elements of Gr, are algebraically independent over K.

We also prove algebraic independence of periods and logarithms of tensor powers
of Drinfeld modules.

Theorem C (Theorem ilS) Suppose that uy, ..., € M,x1(Cx) such that
Exp?"(ui) =v; € My,x1(K) and denote the jth entry of u; asw; ;. If ), 01 pn,y - s Wnn
are linearly independent over K, then they are algebraically independent over K.

Let us sketch our proof and highlight the advances beyond [23].

e Since we wish to apply the transcendence method of Papanikolas [39] (see
Section 1.6 for a summary), we will consider the F,[0]-modules induced by
tensor powers of Drinfeld modules, still denoted by p®™ (see Section 1).

e In Section 2, we construct t-motives attached to p®” and compute their
Galois group. Later these properties allow us to apply Hardouin’s work
[33] (see Section 1.7 for a summary) which will give us the dimension of the
motivic Galois group associated to the t-motive.

e In Sections 3.1 and 3.2, we construct t-motives attached to logarithms of
p®". Our construction uses Anderson’s generating functions as in [18] in-
stead of polygarithms used by Chang and Yu. This allows us to bypass the
convergence issues of polygarithms present in [23].

e In Sections 3.3 and 3.4, we present two different ways to compute periods:
either by direct calculations or by using a more conceptual method due to
Anderson (see [34], Section 5).

e In Section 3.6, we compute explicitly the Galois groups of t-motives at-
tached to logarithms and derive an application about algebraic indepen-
dence of logarithms (see Theorem 3.13). Our calculations are completely
different from all aforementioned works (e.g. [23, 18]) and based on a more
robust method devised by Hardouin [33].

e In Section 4, we use a generalization of Anderson-Thakur’s theorem on
elliptic curves (see Theorem 1.8) to construct the zeta t-motives attached to
Anderson’s zeta values. Using results from Section 3, we apply the strategy
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of Chang-Yu to determine all algebraic relations among Anderson’s zeta
values (see Theorems 4.2 and 4.3).

e In Section 5, we derive all algebraic relations among Goss’s zeta values from
those among Anderson’s zeta values (see Theorem 5.3 and Corollary 5.4).

To summarize, we have solved completely the problem of determining all al-
gebraic relations among Goss’s zeta values on elliptic curves. Although we work
on elliptic curves and make use of their group law, we have developed a general
approach and expect to extend our work to a general base ring in future work.

Acknowledgements. The second author (T. ND.) was partially supported by
CNRS IEA ” Arithmetic and Galois extensions of function fields”; the ANR Grant
COLOSS ANR-19-CE40-0015-02 and the Labex MILYON ANR-10-LABX-0070.

1. BACKGROUND

Traditionally, proofs in transcendental number theory tend to be quite eclectic;
they pull from numerous disparate areas of mathematics. Such is the case in this
paper. To ease the burden on the reader, we collect here a review of the various
theories on which the proofs of our main theorems rely. This review is not intended
to be exhaustive and we refer the reader to various sources listed in each section.
After laying out the general notation (Section 1.1), we give a review of Anderson
A-modules (Section 1.2), Tensor powers of sign-normalized rank 1 Drinfeld-Hayes
modules (Section 1.3), Anderson-Thakur’s theorem on zeta values and logarithms
(Section 1.4), linear independence of Anderson’s zeta values (Section 1.5), Papaniko-
las’s theory on Tannakian categories and motivic Galois groups (Section 1.6) and
Hardouin’s theory on computing motivic Galois groups via the unipotent radical
(Section 1.7).

1.1. Notation.

We keep the notation of [30, 31, 32] and work on elliptic curves. Throughout
this paper, let IF; be a finite field of characteristic p, having ¢ elements. Let X be
an elliptic curve defined over F, given by

y2 + ity + c3y = 3+ 02t2 +cat+cs, ¢ €F,.

It is equipped with the rational point co € X (F,) at infinity. We set A = F,[t, ]
the affine coordinate ring of X which is the set of functions on X regular outside
oo and K = F,(t,y) its fraction field. We also fix other variables 6,7 so that
A =TF,[0,n] and K =F,(0,n) are isomorphic to A and K. We denote the canonical
isomorphisms x : K — K and ¢ : K — K such that x(0) =t and x(n) = y.

The oo-adic completion K, of K is equipped with the normalized oo-adic valu-
ation veo : Koo — Z U {400} and has residue field F,. We set deg := —vo so that
degf = 2 and degn = 3. The completion C,, of a fixed algebraic closure Ko, of
K comes with a unique valuation extending v, which will still be denoted by v.
We define the Frobenius 7 : Coc — C. as the Fj-algebra homomorphism which
sends = to 9. Similarly, we can define K, equipped with v, and deg.

We set Z = (6, 7n) which is a K-rational point of the elliptic curve X. We define
a sign function sgn : KX — Fy as follows. For any a € A, there is a unique way
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to write

a = Z aiti + Zbitiy, ai,b; € Fq.

i>0 i>0
Recall that degt = 2 and degy = 3. The sign of a is defined to the coefficient of the
term of highest degree. It is easy to see that it extends to a group homomorphism
sgn: K, — Fy.
Similarly, we can define the sign function

sgn: K — F.

For any field extension L/F,, the coordinate ring of E over L is L[t,y] = L&, A.
We extend the sign function to such rings L[t,y], and using the same notion of
leading term:

sgn: L(t,y)* — L™,

which extends the function sgn on K*.

1.2. Anderson A-modules on elliptic curves.

We briefly review the basic theory of Anderson A-modules and dual A-motives
and the relation between them. This material follows closely to [30, §3-4] and the
reader is directed there for proofs.

For R a ring of characteristic p, we let R[7] denote the (non-commutative) skew-
polynomial ring with coefficients in R, subject to the relation for r € R,
Tr =7riT.
We similarly define R[o], but subject to the restriction that R must be an alge-
braically closed field and subject to the relation
or =r'.

We define the Frobenius twist on L[t,y] by setting for g = 3" ¢; xt/y* € L[t, ],

(1.1) g = Zc?}ktjyk.

The ith Frobenius twist is obtained by applying 7 times the Frobenius twist. We
extend twisting to matrices Mat; . ;(L[t,y]) by twisting coordinatewise. We also
define Frobenius twisting on points P € X, also denoted by P, to be the the ith
iteration of the g-power Frobenius isogeny. We extend this to formal sums of points
of X in the natural way.

Definition 1.1. 1) An n-dimensional Anderson A-module is an F,-algebra homo-

morphism E : A — Mat,, (K )[r], such that for each a € A,

E,=dla]+ AiT+..., A; € Mat,(K)
where d[a] = t(a)I + N for some nilpotent matrix N € Mat,, (K ) (depending on
a).

2) A Drinfeld module is a one dimensional Andersion A-module p : A — K o [7].

We note that the map a +— d[a] is a ring homomorphism.

Let E be an A-Anderson module of dimension n. We introduce the exponential
and logarithm function attached to E, denoted Expp and Logpg, respectively. The
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exponential function is the unique function on C7, such that as an F,-linear power
series we can write

(1.2) Expp(z) = Y Qiz"), Qi € Mat,(Cu),z € CL,
=0

with Qo = I, and such that for all ¢ € A and z € CZ,
(1.3) Expg(dla)z) = E.(Expg(2)).

The function Logy is then defined as the formal power series inverse of Expp.
We denote its power series as

Logp(z) = ZPiz(i), P; € Mat,,(Cx ),z € CL,.
i=0

We note that as functions on C7 the function Expg is everywhere convergent,
whereas Logy has some finite radius of convergence

We briefly set out some notation regarding points and divisors on the elliptic
curve X. We will denote addition of points on X by adding the points without
parenthesis, for example for Ry, Ry € X

R+ Ry € X,

and we will denote formal sums of divisors involving points on X using the points
inside parenthesis, for example, for g € K(t,y),

div(g) = (R1) — (R2).
Further, multiplication on the curve X will be denoted with square brackets, for
example
2]k € X,
whereas formal multiplication of points in a divisor will be denoted with simply
a number where possible, or by an expression inside parenthesis, for example, for
h e K(t,y),
div(h) = 3(R1) — (n+ 2)(R2).

1.3. Tensor powers of Drinfeld-Hayes modules on elliptic curves.

We now construct the standard rank 1 sign-normalized Drinfeld module to which
we will attach zeta values (see [32] for a detailed account). For a general curve, we
refer the interested reader to Hayes’ work [35, 36], see also [3, 6, 141] or [29], Chapter
7 for more details on sign-normalized rank one Drinfeld modules.

By definition, a rank 1 sign-normalized Drinfeld module is a Drinfeld module
p: A — K] such that for a € A, we have
pa = t(a) + a1T + - - - + sgn(a) 7@,

Let H C K be the Hilbert class field of A, i.e. the maximal abelian everywhere
unramified extension of K in which oo splits completely. There exists a unique point
V € X(H) whose coordinates have positive degree, called the Drinfeld divisor (it
is just a point in this situation), which verifies the equation on X

Vv-vh =g

We stress that V' is chosen to be in the formal group of X at oo, and in this way
V' is uniquely determined. We recall the fact that a divisor on X is principal if
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and only if the sum of the divisor is trivial on X and the divisor has degree 0 (see
[41, Cor. IT1.3.5]). Thus we conclude that the divisor (Z) + (V1)) — (V) — (00) is
principal and we denote the function with that divisor f € H(¢,y), normalized so
that sgn(f) = 1, and call this the shtuka function associated to X i.e.

(1.4) div(f) = (2) + (V) = (V) = (o0).
We will denote the denominator and numerator of the shtuka function as

vit,y) _y—n—m(t—0)

1.5 = :

(15) r= —mt=9)
where m € H is the slope on E (in the sense of [11, p. 53]) between the collinear
points V1, —V and Z, and deg(m) = ¢, and

(1.6)  div(y) = (VV) + (=V) +(8) = 3(c0), div(8) = (V) + (=V) = 2(c0).

Definition 1.2. 1) An abelian A-motive is a K[t,y, 7]-module M which is a finitely
generated projective K[t,y]-module and free finitely generated K[r]-module such
that for £ > 0 we have

(t—0)(M/TM) = {0}, (y—n)"(M/TM) = {0}.

2) An A-finite dual A-motive is a K[t,y,o]-module N which is a finitely gen-
erated projective K|t,y]-module and free finitely generated K [o]-module such that
for £ > 0 we have

(t—0)"(N/oN) = {0}, (y—mn)(N/oN)={0}.
Note that our definitions here are in line with [15, §4.4], rather than the more
general definition given in [34, Def. 4.1].

We then let U = SpecK[t,y], i.e. the affine curve (K xg, X) \ {oo}. The
(geometric) A-motive associated to p is given by

My =T(U,0x(V)) = | £(( 00)),
>0
where L((V) + i(c0)) is the K-vector space of functions g on X with div(g) >
—(V) —i(c0). We make M; into a left K[t,y,7]-module by letting 7 act by
rg=fg", geM,
and letting K[t,y] act by left multiplication.
The (geometric) dual A-motive associated to p is given by
(1.7) Ny =T(U,0x(~(V))) = | L(=(V?) +i(c0)) C K[t y],
i>1
where £(—(V (1)) 4 i(c0)) is the K-vector space of functions g on X with div(g) >
(VD) —i(o0). We make Ny into a left K[t,y, o]-module by letting o act by
og =gV, geN,
and letting K[t,y] act by left multiplication.

We find that M; and N; are projective K[t,y]-module of rank 1, that M is as a
free K[r]-module of rank 1 and that N is as a free K[o]-module of rank 1 (see [32,
§3] for proofs of these facts). A quick check shows that M; (resp. Ni) is indeed an
abelian A-motive (resp. A-finite dual A-motive).
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We form the nth tensor power of M7 and of Ny and denote these as

My =M™ = My @y Oy M,

N = NP = N1 @y Oy N1
with 7 and ¢ action on a € M,, and b € N,, given respectively by

ra= "o, ob= oY

Observe that
M, =T(U,0x(nV)), N, =T(U, Ox(—nV®M)),

and that M, (resp. NL) is also an A-motive (resp. a dual A—motive).ﬁAgain, M,,
and N,, are projective Kt, ;ﬂ—modules of rank 1. Further, M, is a free K[7]-module
of rank n and N, is a free K[o]-module of rank n.

We write down convenient bases for M, and N, as a free K[r]- and K|o]-
modules, respectively. Define functions ¢g; € M, for 1 < i < n with sgn(g;) = 1 and
with divisors

(1.8) div(gy) = —n(V) + (n = j)(c0) + (j = D(E) + ([ = YV + [n = (j = DIV),

and similarly define functions h; € N,, for 1 < ¢ < n, each with sgn(h;) = 1 and
with divisor

(1.9) div(hy) = n(VD) = (n+)(00) + (j— DE)+ (~ln— (F— HIVO — [ - 1]V,
Then we have
M, = Koo[t{g1,---,9n}, Npn=Kxlo){h1,-..,hn}.
For g € N,, with deg(g) = mn + b with 0 <b < ¢ — 1, we define two maps

60,01 : Ny —» Ko

by writing g in the K|[o]-basis for N,, described in (1.9),

(1.10) A .l
i=0 j=1

then denoting b; = (b14,b2.i,--.,bni) ", and setting

(1.11) do(g) =bo, d1(g) =bo+by+---+by,.

We then observe that N, /(0 — 1)N, = K", that the kernel of §; equals o — 1,
and thus can write the commutative diagram

N, /(1 —0)N, S g
(1.12) aJ/ i pon
N, /(1 —0o)N, S g

where the left vertical arrow is multiplication by a and the right vertical arrow is
the map induced by multiplication by a, which we denote by p&™.
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Definition 1.3. By [34, Prop. 5.6] we know that p®" is an Anderson A-module,
which we call the nth tensor power of p := p®!. We comment that p®" is uniquely
determined for n > 1 by the elliptic curve X, and that the category of dual A-
motives is in anti-equivalence with the category of Anderson A-modules (with suit-
able conditions on each cateogry: see [31, Thm. 5.9]). The A-module p®" is truly
the nth tensor power of p under this equivalence of categories.

Proposition 1.4. We recall the following two facts about the functions g; and h;
from [30, §4].
(1) For 1 <i<mn, there exist constants a;,b; € H such that we can write
tgi = 09; + aigi+1 + git2,
th; = 0h; + bjhi11 + hito.
(2) For the constants defined in (1) we have a; = b,_; for1 <j<n-—1 and

a, = bl.

We can write down the matrices defining p©™ using the coefficients a; € H from
Proposition 1.4,

(1.13)
0 a1 1 0 0 0 0
0 6 ay 1 ... 0 0 0 0O 0 0 0
00 6 a3 ... 0 0 0 : :

pit =df]+Eer =1 1 S N 0
0 0 0 0 ... 0 ap_o 1 1 0 0 0
0 0 0 0 ... 0 0 Ap_1 a, 1 0 0
0 0 0 0o ... 0 0 0

The logarithm and exponential functions associated to p®" will be denoted

Logf?” and Exp%’" respectively, and the period lattice of Expf?" will be denoted
by A?”

We may consider p®" to be a t-module by forgetting the action of y. When it
is necessary to distinguish p®” as a t-module from p®” as an A-module, we shall
denote the t-module as p®". When there is no confusion, we will drop the hat
notation.

In [31, Thm 5.4 and Cor. 5.6] the following result is proved.
Theorem 1.5. For z € CZ, inside the radius of convegence of Logfm, if we write

Log5" (z) = Z Pz,

1=0

form > 2, then for A = Qyﬂdﬁ the invariant differential on X,

gjh(i) k+1
(1.14) P, = <ResE (”/\>>
(1) (1))n
(ffO.. f@) L<jhn

and P; € Mat,,(H) for i > 0. Further, the bottom row of P; can be written as

(0
(1.15) < n_ktl :
E/ 1<k<n

(0. fO)



12 NATHAN GREEN AND TUAN NGO DAC

We denote by T the Tate algebra in variable ¢ with coefficients in C,, and by L
the fraction field of the Tate algebra T. We now give a brief review of the functions
Wy, BE™ and GE™ defined in [30, §5-6]. Let

_ e/ T £ x
(1.16) wp=¢ HJf(i) € Tly)*,
where ¢ € H is an explicit constant given in [32, Thm. 4.6]. Observe that w,

satisfies the functional equation w,()l) = fw,. For u = (uy,..., u,) ! € C7 define

(1.17) EZ™M(t) =Y Expy™ (d[6]"'u)t,
=0
(1.18) G (ty) = Egn (8) + (y + ext + c3) EF" (¢).

For n = 1 and u = u € C4, we will simplify notation by setting E,(t) := EZ(¢)
and G, (t,y) == GZ1(t,y)

Define M to be the submodule of T[y] consisting of all elements in T[y] which
have a meromorphic continuation to all of U. Now define the map RESg : M"™ —
Cn, for a vector of functions (z1, ..., 2,) " € M™ as

(1.19) RES=((21,...,2n)") = (Resz(21\), .. ., Resz (2, ) T

where A is the invariant differential on E.
We define a map T : T[y] — T[y]™ by

h(t,y) - ¢
h .
(1.20) Ty = | Y

Proposition 1.6. We collect the following facts from [30, §5-6] about the above
functions:

(a) The function ES™ € T™ and we have the following identity of functions in
Tn

EZ"(t) = i Q, (d[@](j) _ t[) e
j=0

where Q; are the coefficients of Expf?" from (1.2).

(b) The function GE™ € T|y| and extends to a meromorphic function on U =
(Coo xr, E) \ {00} with poles in each coordinate only at the points ) for
i > 0.

(¢) We have RESz(GE™) = —(u1,...,u,)".

(d) If we denote 11, = —RESz(T(w})), then T'(wy) = G%Z and the period

lattice of Exps™ equals AS™ = {d[a]Il,, | a € A}.

(e) If m, is a fundamental period of the exponential function associated to p,
and if we denote the last coordinate of I1,, € C as p,, then pn/wg €H.



ALGEBRAIC RELATIONS AMONG GOSS’S ZETA VALUES ON ELLIPTIC CURVES 13

1.4. A generalization of Anderson-Thakur’s theorem on elliptic curves.

Recall that p : A — C,o{7} is the standard sign-normalized rank one Drinfeld
module on elliptic curves constructed in the previous section and that H is the
Hilbert class field of A. Let B (or Og) be the integral closure of A in H. We
denote by G the Galois group Gal(H/K).

We denote by Z(A) the group of fractional ideals of A. For I € Z(A), we set
(1.21) o1 == (I,H/K) € G.

By [29], Proposition 7.4.2 and Corollary 7.4.9, the subfield of C., generated by
K and the coefficients of p, is H. Furthermore, by [29], Lemma 7.4.5, we get

Vae A, p, € B{7}.

Let I be a nonzero ideal of A, we define p; to be the unitary element in H{7} such
that

H{r}pr = H{7}pa.

We have
ker p; = ﬂ ker pg,

acl
pr € B{r},
deg, pr = degI.
We write pr = pro+---+pr1,deg yrde8 1 with pr,deg 1 = 1 and denote by (1) € B\{0}

the constant coefficient p; o of p;. Thus the map 1) extends uniquely into a map
¥ : I(A) — H* with the following properties:

1) for all I,.J € Z(A),v(IJ) = o5 (I)) ¥ (J),
2) for all I € Z(A),IB = ¢(I)B,
3) for all z € KX, (zA) = 2

sgn(x)*
Finally, for n € N, we define Anderson’s zeta value (also called the equivariant
zeta value) at n attached to p as follows:

U[(b)
(1.22) Cpbm) = ~ € K.
= vl
By the works of Anderson (see [2], [3]), for any b € B, we have

exp,((,(b,1)) € B.

Remark 1.7. This is an example of log-algebraicity identities for Drinfeld mod-
ules. The theory began with the work of Carlitz [16] in which he proved the
log-algebraicity identities for the Carlitz module defined over F4[f]. Further ex-
amples for Drinfeld modules over A which are PIDs were discovered by Thakur
[43]. Shortly after, Anderson proved this above identity for any sign-normalized
rank one Drinfeld A-module, known as Anderson’s log-algebraicity theorem. For
alternative proofs of this theorem, we refer the reader to [44], Chapter 8 for the
F,[0]-case, [32] for the case of elliptic curves and [6] for the general case.

The following theorem is a generalization of the celebrated Anderson-Thakur
theorem for tensor powers of the Carlitz module (see [1], Theorem 3.8.3).
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Theorem 1.8 (Angles-Ngo Dac-Tavares Ribeiro [9] for any n and Green [31] for
n < q). Let n > 1 be an integer. Then there exists a constant C,, € H such that
for b € B, there exists a vector Z,(b) € C wverifying the following properties:

1) We have Exp;)@”(Zn(b)) e H™.

2) The last coordinate of Z,(b) is equal to Cy,(,(b,n).

1.5. Linear relations among Anderson’s zeta values.

In this section we determine completely linear relations among Anderson’s zeta
values on elliptic curves. In the genus 0 case, it was done by Yu (see [17], Theorem
3.1 and [48], Theorem 4.1). His works are built on two main ingredients. The first
one is Yu’s theory where he developed an analogue of Wiistholz’s analytic subgroup
theorem for function fields while the second one is the Anderson-Thakur theorem
mentioned in the previous section. The main result of this section is to extend Yu’s
work on elliptic curves.

Recall that A is generated as an Fg-algebra by ¢ and y. Following Green (see [31],
Section 7), we still denote by p : Fy[t] — Coo{7} the induced Drinfeld F,[t]-module
by forgetting the y-action. Similarly, we denote by p®" : Fy[t] — M, (Coo){7} the
Anderson F,[t]-module by forgetting the y-action. Basic properties of this Anderson
module are given below.

Proposition 1.9 (Green [31], Lemmas 7.2 and 7.3).
1) The Anderson F,[t]-module p®™ : F,[t] — M,,(Coo){7} is simple in the sense
of Yu (see [17, 48]).

2) The Anderson Fy[t]-module p®™ : F,[t] — M,,(Cso){7} has endomorphism
algebra equal to A.

We slightly generalize [31], Theorem 7.1 to obtain the following theorem which
settles the problem of determining linear relations among Anderson’s zeta values
and periods attached to p, which generalizes the work of Yu.

Theorem 1.10. Let {b1,...,bn} be a K-basis of H with b; € B. We consider the
following sets for m,s > 1
R = {mk,0 <k <m}U{C(bi,n):1<i<h,1<n<s such that q—11n},
R = {ﬂ’;,nggm}U{Cp(bi,n) :1<i<h,1<n<s}
Then

1) The K-vector space generated by the elements in R and that generated by
those in R’ are the same.

2) The elements in R are linearly independent over K.

Proof. The proof follows the same lines as that of [18], Theorem 4.1, see also [31],
Theorem 7.1. We provide a proof for the convenience of the reader.

Recall that for n € N, p®™ denotes the Anderson F,[t]-module induced by p®™.
We consider

G=GLx (H p®k> T ey
k=1

n=1
q—1n
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where G, is the trivial ¢-module.

For 1 <n < s set Z,(b;) = (*,...,% Cn(y(b;;n) ") € C to be the vector from
Theorem 1.8 such that Expfm(Zn(bi)) € H". For 1 <k < m, let 1T, € Ck be
a fundamental period of Exp%ﬂC such that the bottom coordinate of Il is an H
multiple of 7%. Define the vector

s h

u=1x (ﬁ Hk> X ]:[Zn(bl) c G((Coo)
k=1

n=1 i=1
g—1in

and note Expg(u) € G(H), where Exp; is the exponential function on G. Our
assumption that there is a K-linear relation among the ¢,(b;, n) and 71"; implies that
u is contained in a d[F,[t]]-invariant hyperplane of G(Cy,) defined over K. This
allow us to apply [48, Thm. 1.3], which says that u lies in the tangent space to the
origin of a proper t-submodule G’ C G. Then Proposition 1.9 together with [[48,
Thm. 1.3] imply that there exist 1 < n < s with ¢ — 11 n and a linear relation of
the form

h

> aiGy(bs,n) + by =0

i=1
for some a;,b € A not all zero. Since (,(b;,n) € K and since H C K, this
implies that br) € K. Since ¢ — 11 n, we know that 7}y ¢ Ko.. It follows that

b =0 and hence Z?:1 a;Cp(bi,n) = 0. Since a; € A, we get

h h
0= Zaicp(bi,n) = Cp (Z aibi,n> .
i=1 =1

We deduce that Z,};:l a;b; = 0. Since b; is a K-basis of H, this forces a; = 0 for all
i. This provides a contradiction, and proves the theorem. ([l

As explained by B. Angles 2, the following result is attributed to Carlitz and
Goss (see [29], Lemma 8.22.4) which improves [7], Theorem 5.7 and [31], Corollary
7.4.

Proposition 1.11. Letn > 1,n =0 (mod g — 1) be an integer. Then for b € B,
we have C,(b,n)/7) € K.

1.6. Papanikolas’s work.
_ We review Papanikolas’ theory [39] (see also [1, 5]) and work with t-motives. Let
K]t, o] be the polynomial ring in variables ¢ and o with the rules

at = ta, ot =to, ca = a5, aeK.

By definition, an Anderson dual t-motive is a left K[t,s]-module N which is free
and finitely generated both as a left K[t]-module and as a left K[o]-module and
which satisfies

(t—0)IN c oN

2Personal communication in July 2019
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for some integer d sufficiently large. We consider K (t)[o, o] the ring of Laurent
polynomials in o with coefficients in K (t). A pre-t-motive is a left K(t)[o,o0~1]-
module that is finite dimensional over K (). The category of pre-t-motives is abelian
and there is a natural functor from the category of Anderson dual t-motives to the
category of pre-t-motives

N M :=K(t) &gy N

where o acts diagonally on M.

We now consider pre-t-motives M which are rigid analytically trivial. Let m €
M, x1(M) be a K(t)-basis of M and let ® € GL,.(K[t]) be the matrix representing
the multiplication by ¢ on M:

o(m) = dm.

We recall that T is the Tate algebra in variable ¢ with coefficients in C,, and that
L is the fraction field of the Tate algebra T. We say that M is rigid analytically
trivial if there exists ¥ € GL,(LL) such that

(=D = 3y,

Weset MT =1L @M on which ¢ acts diagonally and define Hpett; (M) to be

the [F,(t)-submodule of M fixed by 0. We call Hpq;(M) the Betti cohomology of
M. One can show that M is rigid analytically trivial if and only if the natural map

L @, ) HBetti (M) — Mt

is an isomorphism. We then call ¥ a rigid analytically trivialization for the matrix
.

The category of pre-t-motives which are rigid analytically trivial is a neutral
Tannakian category over F,(¢) with the fiber functor w which maps M +— Hpegti (M)
(see [39], Theorem 3.3.15). The strictly full Tannakian subcategory generated by
the images of rigid analytically trivial Anderson dual t-motives is called the category
of t-motives denoted by T (see [39], Section 3.4.10). By [34], Remark 4.14, this
categorgy is equivalent to the category of uniformizable dual F[t]-motives given in
[34], Definition 4.13.

By Tannakian duality, for each (rigid analytically trivial) t-motive M, the Tan-
nakian subcategory generated by M is equivalent to the category of finite dimen-
sional representations over Fy(t) of some algebraic group I'ps. It is called the
(motivic) Galois group of the t-motive M. Further, we always have a faithful rep-
resentation I'y; — GL(Hpett;(M)) which is called the tautological representation
of M.

Papanikolas proved an analogue of Grothendieck’s period conjecture which un-
veils a deep connection between Galois groups of ¢-motives and transcendence.

Theorem 1.12 (Papanikolas [39], Theorem 1.1.7). Let M be a t-motive and let
Tar be its Galois group. Suppose that ® € GL,, (K (t)) N Myxn(K|t]) represents the
multiplication by o on M and that det ¢ = c(t — 0)*,c € K. If ¥ € GL,(T) is a
rigid analytic trivialization for @, then

tr.deg K (¥(0)) = dimI'y,.
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Papanikolas also show that I'y; equals to the Galois group I'y of the Frobenius
difference equation corresponding to M (see [39], Theorem 4.5.10). It provides a
method to compute explicitly the Galois groups for many cases of t-motives. It
turns out to be a very powerful tool and has led to major transcendence results in
the last twenty years. We refer the reader to [5, 17, 18, 19, 20, 21, 22, 23] for more
details about transcendence applications.

Papanikolas proved that I'p; is an affine algebraic groupe scheme over FFy(t)

which is absolutely irreducible and smooth over Fy(t) (see [39], Theorems 4.2.11,
4.3.1 and 4.5.10). Further, for any F,(t)-algebra R, the map

P (R) = GL(R ®p, (1) Hpetti(M))
is given by
(1.23) Y= 1V 'me (v el)- (1@ ¥ 'm)).

1.7. Hardouin’s work.

In this section, we review the work of Hardouin [33] on unipotent radicals of
Tannakian groups in positive characteristic. Let F be a field and (7 ,w) be a
neutral Tannakian category over F' with fiber functor w. We denote by G, the
multiplicative group over F. For an object U € T, we denote by I'y; the Galois
group of Y. Let 1 be the unit object for the tensor product and ) be a completely
reducible object that means ) is a direct sum of finitely many irreducible objects.
‘We consider extensions U € Extl(l, V) of 1 by Y, that means that we have a short
exact sequence

0—-Y—-U—->1—0.
For such an extension U, the Galois group I'y; of U can be written as the semi-direct
product
Fu = RU(U) X Fy
where R, (i) stands for the unipotent part of I';;. Therefore we reduce the compu-
tation of I'y; to that of its unipotent part. In [33], Hardouin proves several funda-
mental results which characterize R, (i) in terms of the extension group Ext'(1,)).

Theorem 1.13 (Hardouin [33], Theorem 2). We keep the notation as above. As-
sume that

every I'y-module is completely reducible,
the center of I'y contains G,

the action of G, on w(Y) is isotypic,
Iy is reduced.

o~

Then there exists a smallest sub-object V of Y such that U/V is a trivial extension
of 1 by Y/V. Further, the unipotent part R, (U) of the Galois group 'y equals to
w(V).

As a consequence, she proves the following corollary which states that algebraic

relations between the extensions are exactly given by the linear relations.

Corollary 1.14 (Hardouin [33], Corollary 1). We continue with the above notation.
Let &1, ...,&, be extensions of 1 by Y. Assume that

1. every I'y-module is completely reducible,
2. the center of I'y contains G,
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3. the action of G,, on w(Y) is isotypic,
4. Tg, ..., Tg, are reduced.

Then if &1, ...,En are End(Y)-linear independent in Ext'(1,)), then the unipotent
radical of the Galois group e, q.. ge, of the direct sum & ® ... D&, is isomorphic
to w(P)".

2. CONSTRUCTING t-MOTIVES CONNECTED TO PERIODS

From now on, we investigate the problem of determining algebraic relations
between special zeta values and periods attached to p. For the Carlitz module,
it was done by Chang and Yu [23] using the machinery of Papanikolas [39] (see
Section 1.6). For our setting, we will also need the results of Hardouin [33] (see
Section 1.7).

2.1. The t-motive associated to p.

We follow the construction given by Chang-Papanikolas [18], Sections 3.3 and
3.4. We consider p : Fy[t] — B{7} from Definition 1.3 as a Drinfeld FF[t]-module
of rank 2 by forgetting the y action. We recall

pr=0+x17+ 7>, a1 €B,

(see [32, §3] for more details on this construction). For u € C, we consider the
associated Anderson generating function given by Equation (1.17):

oo
u
E.(t) := Zexpp (9n+1> t" eT.
n=0

This function extends meromorphically to all of C, with simple poles at ¢t = 94" 0>
0. Further, it satisfies the functional equation

pi(Ey(t)) = exp,(u) + tE,(t).
In other words, we have
0B, (t) + 21E, (1) + Eu(t)® = exp,(u) + tE,(t).

Now we fix an F,[t]-basis u1 = 7, and up = nm, of the period lattice A, of p. We
set E; .= E,, for i =1,2. We define the following matrices:

0 1 — B EY
w=(,0, _Cn) € MaalRED. T:<EQ P | € VoD

0= <(1) t_;f) € Mya(Kt)), V= (“711 é) € Maya(K).
Then we set
U, =V HrM)-t,
Since V(’l)(I)p =0V and TM = TO, we get
v = 3,0,
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2.2. The t-motive associated to p®™.

Let n > 1 be an integer. Recall the definition of p®" from Definition 1.3.
By forgetting the y-action, the Anderson A-module p®" can be considered as an
Anderson F,[t]-module given by

p?n = d[e} + FEy,

(see section 1.3 for explicit formulas of d[f] and Eg). For u = (uy,...,u,)" €
M, «1(Cx), we consider the associated Anderson generating function given by
Equation (1.17):

(2.1) ES"(t) = > Exp?™ (d[oﬁi“)u) tie T
=0

It satisfies the functional equation
pe(BZ" (1)) = Expy™ (u) + tEL"(t).

As n is fixed throughout this section, to simplify notation, we will suppress the
dependence on n and denote the coordinates of

Ef?n(t) = (Eu,la R Eu,n)—r7

and similarly for other vector valued functions. Recall the definitions of the func-
tions h; and the coefficients a; and b; from Proposition 1.4 and the discussion
preceding it. For 1 <17 < n, we set

0 1 0 1
@ii <t—9 —ai)’ (bli (t—9 —bl>
hiv1\ _ (O 1 hi \ _ & h;
hiva)  \t—0 —=b;) \hit1) 7' \hit1/)’
‘We define

B = g ... = (tEG _%M) (tfa _161) € Mo (K1H]).

It follows that
i\ T _ (B _ gen (I
ha  N\hng2) P \he)’

Now we fix an Fy[t]-basis u; = I, and uy = d[p]II,, of the period lattice A"
of p®", where II,, is defined in Proposition 1.6(d). We denote by E; the associated
Anderson generating function. In general, Then

pe(EE™) = Expl™ (w;) + tEP™ = tEE™.

‘We have

If we set

0 1 0 1 —
®_®n®1_<t_0 _an)(t_e _a1>€M2><2(K[t])7

E E
2:2) T () € Maa(D)

)
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then we obtain
T =T,
We define

Note that V is symmetric and
(-1 (bn 1
v ( : O) |
We claim that

-1 n __ T
(2.3) viElesr = (@TV.

In fact, recall from Proposition 1.4 that b; = a,—; for 1 <i <n —1 and a, = bl.
It is clear that for any = € C,, we have

(07 62026500 )

Then the claim follows immediately:

b N[ O 1 0 1
(ngen _ (bn
vevag = () (2 o) (e )
=0 0\( 0 1\ (0 1
o 1)\t—0 —b) \t—0 -
0 t—6\(t—0 O\ 0O 1\ (0 1
1 by )0 1) \t—0 b)) \t-0 b,

We set
PO = V(T T)W) 7 € Mayo(L).
Thus we get
eny(—1) _ Anp®
(\ij n) — (I)pn\lfpn.

Remark 2.1. From the previous discussion, we have

1 1 1
Py + B E%%) -
anEy1 + E3sy Eyp
By direct calculations (see Lemma 3.3), we show that

[\Ilgn]:ll 0)=u;, € Km,

where u; ,, is the nth coordinate of the period u; for i =1, 2.

(W)~ = (1) OV = (
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2.3. Galois groups.

We denote by X ;X’" the pre t-motive associated to p®™. The following proposition
gives some basic properties of this t-motive (compare to [18], Theorem 3.5.4).

Proposition 2.2. 1) The pre t-motive X3™ is a t-motive.
2) The t-motive X" is pure.

3) Its Galois group I‘Xp@n is Resg r,[)Gm, k- In particular, it is a torus.

Proof. For Part 1, since p®" is an A-motive of rank 1, it follows from [34], Propo-
sition 3.20, Part b that p®" is uniformizable as an A-motive. It implies that p®"
is uniformizable as an F,[t]-motive. Thus Part 1 follows immediately.

For Part 2, if n = 1 then p is a Drinfeld F,[t]-module. By [34], Example 2.5, we
know that p is pure. Thus the dual t-motive N is pure, which implies N®" is also
pure by [34], Proposition 4.9, Part e. Hence we get the purity of Xf?”.

We now prove Part 3. To calculate the Galois group I' x@n associated to the t-

motive p®", we will use [34], Theorem 6.5. We claim that the t-motive p®" verifies
all the conditions of this theorem. In fact, it is a pure uniformizable dual F,[t]-
motive thanks to Part 2. Further, it has complex multiplication since End¢__ (M) =
Endc_ (p®") = A by [31], Lemma 7.3. Thus we apply [34], Theorem 6.5 to the ¢-
motive p®™ to obtain

FXan = ReSK/]Fq [t]Gm,K~

The proof is complete. ([l

Remark 2.3. 1) We note that the Galois group associated to the A-motive p®™ is
also equal to Resg r, [1Gm, k (see [31], Example 3.24).

2) We should mention a similar result of Pink and his group that determines
completely the Galois group of a Drinfeld A-module (see [34], Theorem 6.3 and
also [19], Theorem 3.5.4 for more details). It states that if M is the ¢-motive
associated to a Drinfeld A-module, then

FM = CentGL( (M)) End(coo (M)

Hgetti

Proposition 2.4. The entries of \Ilf?” are reqular at t = 0 and we have

tr. degK (V5" (0)) = dim L yen.

Proof. By [39], Proposition 3.3.9 (c) and Section 4.1.6, there exists a matrix U €
GLy(F,(t)) such that ¥ = U®"U is a rigid analytic trivialization of ®%" and
T € GL, (T). By [5], Proposition 3.1.3, the entries of v converge for all values of

Coo. Thus the entries of ¥ and U~ are regular at ¢t = 6. It implies that the entries
of U™ are regular at t = 6.

Further, since K (05" (0)) = K(¥(6)), by Theorem 1.12, we have
tr. deggeK (V5" (9)) = tr. degeK (¥(0)) = dimT yon.

The proof is finished. O
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2.4. Endomorphisms of t-motives.

We write down explicitly the endomorphism of X p®” given by y € A. By similar
arguments to [30], Proposition 4.2, there exist y;, z; € H such that for 1 < i < n,
we have

yh; = 77hi + yih¢+1 + Zihi+2 + hi+3~

We deduce that there exists M, € Mayo(K][t]) such that the endomorphism y in
the basis {h1, ho} is represented by M,:

o (i) = (3

More generally, we consider any element a € A as an endomorphism of X 59” .

We denote by M € Masy2(K|[t]) such that the endomorphism a in the basis {hi, ho}

is represented by M:
hi) _ hy
(a2) = (i)

Lemma 2.5 (Compare to [18], Proposition 4.1.1). With the above notation, M 1(6) €
K* and M2,1(9) =0

Proof. (Compare to [18], Proposition 4.1.1) Specializing the above equality at =
and recalling that hy(Z) # 0 and ha(E) = 0, we obtain M 1(0) = a(f) € K* and
M2$1(9) =0. O

3. CONSTRUCTING t-MOTIVES CONNECTED TO LOGARITHMS

3.1. Logarithms attached to p.

We keep the notation of Section 2.1. Following Chang-Papanikolas (see [18],
Section 4.2), for u € Cy with exp,(u) = v € K, we consider FE, the associated
Anderson generating function to u given by (1.17). We set

hy = <g> € My (K), &, = (g’# ?) € Msy5(K[t]).

We define
—E&l) —(t—-0)E, —v
gy =V (Elgg) = < —E&l) > S MZXl(T)a
v 0

w,= (7o 0) € Mua(m.

Then we get
‘I);gq(;l) =gy + ho,

and

Y = ,w,.
The associated pre-motive X, is in fact a t-motive in the sense of Papanikolas.

For v := exp,((,(b,1)) € H, we call the corresponding t-motive X, the zeta
motive associated to {,(b, 1).
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3.2. Logarithms attached to p®".

We now switch to the general case and use freely the notation of Section 2.2. For
u € M,x1(Cy) with Expf?”(u) =V € M,x1(K), we consider E£™ the Anderson
generating function associated to u given by Equation (2.1). Recall that

(3.1) pu(BE™(1)) = ExpE"(u) + tEE™ (1) = v + tE"(1).

Thus we get

Fu i1 1 0 Eu; 0
’ = =0, ' .
(mrn) = (2o ) ()= (B) —oelee)+ (5)
We define the vector fy := (fv1, fv,2)' given by

0
(3:2) o=, 0, )
It follows that
(Eu,1>“> 6 (E) - (f)
Eu2 Ey2 fv2)’

0 1 0 1
0= (t0 an>.”<t0 a1>

Ei1 Ea
T = ’ ’ € M- ).
(Em Ez,z) 2xa(T)

Here we recall

and

They verify

T = oT.
We set
@ —(fv.1, fv T — T Eu 7Eu T
Oy = (0 Y ’11f 2) ) € Mzu3(K[t]), Yv= (0 (B 1 2) > € M3x3(T).
Then we get
T =0,7,.

Now we are ready to construct the associated rigid analytic trivialization. Recall

that
a, 1
v<1 O).

Note that V is symmetric. We set

W = diag(V,1) = (‘g O) € GL3(K),

= (W) THONW = ( o 0) € My (K1),

(hv7lahv,2) 1
Pon 0
wv—wl«mmw—( o )eM3 (T).
(gv,17gv,2)\I/;® 1 X
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Remark 3.1. Note that by direct calculations, we obtain
n 1 1 1
(9v.1.9v2) V5" = —~(@n B} + By ELY)-

Further, we will show below that gy 1(0) = uy, — vy, where u, and v, are the last
coordinate of u and v respectively (see Lemma 3.3).

Thus we get
Y = 9,0,
The associated pre-motive A is in fact a t-motive because it is an extension of two
t-motives (see for example [31], Lemma 4.20).

3.3. Period Calculations.

In this section we show explicitly how to obtain the periods and zeta values
discussed in the previous section from evaluations of the entries of the rigid analytic
trivialization W, .

Lemma 3.2. Let u = (uy,...,u,)’ € C% and let E¥™ be defined as above. Then
Resg(Ey,1dt)
Resg(ES"dt) = =—u
Resg(Ey,,dt)

Proof. As in the proof of [30, Prop. 6.5] we have the identity
s A -1
EE =Y 0, (d[@](” _ ”) ul),
j=0

and we find that only the j = 0 term contributes to the residue. Then, using the
cofactor expansion of (d[#]¥) —¢I)~! from [30, Pg. 26] we find that

Resg ((% + 7 (t))dt) Uy
RCSG(EE)’”) = = - )
Resg ((% o (t))dt) Un

where 7;(t) is some function in powers of (6 — t)* for k < —2, and hence does not
contribute to the residue. (]

Lemma 3.3. Let EX" = (Eu1,...,Eun)’ as above and let a; be the defining
coefficients for the Drinfeld t-module action as in [30, (26)]. Then if we write

Expf?”(u) =v=(vg,...,0.)",

Proof. Asin (3.1), we have that
P (ES) = (d[6] + Epr)(EL") = Expy™ (u) + tES".

Rearranging terms gives

Eo(EZ™)W = (t — d[6]) EZ" + Exp;" ().
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Both sides of the above equation are regular at ¢ = 0 in each coordinate, so then
evaluating at ¢t = 0, using the formula for Ey and taking the last coordinate gives

an B (0) + ESL(0) = Bun(t = 0)],_y + vn-

Nizo

Finally, from our analysis in Lemma 3.2 we see that E}, , has a simple pole at t = 6
and thus the right hand side of the above equation is simply the residue at ¢t = 6.
Thus

an E (1) 10)+E 1;(0) = Resg(Ey ndt) + vy, = —Uyp + Uy

u7

]

Proposition 3.4. With all notation as above, the quantities 7' and u, are con-

o
tained in K (¥ (0)).

Proof. As above we have that K(¥,(6)) = K(Yy(6)). Then note that
B (0), BL)6) € K(Xv(6))

for 1 <4,75 < 2 by construction. Then by Lemma 3.3 we see that the last coordinates
of uy, uy, u are contained in K (Y (6)), where u;, uy are an F 4[t]-basis for the period
lattice and u is a vector such that Exp "(u) = v € K. From [30, Thm. 6.7] we
know that the last coordinate of II,, is an algebraic multiple of 7y and thus it follows
that 77 and u, are contained in K (¥ (0)). O

We next prove a lemma about the linear relations between the entries of F(\Il?”(e)).

Let m, and II,, be generators of the period lattices of exp, and Expf?” respectively
as A-modules. Then recall that {r,,nm,} and {II,, d[y]IL,} are bases for A, and
AS™ respectively as F,[t]-modules. Also for u € C%,, denote

Xn

G, =-yEI" +ES!
and note that this equals [-1]G®", where [—1] represents negation on the elliptic
curve X. We will denote the coordinates of GE™ := (Gy,1, - .., Gu,n) and similarly

for Gy.
Lemma 3.5. For the field K(¥$"()) we have

o forn =1 we have K(V,(h)) = (E,&})(e) EZ(0)).
e forn > 2 we have K(¥5"(0)) = ( (9), El(%iz(@)).

Consequently, for each n > 1 we have F(\I’,‘?"(Q)) = K(n7!,Z) for some quantity
7 € Cyp

Proof. For ease of exposition in the proof of this lemma, we will assume that p =
char(IF,) > 3, so that we may assume the elliptic curve X has simplified Weierstrass
equation given by y? = t3 + at + b with a,b € F, and such that negation on X is
given by (¢,y) — (¢,—y). The lemma is also true for p = char(F,) = 2, and the
proof is similar, but calculations are more cumbersome. By our definitions of G,
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and Gf"" we can write

. 0

y 1 0 0\ [Ex G

(1) o

-y 1 0 0 Enyr, | _ | G,
00 y 1||E®| |c®|

v 1 2) —(&

0 0 Yy E7(77r)0 Ggrp)

(1) (1)

y 1 0 0 ’(Elf)ln ! g?f;’l
-y 1 0 0 Ed[y]Hn,l _ G, 1
0 0 y 1 EY, G,
0 0 -y 1 RO (1)
Y Ed[y]Hn,Q G, 2

Further, from [32, (63)] we get the formula fG, = GS}) and from Proposition 1.6(d)
we get the formula gs - G, .1 = g1 - G, 2. Note that the functions f, g; € K(t,y).

(X

Thus, if we let ~ denote a linear relation over K we conclude that
GDE~GCIE), G)E)~6)E),
1) = D o=y A =y /L)
G 1(2) ~ G »(). T 1(2) ~ (D).
This allows us to write E%)P (0) and Efﬁr)p (6) as a K-linear combinations of E,(é)(ﬂ)
and ET(rzp) (0) and to write Ec(l%y)]nml(G) and Ec(lg]nmz(e) as a K-linear combination

of El(jli)l(é') and Eﬁlzz(@). Finally, as K(0$"(0)) = K(Y()), using Lemma 3.3
finishes the proof. O

3.4. An application of Hartl-Juschka’s work to Period Calculations.

In this section, we maintain the notation of uj, us, u from the previous section.
We wish to apply Corollaries 5.20 and 5.21 from Hartl and Juschka [34] to give a
more conceptual method for period calculations with an aim towards generalizing
these arguments to curves of arbitrary genus. We restate [34, Cors. 5.20,5.21] here
for the convenience of the reader, but we first translate their notation into our
setting. By definition, o acts by the matrix ®$" on a Cu[t]-basis {h1, ha} of N,.
Then for z € N,,, we express z = ahy + bhy with a,b € C[t] and we get

o(2) = o(ahy + bhy) = o <(a, b) (Z;)) — (a,b)"VaS" (Z;) .

Thus we see that if we view N,, as a free C[t]-module, then o acts by inverse
twisting and right multiplication by @?” — or we may transpose to get a left

multiplication:
(=1
a mT [a
a(()) — (0% (b> . abeR,[.

We note that this o-action extends to T? =2 N, ®p, ;)T in the natural way. Recall the
definition of the maps dp and d; from (1.11). These maps also extend to N,, ®p, ;) T
in the natural way, which we briefly describe. We first take an element w € T?2,
such that z = w(hy, he) € N, ®p [ T and then write

z = Cl,lhl 4+ 4 Cl,nhn -+ CQ,lg(hl) —+ -4 CZ,nU(hn) +....
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Then we find that
1)

Cl,n Ci,n C2.n
(3.3) = | s@=| ] | o+
C1,1 C1,1 C2.1
Recall from (1.4) and (1.9) that the basis elements o7 (h;) all vanish at = except

h; itself. Then observe that if we write w = (w1 (t), w2(t)) and suppose that wy, ws
are regular at 6, then we calculate

(wl(t)hl + U)Q(t)hz) = = wl(ﬁ)hl(E) = Z’
Thus w1 (0) = ¢11 is the bottom coordinate of dp(w).

= Cl’lhl(E).

Corollary 3.6 (Hartl and Juschka, Corollaries 5.20 and 5.21). Let N, and ®5"
be as above. Further, let w € T? satisfy

(3.4) (@) Twl™) —w=z€N,.

Then

EXp?n(éo(W +2z)) = 61(2).

Furthermore, if z = 0, then do(w) € A?” and the set of all such w form a spanning
set for the periods.

So, we wish to look for vectors w € T? which satisfy (3.4).

Lemma 3.7. For T as in (2.2), we have

ey (vrre)

=yTr®,

Proof. From (2.3), we have that (®5") = (VEDY=1OTV, and then subbing in
gives

((I)?n)T(VTT(l))(—l) _ ((V(—l))—1@TV)T(VTT(1))(—1)
— VT@((V(—l))—l)T)(VTT(l))(—l)
=V (o)
=vT(rW),
0

We comment that VY1) = (($™)~1)T, but to save on notation, we shall de-
note P := V'Y and denote the columns of P by P;. Thus we have (@?")TPi(_l) —
P; =0, and thus the vectors P; satisfy the conditions of Lemma 3.6. So we get
(3.5) Exp5™(60(P; + 0)) = 61(0) = 0.

Lemma 3.8. For u € M, x1(Cy) with Expf’"(u) =v € M,x1(K), if we let E€"
be the Anderson generating function associated with u and let Ey . be the first two
coordinates of E™, and then P, = VTEl(ll,l satisfies the conditions of Lemma 3.0,
that is

(@5 (P) = P =V f,
where fy is the vector defined in Section 3.2 and V' f, € K[t]?.
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Proof. As stated as in Section 3.2 we find that OF, . = El(lli + fv. We then
calculate that

@2 T(VTESDEY =vTe((vE) " HT(vENTE,,
=V'OE,.
=VTEQ +vT¥,.

Thus FP; satisfies the conditions for Lemma 3.6 and we can write
(3.6) ExpS™ (8o(Pe + V' fv) = 61(V" fv).

Proposition 3.9. For a fized n, with all notation as above, the quantities 7, and
up, are contained in K (W (0)).

Proof. By definition we have that K (¥, (0)) = K(Y(#)), and we further see that
K(Y(0) = K(P(6), ES)(6), EL}(6)). Lemma 3.6 implies that do(F;) is in the
period lattice, and we deduce that the vectors do(P;) must form a generating set
over F,(¢). Finally, observing that P; ; = anEi(ﬁll) —l—Ei(’lQ) is regular at =, we conclude
that Py ;(6) gives the last coordinate u;, our chosen generator of the F[t]-free period
lattice. Thus we conclude that some K-linear combination of these last coordinates
gives 7 and that 77" € K (¥, (0)).

We now perform similar analysis on Equation (3.6). To proceed, we need to
better understand the vector fy := (fv 1, fv72)T.

We recall from section 2.2

0 1 0 1 an 1
o=(: % a) #=( 0 n) v=(T o)

If we denote
t—6 0
= (5" 1)

then we have the following equalities from (2.3)
o) v=vile, =x, O] X=X¢, 1<i<n-—1.
By the definition of f, (3.2), and we find that
VT fy=VTO, 0, <f) +VTe, -0, (f) I <0>
1 2 n

Then, in anticipation of calculating do(V' " f, ), using the above equalities, we find
that

(h1,ha)VT o = (ha, hs) (VTG’n“'@? (i) VIO 0 (12) FeeV <v0>>

n

= ((0,v1)03 -+ OpV + -+ (0,v,-1)O, V + (0,0,)V) (Zl)
2

= ((07 Ul)X¢n—2 e ¢1 +ee (07 vn—Q)X¢1 + (0’ Un’_l)X + (0, Un)v) (Z;) '
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Now recall that (see Section 2.2)

hivi _ o i
<hi+2> = 9 <hi+1) '
Since (0,v;)X = (0,v;), it follows that

(h1, h2)V' T fy = ((0,01) X2 -1 + - + (0,0-2) X b1 + (0,0,-1) X + (0,v,)V)

— (0,01) <h;;n1) oot (0,00m2) (Z;) +(0,00-1) (Z;) + (02, 0) <

= ’Ulhn + . +”Unh1.
Thus, we find that

U1
o(Vif)=a(Vif)=1:]|=v

Then, returning to (3.6) we find that
Exp?”(éo(Pc) +v)=v= Exp?” (u).

Thus the two quantities in the exponential functions in the above equality differ by
a period, so there exists some a € A such that

do(Pe) + v =u+da]ll,,
where d[a] denotes the action of a under Lie(p®™). By our above analysis of &y, we
conclude that the bottom coordinate a of §o(P;) is equal to
a= anE(l)(H) + E‘gl%(ﬂ) = Up — vy +am,.

u,l

Since we have proved above that 77 € K (¥ (0)) and since v, € K, it follows that
un € K(¥y(0)) as well. d

3.5. Independence in Ext%—(l,X;?").

For b € B and v := Exp?”(Zn(b)) € My x1(H), where Z,(b) is the log-algebraic
vector of Theorem 1.8, we call the corresponding t-motive X, (b) := X, the zeta ¢-
motive associated to (,(b,n). We also denote by ®,(b) and ¥,,(b) the corresponding
matrices. We have a short exact sequence

0— X" — X,(b) —1—0

where 1 is the trivial t-motive.

We follow closely [19], Section 4.2. The group Ext*(1, X2™) has the structure
of a K-vector space by pushing along X?”. Let X € Ext%—(l, X;)X’") be an extension

X represented by v € Mix2(K) and a € A whose corresponding matrix is F €

Max2(Kt]), then the extension a.X is represented by VvE € Mjxa(K). We will
show the following proposition (compare to [18], Theorem 4.4.2):
Proposition 3.10. Suppose that uy, ..., W, € M,x1(Cy) with Expff”(ui) =v; €

M1 (K). If Ty Win, ... Uny are linearly independent over K, then the classes
of Xy, (1 <4 < n) in Bxtr(1, X2™) are linearly independent over K.

(
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Proof. The proof follows closely that of [18], Theorem 4.4.2. Suppose that there
exist ey,...,e, € K not all zero so that N = e, X1 + ... + € X, is trivial
in Ext%—(l,X[j@”). We can suppose that for 1 < i < m, e; belongs to A and is

represented by M; € Mayo(K|[t]). Then the extension N = €1, X1 + ... + €meXm
is represented by hy, M; + ...+ hy,, M,, and we have

= (wnt ) € My (R
Z:’;l h’Vle ]. x 9
Pon 0
Ty = m ’ n € M. ).
N ((Zi:l gv,Mz)\Ifg) 1> 3><3( )

Since this extension is trivial in Exti-(1, X2™), there exists a matrix

[ Iy 0 ‘
7= () 1) € M)

such that v(-Ddy = diag(®$™,1)y. By [39], Section 4.1.6, there exists
[ 1y 0
0= ((51,52) 1) € Maxa(Fq(1))
such that YUy = diag(¥5",1)d. It follows that
(11,792) + (O 9w My) = (51, 52) (B2™) 1.
i=1

Specializing the first coordinates at ¢ = 6 and recalling that by Lemma 2.5, we have
(Mi)171(0) € K* and (M1)2,1(0) = 0, we obtain

Y(0) + Y gu, 1 (0)(M;i)1,1(0) = 61(0)[(FE™) ™ 1.1(0) + 52(0)[(¥E™) ™ 2,1(6).
=1

By Lemma 3.3, we have gy, 1(0) = w; , — Vi, and [(T5™) 71 1(6), [(T5") " 2,1(0) €
Kr?. Since (M;)11(0) € K* (see Section 2.4), we get a non trivial K-linear

P
relation between 1,uy ;. .., Um n,7,. By [31], page 29 (proof of Theorem 7.1), it
implies a non trivial K-linear relation between uj ..., Upmn,7,. Thus we get a
contradiction.

The proof is finished. O

3.6. An application of Hardouin’s work.

We now apply Hardouin’s work to our context to determine Galois groups of ¢-
motives of our interest. We work with the neutral Tannakian category of t-motives
T over F' =T, (t) endowed with the fiber functor w : M — Hpei(M). We consider
the irreducible object Y = Xp®” and extensions of 1 by Xf?". Hardouin’s work
turns out to be a powerful tool and allows us to prove the proposition below which
generalizes the results of Papanikolas [39] (for the Carlitz module C') and Chang-Yu
[23] (for the tensor powers C®™ of the Carlitz module).

Proposition 3.11. Let n > 1 be an integer and b be an element in B. Then the
unipotent radical of T x, 3y is equal to the F[t]-vector space T, [t]? of dimension 2.
In particular,

dimTy, ) = dlmI‘X,;@n +2=4.
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Proof. We claim that the assumptions of Theorem 1.13 are satisfied for the ¢-motive
AP™ since
1. By Proposition 2.2, the Galois group I‘ngm of X,;g’" is a torus. Thus every
I yen is completely reducible (compare to [18], Corollary 3.5.7).
2. It is clear that the center of FXI@H, which is itself, contains G, r,(¢)-
3. The action of G, r, (1) on HBCm(X,@”) is isotypic. In fact, the weights are
all equal to n.

4. The Galois groups of t-motives are reduced (see [39] and also [34], Propo-
sition 6.2 for A-motives).

We apply Theorem 1.13 to the t-motive A, (b) which is an extension of 1 by Xg@".
Thus there exists a sub-object V of A" such that X, (b)/V is a trivial extension of
1 by X2"/V. By [31], Lemma 7.2, we know that X*" is simple. Thus either V = 0
or YV =xe"

We claim that V = Xf’". In fact, suppose that V = 0. We deduce that X, (b) is a
trivial extension of 1 by X 59”. It follows that 77 and ¢p(b,n) are linearly dependent
over K. We get a contradiction by Proposition 3.10 and Theorem 1.10.

Since V = X?", by Theorem 1.13, the unipotent radical of the Galois group
Lx, b is equal to Hpewi(M)(XS™) that is an Fy[t]-vector space of dimension 2.
The Theorem follows immediately. (]

As a consequence, we obtain a generalization of [23], Theorem 4.4.

Corollary 3.12. Let n > 1 be an integer. Then for any b € B, the quantities m,
and C,(b,n) are algebraically independent over K.

Proof. This is a direct consequence of Theorem 3.11, Theorem 1.12 and the calcu-
lations from section 3.3. O

We obtain the following theorem which could be considered as a generalization
of [18], Theorem 5.1.5 in our context.

Theorem 3.13. Suppose that uy,...,u,y, € M,x1(Cx) with Expf?"(ui) =v; €

M, (K). If Ty Wln, .. Umpn are linearly independent over K, then they are
algebraically independent over K.

Proof. By Proposition 3.10, we deduce that the classes of Ay, (1 < i < n) in
Ext%—(l7 X ;Xm) are linearly independent over K. By Corollary 1.14, the unipotent
part of the Galois group of the direct sum Xy, ©...8® X, is of dimension 2n. Thus
the Theorem follows immediately from Theorem 1.12. O

4. ALGEBRAIC RELATIONS AMONG ANDERSON’S ZETA VALUES

4.1. Direct sums of t-motives.
Let m € N,;m > 1. To study Anderson’s zeta values (,(b,n) for 1 <n < m and
7, simultaneously, we set

S:={neN:1<n<msuch that pfn and (¢ — 1) t n},
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and consider the direct sum ¢-motive
X(b) == P X (b)
nes
and define block diagonal matrices
(I)(b) = @ (I)n(b)a \Il(b) = @ \Iln(b)
nes nes

Then ®(b) represents multiplication by o on X(b) and ¥(b) is a rigid analytic
trivialization of ®(b). We would like to understand the Galois group I'x () of the
t-motive X (b) and to calculate the dimension of this Galois group.

We first have

RGSK ]thGm,K 0
L) € P Tr.o) = D ( ol 1

nes nes

For n = 1, the t-motive X;(b) contains p. It follows that p is also contained in
X(b). We consider Ty ) and Tx, (), the strictly full Tannakian subcategories of the
category T of t-motives which are generated by X'(b) and X (b) respectively. Thus
we get a functor from Ty, ) to Tx ). By Tannakian duality, we have a surjective
map of algebraic groups over F,(t)

m: Lxw) = Dayv) = Reskyr, Gm, k

where we have the last equality by Proposition 2.2. By Equation (1.23), this map
7 is in fact the projection on the upper left-most corner of elements of "y (). We
denote by U(b) the kernel of 7. It follows that U(b) is contained in the unipotent

group
_ Id, 0
U= @ ( * 1> '
nes
We prove the following result similar to [23], Section 4.3.

Proposition 4.1. We keep the previous notation. Then we have

U() = P (If2 ?) .

nes

Proof. In fact, the strategy of Chang-Yu (see [23], Section 4.3) based on a weight
argument indeed carries over without much modification. For completeness, we
sketch a proof of this Proposition.

We introduce a G, f,)-action on U(b) and on the direct sum of unipotent

groups
_ Id; 0
U= @ ( * 1) ’

nes
On the matrix indexed by n € S, it is defined by

Idy 0 Ids 0
a- < u 1> — <anu 1> , ac€ Gm,Fq(t)~

Note that this action on U(b) agrees with the conjugation of G,, ) on U(b).
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For each n € S, we recall that

Res G 0

We denote by U, (b) the unipotent part of this Galois group. Thus

v = (")

and we have a short exact sequence

1— Un(b) — FXn(b) — ResK/Fq[t]Gm,K — 1.
Since X, (b) is contained in X (b), by Tannakian duality, we obtain a commutative
diagram

1 —— U(b) e FX(b) E— ReSK/]Fq[t]Gm,K — 1

Lp"J/ LPTI'J/ an
I —— Un(b) —— Tw,) — Resgyr,(yGm,x — 1.

Here the middle vertical arrow is surjective by Tannakian duality and the map x,,
is the character a — a™. We deduce that the induced map U(b) — U,(b) is also
surjective.

We suppose now that U(b) is of codimension r > 0 in U. We identify U with

the product
U~ ] Gir, -
nes

Chang and Yu proved that there exist an integer n € S and a set J of r double
indices ij with i € S and j € {1,2} such that if we denote by W the linear
subspace of U of codimension r consisting of points (;;) satisfying z;; = 0 whenever
ij € J, then W,y NUp(b) C Uy,(b) and the composed map

fa t Wigy = UD) 25 U, (b)

is surjective.

Recall that for k € S, the action of G, r, (1) on Uk(b) is of weight k. Since p {n,
by [23], Lemma 4.7, f, maps Wy N Ux(b) to zero for all k # n in S. Thus it
maps W) NU,(b) onto U, (b) which has strictly greater dimension. We obtain a
contradiction.

As a consequence, we get U(b) = U as required. The proof is complete. O

4.2. Algebraic relations among Anderson’s zeta values.

As an immediate consequence of Proposition 4.1, we see that the radical unipo-
tent of I'y(;) is what we expect and thus of dimension 2|S|. By Theorem 1.12, we
deduce the following theorem.

Theorem 4.2. Let b € B. Then the elements of the following set
{m,} U{(,(b,n),1 <n <m such that ptn and (¢ — 1) { n}.

are algebraically independent over K.
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We present a slight generalization of the above theorem by taking account of
the p-power relations. Let {b1,...,b,} be a K-basis of H with b; € B. Since
the extension H/K is separable, it follows that for any b € B, we can write b =
albzfm +...+ ahbflm with aq,...,a, € K. Thus we get

m

h

o

oy = 0rh) s arb)\ s, e

Cp(bap n) = n —Zaz Z 711? —ZGZCp(bwn) .
=1

1ca U1 i=1 ICA

Theorem 4.3. Let {by,...,b,} be a K-basis of H with b; € B. We consider the
following set

A={m,} U{((bi;n):1<i<h,1<n<m suchthat q—11n and pfn}.

Then the elements of A are algebraically independent over K.

Proof. The proof of Theorem 4.3 follows identically to that of Theorem 4.2. O

5. ALGEBRAIC RELATIONS AMONG (GOSS’S ZETA VALUES

In this Section, we investigate algebraic relations among Goss’s zeta values. This
Section owes its very existence to B. Angles. In particular, the proofs of Proposition
5.2 and Corollary 5.4 are due to him. For more details about the theory of L series
and Goss’s zeta values, we refer the interested reader to [29], Section 8.

5.1. Goss’s map.
We set 7 := t/y which is a uniformizer of K. Set m; = m, and for n > 2, choose
T, € F:o such that ), = m, 1. If 2 € Q, 2 = 7} for some m € Z,n > 1, we set
=
Let F, be the algebraic closure of F, in K, and let
Uy := {x € Koo, Voo(z — 1) > 0} .
Then K, = 7@ x F; X Uso. Therefore, if z € K, one can write in a unique way:

x = n"=® sgn(z)(z), sgn(z) e qu’ (7) € Uss.

Let I € Z(A), then there exists an integer A > 1 such that I" = 24, z € K*.
We set (I) := (z)% € Us. Then one shows (see [20], Section 8.2) that the map
called Goss’s map

Ha:T(A) > K

deg I

I'— ()7 de
is a group homomorphism such that
Ve e K*, [zA]a= i
sgn(x)

Observe that for all I € Z(A), we have sgn ([I]4) = 1.

Let E/K be a finite extension, and let Og be the integral closure of A in E.
Let Z(Og) be the group of non-zero fractional ideals of Og. We denote by Ng, :



ALGEBRAIC RELATIONS AMONG GOSS’S ZETA VALUES ON ELLIPTIC CURVES 35

Z(Og) — Z(A) the group homomorphism such that, if 9 is a maximal ideal of Og
and P =P N A, we have
_ plo]
Ng/k(B)=PLF 7L
Note that if = 2Op,z € EX, then Ng,(B) = Ng/k(v)A where Ng,i : E — K
also denotes the usual norm map.

5.2. Goss’s zeta functions and Goss’s zeta values.

We recall the definition of Goss’s zeta functions introduced in [29], Chapter 8.
Let Soo = CX X Z,, be the Goss “complex plane”. The group action of S, is written
additively. Let I € Z(A) and s = (x;y) € S, We set

I° = (I)vzdel ¢ CX.
We have a natural injective group homomorphism: Z — S, j — 55 = (wiﬁ,j)
Observe that 1% = [I}7,.

Let E/K be a finite extension, and let O be the integral closure of A in E. Let
J be a non-zero ideal of E. We have

) . [0og]
J 14
Letting s € S, the following sum converges in Cy, (see [29], Theorem 8.9.2):

COE(S) ::Z Z NE/K(j)is.

d>03€Z(0Og),3COE,
deg(Ng,/k(3))=d

The function (o, : Seoc = Cw is called the zeta function attached to O and []4.
Observe that

Vi€Z, Con(l) =Coulsi) =D Y.
d>073€Z(0Og),3COg,
deg(NE/K(j)):d

OE} N

In particular,
-1
1 —x
COE(l):H 1_M €K,
B PUN I
where B runs through the maximal ideals of Og.

Recall that p : A — B{r} is the sign-normalized rank one Drinfeld module
given in Section 1.3. By [6], Proposition 2.1, the following product converges to an
element in Use N KX :

._ [Fitt(Op/%¥]
La(p/OE) = 1;3[ [FittA(P(O];/ ‘BS]A

where B runs through the maximal ideals of Of.

We have the following crucial fact (see [6], Proposition 3.4) which provides a
deep connection between the special L-values and the Goss’s zeta value at 1.

Proposition 5.1. Let E/K be a finite extension such that H C E. Then
La(p/Or) = Cop(1).
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5.3. Relations with Anderson’s zeta values.
Let z be an indeterminate over K, and recall that T, (K ) denotes the Tate
algebra in the variable z with coefficients in K. Recall that
Hoo =H K Kooa

T.(Hew) = H®k T,(Ks).

For n € Z, we set

O —n
> = 7]
d>0 3JeI(B),3CB, A
deg(Ng,/k(3))=d
Then, by [29], Theorem 8.9.2, for all n € Z, Zp(n;.) defines an entire function on
Cwo, and
VneN, Zp(—n;z) € Alz].
Observe that
Vn € Z7 ZB(n7 Z) € I]FZ(I(OO)7

and )
deg(N s/ (1))
¥n>1, Zp(niz)=]] z €T, (Kx).

» 5,

Zp(n;1) = (s(n).

Recall that G = Gal(H/K). Then G ~ Gal(H(z)/K(z)) acts on T,(H). We
denote by T, (Ho)[G] the non-commutative group ring where the commutation rule
is given by

Finally, we note that

Vh,h' € T.(Hw),Vg,9' € G, hg.h'g' = hg(h')gqg’

Let n € Z. One can show (see [6], Lemma 3.5) that the following infinite sum
converges in T, (Hu)[G]:
ZdegI

L(p/B;n;z) Z Z WU[.

d>0T€Z(A),ICA,
deg I=d

Furthermore, for all n > 1, we have

Zdeg P

co/minc) =] <1 - W”’) € (T.(Ha0)[G))*

and for all n <0,
L(p/B;n;z) € Bl2|[G].

Note that

Co(m) = L(p/B;m; 1) € (Hoo|G]) ™
We observe that L(p/B;n; z) induces a T, (K )-linear map L(p/B;n; z) : T, (Hoo) —
T.(Hs). Since T,(Hy) is a free T,(Ko)-module of rank [H : K] (recall that
T.(K) is a principal ideal domain), dety (k) L(p/B;n;z) is well-defined. We
also observe that (,(.,n) induces a Koo-linear map (,(.,n) : Hoo = Hs, and we
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denote by detg_, (,(.,n) its determinant. Recall that ev : T,(Hs) — Hs is the
H.-linear map given by

Vf€eT.(Hx), ev(f)=[ls=1-
Observe that, if {e1,...,ep} is a K-basis of H/K (recall that h = [H : K]), then

Hoo = @?leooeia
Tz(HOO) = @?:1Tz(Koo)€i~
We deduce that
detg. (o(.,n) = ev (detr_ (k) L(p/B;n; 2)).

By [6], Theorem 3.6, we have

detr, (k) L(p/Bin; z) = Zp(n; 2).
In particular,

detKOCCP('7 ’I’Z) = CB(”)

5.4. Algebraic relations among Goss’s zeta values.

The class number CI(A) of A equals to the number of rational points X (F,) on
the elliptic curve X and also to the degree of extension [H : K|. For a prime ideal
p of A of degree 1 corresponding to an F,-rational point on X, we denote by p the

subset of elements in p of sign 1 and consider the sum (compare to [32], Section 6
and [31], Section 6):
1
CA(p7n): Z ain’ n € N.
aep
sgn(a)=1

We will see that the sums (4 (p,n) where p runs through the set P of prime ideals
of A of degree 1 are the elementary blocks in the study of Goss’s zeta values on
elliptic curves. For the rest of this Section, it will be convenient to slightly modify
these sums as follows.

Proposition 5.2. Letn € N. For o € G = Gal(H/K), we set

1
Calo,n) ::Z Z Tis

d>0I€Z(A),ICA,
deg(I)=d,
or=o

Then the elements (a(o,n) indexed by o € G are algebraically independent over K.

Proof. Let o € Gal(H/K) and p be the corresponding ideal in P such that o, = 0.
We get

1 1 1 1
CA(O—> n) = Z [I]n = [ }n Z ain = WCA(*%”%
1ez(A).Ica, A Pla o Pla

and
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Thus we obtain

A Tez(A),ICA, v{)"
or=0

Note that w[(;]’) belongs to K. Tt follows that for b € B, we can express

Cﬂ(ba n) = Z aU(b) CA(O'v n)

oeG
with some coefficients a,(b) € K.

By Theorem 4.3, if b1,...,b, € B is a K-basis of H, then the elements ¢,(b;,n)
(1 <i < h) are algebraically independent over K. By the above discussion and the
fact that

|G (bivn),1 <0 < h| = |Caloyn),o € G| = [H : K],

the Proposition follows immediately. (Il

Let U be the p-Sylow subgroup of G where p is the characteristic of IF;. We set
A = G/U = Gal(F/K) where F = HY. We write p* = |U| and set

G = Hom(G, qu) = Hom(A,F;) ~ A,

with [A[ € Z.
For 6 € A, we set
1 _
Z(n,8)= > ——€Ku
I€T(A),ICA, T4
(I,F/K)=6

We see easily that

Zn,6)= > Calon).

c=§ (mod U)
By Proposition 5.2, Z(n,§),d € A are algebraically independent over K.

Let x € G and we consider the value at 1 of Goss L-series attached to X given

by
=Y ®zZme = Y X((I{ﬂp;/f())

SeA IET(A),ICA A
where (., F'/K) is the Artin map. It is clear that for all 6 € A,

Z(n,d) Z )"tL(n, x).
\A|
x€G

The above discussion combined with Theorem 4.3 implies immediately a tran-
scendental result for Goss’s zeta values:

Theorem 5.3. Let m € N;m > 1. Then the special values of Goss L-series
Gn={m,}U{L(n,x) : x € G,1<n<m such that ¢ —14n and p{n}.
are algebraically independent over K.

As a direct consequence, we obtain the following corollary:
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Corollary 5.4. Let m € Nym > 1. Let L be an extension of K such that L C H.
We consider the following set

Gr ={m}U{Co,(n) : 1 <n <m such that g —1tn and p{n}.
Then the elements of Gr, are algebraically independent over K.
Remark 5.5. 1) When L = K, we have shown that (4(1) is transcendental over

K, which gives an affirmative answer to an old question of D. Goss °.

2) When L = H, the above Theorem states that (p(1) is transcendental over K.
It answers positively to [10], Problem 4.1 in this case. Note that our proof is highly
nontrivial.

Proof of Corollary 5./. Let p* be the exact power of p that divides [L : K] and let
N = Gal(F/F N L) CA. We have (see for example [29], Section 8.10):

pk
Co,(n) = II e
X€G x(N)={1}
Thus Corollary 5.4 follows from Theorem 5.3. O
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