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Abstract

We construct the lens space in two different ways, examine some
properties, and compute its homology. We show that any spherical
complex has finitely generated homology. Lastly, we illustrate how to
compute the homology of a space obtained by identifying the edges of
a polygon.

1 Lens spaces

1.1 Construction as a quotient of S (19.12)

Consider S? as the unit sphere in C? (i.e. S% = {(z,21) € C?: |2]* +|z|” =
1}). Then fix relatively prime integers p, q and let h : S — S3 be defined by

h(zo,21) = (ezm/pzo, e%iq/pzl).

It is clear that h is continuous and has the continuous inverse h™1(2g, z;) =
(e=2m/Py, e72™4/P2), so h is a homeomorphism. Moreover, applying h p
times gives the identity, though not for any smaller number of times. Thus
we have the group G = {id, h,h?, ... AP~} of homeomorphisms acting on
S3. Since this group is finite, its action must be properly discontinuous. (S®
is Hausdorff, so given any z € S® we can find disjoint neighborhoods Uy, > z,
Uy > h(zx), Uy 3 B*(2), ..., Uyy 3 B~ (x). Then U = M h*(U,) is a
neighborhood of x such that U N A*(U) =0 for k =0,1,...,p —1.) We can
then take the quotient of S® under this action, i.e. identify z ~ h(z). The
resulting quotient space is called the lens space L(p, q).



As an aside, finding a group of homeomorphisms of order p of S? is
possible only because 3 is odd. We showed in Exercise (16.11) that any
group of homeomorphisms acting on S*" can only have order 1 or 2.

Proposition 1.1. L(p,q) is a compact connected 3-manifold.

Proof. Tt is immediately clear that L(p, ¢) is compact and connected (since S®
is, and the quotient map 7 is continuous). Moreover, L(p, q) is a 3-manifold.
If w(x) is any point of L(p, q), let U be a neighborhood of z € S? as defined
above. 7 is a bijection on U, hence a homeomorphism (quotient maps are
continuous and open). Thus, since = has a neighborhood V' C U which is
homeomorphic to R3, (V) is such a neighborhood of 7(x). O

1.2 Construction as an adjunction space (21.27)

We can also construct the lens space as an adjunction space, which will
make it easier to compute its homology. This construction yields a space
homeomorphic to our previous definition of L(p,q), but we shall not prove
this.

The idea is to take two copies of the solid torus E? x S! and glue them
together along their boundaries. The gluing map will be a homeomorphism
h of O(E? x S') = S' x S! which takes a meridian and winds it ¢ times in
the meridian direction and p times in the longitude direction. See Figure 1.
(We use the letter h to be consistent with the book, but this A is not related
to the h in the previous subsection.)

Recall that H;(S' x S1;Z) = Z @ 7Z, and one possible basis is obtained
from the meridian and longitude cycles m and [. So more precisely, the
condition we want is that

Hi(h)(m) = gm + pl.

It is not immediately obvious that such an h must exist for any given p, q.
However, in (21.23-26) it is shown that such an h can be constructed as a
composition of “twist” homeomorphisms. Specifically, if A is any 2 x 2 matrix
with integer entries and det A = +1, there will exist an h with Hy(h) = A
(with respect to the {m,{} basis). In our case, we want A = (Z Z), where we
don’t care what a,b are. (They will tell us what Hy(h)(l) is, but we aren’t
going to specify what that should be.) Note that in order to have det A = 41,
we need bg — ap = +1. This is possible iff (p, q) are relatively prime, which

is why we made that requirement.
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Figure 1: Generating cycles of H{(S! x S1).

Thus, let Vi, V3 be our solid tori. Clearly (V;,0V7) is a collared pair, and
if we view our h as mapping 0V into 0V, C Vs, we can form the adjunction
space L(p,q) = ViU, Va. (Recall this is by definition a quotient of the disjoint
union: Vi U, Vs = a‘ig(vf)) This construction would appear to depend on
our specific choice of the map h, but in fact it can be shown that it does
not; just so long as Hy(h)(m) = Hy(h')(m) = gm + pl, then we will have
ViU, Vo 2V Uy Vs,

Notice it is clear from this construction that L(p, q) is compact and con-
nected.

Under this definition, we can now compute the homology.

Proposition 1.2. The integral homology of the lens space L(p,q) is as fol-

lows: )
0, n>3
Z, n=3
Hy(L(p,q);Z) = {0, n=2
Ly, n=1
(Z, n=0.

Proof. For brevity, we write L for L(p, q).

'By Z,, I mean Z/pZ, the integers mod p, as God intended. We’ll have none of that
heretical “submodule annihilated by multiplication by p” nonsense here.



Greenberg’s (19.15) tells us that for any n, we have the Mayer-Vietoris
exact sequence

o= Hoy(0V)) — Ho(Vi) @ Hy(Va) — Hyo(L) — Hy 1 (VL) — . ...

Now V; and V, are solid tori and hence homotopically equivalent to S!, so
that H,(V1) = H,(V2) = 0 for n > 2. Moreover, 9V, = S* x S*. Thus for
n >3 we get H,(L) = H,_1(S* x S*), which is Z for n = 3 and 0 for n > 3.

To deal with the case n = 1,2, we must be more specific. It will be more
convenient to apply (19.15) with reduced homology; the proof only used the
exactness of the homology sequence, so it still works in the reduced case.
We have Hy(V;) = Hy(Va) = 0, and also HI (V1) = 0. So (19.15) gives the
exact sequence

) (H1(5),H1(h))

0 — Hy(L) & H\(0V4 Hi(Vi) ® Hi(Va) % Hy(L) — 0

where j : 9V, — Vj is inclusion and h : 9V, — Vj is as above. 2 ¢ and v are
as given in the Meyer-Vietoris sequence; for this problem, we don’t need to
know exactly what they are.

Now 9V; = S x St is a torus, so H;(0V;) = Z(m) & Z(l), where m and
[ are the “meridian” and “longitude” cycles. And for the solid tori Vi, V,
we write Hi(V1) = Z({l1), H1(V3) = Z(ls), where l;,ly can be viewed as
longitude cycles. Then for h : 0Vi — Vi, we have Hy(h)(m) = pla. (A gm
term originally appeared, but we are now mapping into the solid torus, where
the meridian cycle is trivial.) We do not specify what H;(h)(l) ought to be;
it is some element xly € Hy(V3) = Z(ly). As for the inclusion j : 0V} — Vi,
we clearly have Hy(j)(m) =0, Hi(j)(!) = [;. (Longitude is sent to longitude,
and again the meridian cycle becomes trivial.) Therefore the matrix of the

map (Hi(j), Hi(h)) is -
(P x)

This is injective, so ker(H,(j), Hi(h)) = 0. To compute the image, we change
the basis on Hy(V1) @ Hy (V) and write it as Z{ls) & Z{l; + xl3). Then we
clearly have im(H1(j), H1(h)) = pZ{ls) ® Z{ly + xl3) = pZ O Z.

So by exactness, we have im ¢ = ker(H,(j), H1(h)) = 0. ¢ is also injective,
so Hy(L) = 0. Also, since v is onto, by the first isomorphism theorem we

2Greenberg and Harper write (H1(j) @ Hy(h))o A instead of my (Hi(j), H1(h)), which
seems to me more clear. They both mean the map a — (H;(j)(a), Hi(h)()).



have

~ Hi(Vi) & Hi(V2)
ker ¢

_ H (Vi) @ Hi(Va)
a im(H,(j), Hi(h))
A/
Y/

~7,.

by exactness

L is connected as we claimed, and so Hyo(L) = Z. This completes the

proof.
]

Also, we know L is compact and connected, and we showed using the other
construction that L is a 3-manifold. Therefore since H3(L) = Z, Corollary
(22.28) yields:

Corollary 1.3. L(p,q) is orientable for all relatively prime (p,q).

This is by no means obvious from the construction.

We have also shown that L(p,q) # L(p',q) if p # p/, though we do
not know what happens if p = p’ but ¢ # ¢’. In fact, it has been shown
that L(p,q) = L(p,¢) iff £¢' = ¢*' (mod p). Also, there are pairs such as
L(7,1) and L(7,2) which are homotopically equivalent (and thus have the
same homology) but are not homeomorphic.

2 The homology of a spherical complex is
finitely generated

Proposition 2.1 (19.20). Let Z be a spherical complex, and R a Noetherian
ring. Then H,(Z; R) is finitely generated.

Recall that a spherical complex is obtained by starting with finitely many
points (0-cells) and attaching finitely many cells. Also, Noetherian rings
(which we shall not define) include Z, Z,,, and any field, so for our purposes
we needn’t worry much about that condition.

We shall need a couple of algebraic facts, which we won’t prove.



Fact 2.2. If R is a Noetherian ring and M 1is a finitely generated R-module,
then so is any submodule, quotient or homomorphic image of M.

Fact 2.3. Suppose M s an R-module and N C M is a submodule. If N and
M/N are finitely generated, then so is M.

Now we prove Proposition 2.1.

Proof. By induction on the number of cells attached. Clearly if no cells
are attached, Z consists of some finite number k£ of discrete points. Then
Ho(Z) = RF, H,(Z) =0 for ¢ > 0, and these are finitely generated.

Now suppose Y is a cell complex with finitely generated homology and
that Z is obtained from Y by attaching an n-cell via a map f : S"! — Y.
We apply Corollary (19.16-18).

For ¢ # n,n — 1 we have H,(Z) = H,(Y) which is finitely generated.

For g =n—1, we have H, 1(Z) = H, 1(Y)/im H,_1(f). Thus H,_1(Z)
is a quotient of a finitely generated R-module, hence it is itself finitely gen-
erated by Fact 2.2.

For ¢ = n, we have the following short exact sequence:

0— Ho(Y) S Ho(Z) L ker Hyo(f) — 0

where the map ¢ is induced by inclusion ¥ — Z, and 1 comes from the
connecting homomorphism. Now ) is onto, so by the first isomorphism theo-
rem, H,(Z)/kerv = ker H,_(f). However, ker H, _1(f) C H,_(S" ') = R
which is finitely generated, hence by Fact 2.2 so is ker H,,_1(f). Also, H,(Y)
is finitely generated by assumption, so by Fact 2.2 so is im ¢, and ker 1) = im ¢
by exactness. Therefore, using Fact 2.3, H,(Z) is finitely generated. O]

3 Homology of a surface obtained by identi-
fying edges of a polygon

A variety of surfaces can be constructed by taking a polygonal disk and gluing
its edges together in various ways. In this section, we give an example to
illustrate how to compute the homology of such a surface.

Figure 2 shows a 7-gon P with some randomly selected edges identified.
To construct our surface X, we view P as a l-skeleton and attach to it a
2-cell.



Figure 2: A polygon P with some sides identified.

First of all, a moment’s inspection will confirm that all the vertices of P
have been identified with one another. Therefore, each of the edges a,b,c
are actually loops (since their endpoints are identified) which meet at this
common point. P is thus a wedge of three circles: P = StV StV St We can
thus write Hy(P) = Z{a) ® Z(b) ® Z(c). Of course, we also get Hy(P) = Z
and H,(P) =0 for ¢ > 2.

We now wish to attach a 2-cell along P. Since P is in fact a quotient of S,
we effectively let f : S' — P be the quotient map. Then our desired X is the
adjunction space E* Uy P. (Observe that X is compact and connected.) Let
z be the generator of H;(S') which winds clockwise. Then from the picture
(starting at the top), we see that H,(f)(z) = —b+a+c+a—c+b+a = 3a.
Specifically, Hy(f) is injective, and im H,(f) = 3Z(a).

Now we apply (19.16-19). By (19.16) for ¢ > 2 we have H,(X) =
H,(P) =0, and Hy(X) = Hy(P) =2 Z. By (19.17) we get

H,(P) Z{a) ® Z{b) ® Z{c)

H(X) = o = A0 ~ 7, LS L.

And ker Hy(f) = 0 is free, so (19.19) applies, and we get

Hy(X) = Hy(P) ® ker Hy(f) =060 = 0.



In summary, we have shown

0, q=>2
Hy(X;Z) =S Zs DLZDL, q=1
Z, q=0.

As an aside, we could use a Seifert-Van Kampen theorem argument to
compute 71 (X). The resulting group can be written

m(X) = (a,b,c | b 'acac  ba = 1)

which is much harder to deal with. However, we now know its abelianization
must be H1(X) =Z; @ Z & Z.

Also, calling X a “surface” is something of a misnomer. A space obtained
in this fashion need not be a 2-manifold. In our case, it seems there may
be some difficulty with points along the a edge; there are three edges glued
together here, and it is not obvious that such a point has a neighborhood
homeomorphic to R%. In fact, it turns out that X is not a manifold; to
confirm this, we compute Hy(X';Zs).

Analogously to the Z case, we have Hy(P;Zs) = 0, Hy(P;Z2) = Zs(a) ®
Zo(b) ® Zsy({c), and H(S*;Zs) = Zy(z). Then H\(f;Z2)(z) = —b+a+c+
a—c+b+a=a#0,so that again ker H,(f;Z) = 0. This is free, so (19.19)
applies and tells us that

H2<X7Z2) = HQ(P, ZQ) @ keI'Hl(f;Zg) = 0

But Corollary (22.30) says that for a compact connected n-manifold M,
H,(M;Zsy) = Zs, because any manifold is Zy-orientable. Our X is compact
and connected, so it cannot be a manifold.



