Topology Review Part 1

Eric Tressler

Exercisel. Derive the exact homology sequence of a pAirA).
Solutionl. We begin with a sequence

Hq(1) Hq(J)

Hq(A) Hq(X) —— Hq(X. A)

where both maps are homomorphisms induced by inclusion. From this we derive
a long exact sequence via a connecting homomorphism

dq - Hg(X, A) = Hg-1(A)
defined by o
Z 0z,
whered here is the boundary map on chains. It needs to be showA{stvell-
defined, so lek, Z be relativeg-cycles representing the same relative homology
classz. Thenz—Z = w+ dz’, wherew is ag-chain onA andz” is a @ + 1)-chain

on X. Therefore,
0zZ— 0Z = OW + 00Z' = dw,

and sodz andaz differ by a boundarydz = 6z

Our long exact sequence, then, is

Hq(i) Hq(J)

8q
Ho(X) Hq(X, A) — Hq 1(A)

Hq(A)

I will show that this sequence is exact by showing that the image of each map is
the kernel of the subsequent map.

(i) im Hq(i) = kerHg(j):

ji =0, soHg(j)Hq(i) = 0 and imHq(i) € kerHg(j).
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Now letx € Z,(X) with X € kerHgy(j). Thenj(x) is a boundary, sg(x) = 0z
for somez € Sg.1(X, A). Sincej is surjective, there existg € Sg,1(X) with
j(X)=12s0

j(x=0x) = j(x) - j(x)
= j(¥) - 0j(X)
= j(X) -9z
= j(0)-i(
= 0.

Thus, by exactnesss — dx' € imi and so there existe € Sy(A) with
i(w) = x—0x'. Nowi(da) = di(a) = d(x—0x’) = 0x = 0, for xis a cycle, and
sincei is injectiveda = 0: ais a cycle. Thereforeby(i)(@) = x—9x = X
and so keHg(j) < im Hq(i).

(i) im Hq(j) = kerdy;

Let x € Z(X). Thendx = 0, so thatlgHq(j)(X) = ax = 0, and imHq(j) <
kerdg. Now lety € Z4(X A) with 9y = O. Thendy = 0, so thaty is a
g-boundary omA. Thus, there exists g@chainy’ with gy’ = dy. Therefore,
y—VY € Zq1(X) satisfyingHq(j)(y — y’) = ¥ and kedy € im Hq(j).

(i) im 9q = kerHg-1(i):
Let X € Hy(X, A). Thendyx = dx = 0, for dx € By 1(X). Thus, imd, C
kerHg-1(i). Now letw € Z,_1(A) with Hg-1(i)(W) = 0. Theni(w) = dx
for somex € Sy(X). Now dj(x) = j(0X) = ji(a) = O by exactness of
the chain maps, so thg(x) is a cycle. Thusg,j(x) = dj(X) = W, so
kerHgq1(i) € imdg.

This verifies that the above sequence is exact.



Exercise2 (Five Lemma).Given a diagram oR-modules and homomorphisms
with all rectangles commutative

f f f f
A——A—2 Aa—2 A A
o § v o) €
B, 01 B, 02 B, 03 B, 04 B

such that the rows are exact (at the inner joints) and the four outer homomorphisms
a, B, 0, € are isomorphisms, thenis an isomorphism.

Proof. First | will show thaty is injective, so leta € kery. Thendf;(a) = 0 by
commutativity, and sinc@ is an isomorphismfs(a) = 0. By exactness € im f,,
so leta’ € A, with fo(a') = a. yf(&) = 0, so by commutativity,p(a’) = 0. By
exactness, then, there exibts B; with g;(b) = p(&’). Sinceo. is an isomorphism,
b = a(a”) for somea” € A;. Now by commutativityp fy(a”) = gia(a”’) = gu1(b) =
B(&); thus,p(a’ — fy(a’)) = 0. Butp is an isomorphism, sa = f;(a”’), so that by
exactnessa = f,f;(@”) = 0. Therefore, key contains only O, angl is injective.

Now | will show thaty is surjective, so leb € B;. Then since is an isomor-
phism, there exista € A, with 8(a) = gs(b). Now g4g3(b) = 0, so by commu-
tativity ef4(a) = O; bute is an isomorphism, sd(a) = 0. Therefore, by exact-
ness there exist@ € Az with f3(a’) = a. By commutativity,d f3(@’) = gzy(&),
but 6f3(&) = 8(a) = gs(b), sogs(b — y(a’)) = 0. By exactness there exists
b’ € B, with go(b’) = b — y(&'). p is an isomorphism, so there exists € A, with
p@’) = b’. Nowg,p(a”) = b-vy(a). Butg,p(a’) = yf.(a”’) by commutativity,
soyf(a’) + y(&) = b, andy(f,(a”) + &) = b. Therfore,y is surjective. O

Exercise3. If A c X is a retract then the long exact homology sequence of the
pair (X, A) yields short exact sequences

Hq(1)

0 0

Hq(A) Hy(X) Hq(X, A)

which split viaHg(r) : Hqo(X) — Hq(A) for all g > 0. In particularHq(X) is
isomorphic to the direct sutid,(A) @ Hq(X, A).
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Proof. Letr : X — A be a retraction map; them = ida, S0 Hq(r) and Hq(i)
compose to give the identity dfy(A). ThusHg(i) must be injective andHy(r)
surjective; becausd(i) is injective, it has trivial kernel and we can preceétigA)

by 0 in the exact sequence. Thus,dm= 0, and so kef; = Hq(X, A): Hy(j) is
surjective. Therefore, we can follol,(X, A) by 0 in the exact sequence, yielding

a short exact sequence. Note that this implies that the homology maps of a pair
(X, A) will all be either injective or surjective i is a retract oiX. ]



