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1. COHOMOLOGY RING OF THE TORUS

We let φ be the map that identifies the edges in the diagram, φ : I2 → T . We will show that
z = φ(A0A1B1) − φ(A0B0B1) is a cycle which generates H2(T) and hence ζ = [z]. First we show that z
is a cycle. δz = φ(A1B1) − φ(A0B1) + φ(A0A1) − φ(B0B1) + φ(A0B1) − φ(A0B0) = 0.
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FIGURE 1. Identified edges in the torus construction.

From our original calculation ofH2(T) we have the isomorphismsH2(T)→ H2(T, S
1
∨
S1)→ H2(E

2, S1)→
H1(S

1). Thus we have {z} maps to (A0A1) + (A1B1) − (B0B1) − (A0B0) which generates H1(S1). Hence
{z} is a generator of H2(T).

Assuming R is a PID, H1(T) = R ⊕ R (since H1(T) = Hom(H1(T ;Z, R)). The generators of H1(T) are
α and β where α is the homology class of the loop φ(A0A1) and β is the homology class of the loop
φ(A0B0). Since any element of H1(T) is determined by it’s values at α and β, the generators of H1(T)
are α∗ and β∗ where [α,α∗] = 1, [β,α∗] = 0, [β,β∗] = 1, and [α,β∗] = 0.

We will show that α∗∪β∗ generatesH2(T). H2(T) is isomorphic to R by sending any element ofH2(T)
to the value it takes on z, the generator of H2(T). Therefore, we need to check that [z, α∗ ∪ β∗] = 1.

[z, α∗∪β∗] = [φ(A0A1B1), α
∗∪β∗]−[φ(A0B0B1), α

∗∪β∗] = [φ(A0A1), α
∗][φ(A1B1), β

∗]−[φ(A0B0), α
∗][φ(B0B1), β

∗]
from the definition of cup product. Sinceφ(A1B1) is the same loop asφ(A0B0) andφ(B0B1) is the same
loop asφ(A0A1) we have [α,α∗][β,β∗]−[β,α∗][α,β∗] = 1+0 = 1. Therefore [z, α∗∪β∗] = 1 and α∗∪β∗
generates H2(T). Thus we know that α∗ and β∗ generate H•(T), so it only remains to find the relations
on α∗ and β∗ to determine the cup product structure.

[z, α∗ ∪ α∗] = [α,α∗][β,α∗] − [β,α∗][α,α∗] = 0

[z, β∗ ∪ β∗] = [α,β∗][β,β∗] − [β,β∗][α,β∗] = 0

α∗ ∪ β∗ = −β∗ ∪ α∗ since α∗ ∪ β∗ = (−1)pqβ∗ ∪ α∗
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2. COHOMOLOGY RING OF THE DOUBLE TORUS

Let D denote the double torus.

(1) Hq(D) = Hq(D) =


0 if q > 2,
R if q = 0, 2

R⊕ R⊕ R⊕ R if q = 1.

From our original calculation ofH2(D) we have the isomorphismsH2(D)→ H2(D, S
1
∨
S1
∨
S1
∨
S1)→

H2(E
2, S1) → H1(S

1). Thus it suffices to exhibit a relative 2-cycle on (E2, S1) whose boundary repre-
sents a generator ofH1(S1). Defineφ :octagon→ D to be the quotient mapping that identifies the edges
of our diagram.

Let α,β, γ, δ be the generators ofH1(D) and let α∗, β∗, γ∗, δ∗ be their duals, and hence the generators
of H1(D).
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FIGURE 2. Identified edges in the double torus construction.

Let z = φ(A0A1A2) − φ(A0A3A2) + φ(A0A3A4) − φ(A0A5A4) + φ(A0A5A6) − φ(A0A7A6). We
will show that this choice of z is a 2-cycle on D whose homology class ζ generates H2(D). ∂z =

φ(A0A1)+φ(A1A2)−φ(A3A2)+φ(A3A4)−φ(A5A4)+φ(A5A6)−φ(A7A6)−φ(A0A7) = 0. Therefore
z is a cycle. We can show that ζ generatesH2(D) by showing that the under the isomorphisms above, z
maps to a generator ofH1(S1). zmaps to A0A1+A1A2−A3A2+A3A4−A5A4+A5A6−A7A6−A0A7
which generatesH1(S1). Then ζ = {z} where ζ is the fundamental class ofD. We will show that α∗∪β∗
generates H2(D) and thus that α∗, β∗, γ∗, δ∗ generates the cohomology ring of D.

[ζ, α∗∪β∗] = [α,α∗][β,β∗]−[L2, α
∗][α,β∗]+[L2, α

∗][−β,β∗]−[L4, α
∗][γ, β∗]+[L4, α

∗][δ, β∗]−[δ, α∗][γ, β∗] =

1− [L2, α
∗].

Note that α∗ ∪ α∗ = (−1)|α|α∗ ∪ α∗ so α∗ ∪ α∗ = 0. Thus, 0 = [ζ, α∗ ∪ α∗] = [α,α∗][β,α∗] −

[L2, α
∗][α,α∗] + [L2, α

∗][−β,α∗] − [L4, α
∗][γ, α∗] + [L4, α

∗][δ, α∗] − [δ, α∗][γ, α∗] = −[L2, α
∗] since the L2

term is the only one to survive. So [L2, α
∗] = 0. Combining with the above we have [ζ, α∗ ∪ β∗] =

1 − [L2, α
∗] = 1. Thus α∗ ∪ β∗ generates H2(D). So we have the ring generated by α∗, β∗, γ∗, δ∗ where

α∗ ∪ β∗ generates H2(D).
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3. COHOMOLOGY RING OF THE CPn

We will show that H∗(CPn) = Z[γ]/γn+1, where γ generates H2(CPn), i.e. γ generates the cohomol-
ogy ring of CPn, and is truncated at height 2n+1. We will prove this by induction on n. Let γ generate
H2(CPn).

Base case: n = 2. (In case n = 1, CP1 = S2, and the result is clear.) Recall that Hq(CPn) is 0 if q
is odd, so q = 1 is 0. We need only to show that γ ∪ γ generates H4(CPn). Let ζ ∈ H4(CPn) be the
fundamental class. Then ζ ∩ γ generates H2 since this is the isomorphism of Poincaré duality. Thus
we have [ζ ∩ γ, γ] generates R. But [ζ ∩ γ, γ] = [ζ, γ ∪ γ] so [ζ, γ ∪ γ] also generates R. Therefore γ ∪ γ
generates H4.

Now we use the fact that inclusion CPn−1 → CP
n induces isomorphisms in all dimensions less than

2n − 2. Dimension 2n − 1 is odd and thus 0, and dimension 2n follows from above. γn−1 generates
H2n−2 so ζ ∩ γn−1 generates H2. So [ζ ∩ γn−1, γ] = [ζ, γn−1 ∪ γ] generates R so γn generates H2n.

4. COHOMOLOGY RING OF THE RPn

Let R = Z2. We will show H∗(RPn,Z2) = Z2[γ]/γn+1. Then

(2) Hq(RPn) = Hq(RP
n) =

{
0 if q > n,
Z2 if q =≤ n.

Let γ generate H1(RPn). Then γ generates the cohomology ring of RPn. We will prove this by induc-
tion on n.

Base case: n = 2. (In case n = 1, RP = S1, and the result is clear.) We need only to show that γ ∪ γ
generates H2(RPn). Let ζ ∈ H2(RP2) be the fundamental class. Then ζ ∩ γ generates H1 since this is
the isomorphism of Poincaré duality. Thus we have [ζ∩ γ, γ] generates Z2. But [ζ∩ γ, γ] = [ζ, γ∪ γ] so
[ζ, γ ∪ γ] also generates Z2. Therefore γ ∪ γ generates H2.

Now we use the fact that inclusion RPn−1 → RP
n induces isomorphisms in all dimensions less than

n− 1. Dimensions n and n− 1 follows from above. γn−2 generates Hn−2 so ζ ∩ γn−2 generates H2. So
[ζ∩γn−2, γ∪γ] = [ζ, γn] generates Z2 so γn generatesHn. We can use a similar argument for the n− 1

case. [ζ, γn] = [ζ ∩ γn−1, γ] so ζ ∩ γn−1 generates H1 so γn−1 generates Hn−1.

5. COHOMOLOGY RING OF THE HPn

Let γ generate H4(HPn). We will show that H∗(HPn) = Z[γ]/γn+1, i.e. γ generates the cohomology
ring of HPn. We will prove this by induction on n. Recall that Hq(HPn) is 0 if q is not divisible by 4,
and R otherwise.

Base case: n = 2. (In case n = 1, HP = S4, and the result is clear.) We need only to show that γ ∪ γ
generates H4(CPn). Let ζ ∈ H8(HP2) be the fundamental class. Then ζ ∩ γ generates H4 since this is
the isomorphism of Poincaré duality. Thus we have [ζ ∩ γ, γ] generates R. But [ζ ∩ γ, γ] = [ζ, γ ∪ γ] so
[ζ, γ ∪ γ] also generates R. Therefore γ ∪ γ generates H8.

Now we use the fact that inclusionHPn−1 → HP
n induces isomorphisms in all dimensions less than

4n − 1. Dimension 4n − 1 is odd and thus 0, and dimension 4n follows from above. γn−1 generates
H4n−4 so ζ ∩ γn−1 generates H4. So [ζ ∩ γn−1, γ] = [ζ, γn−1 ∪ γ] generates R so γn generates H4n.
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6. Zk ORIENTABILITY IMPLIES Z ORIENTABILITY

Assume X is Zk orientable. We have a collection of {(Ui, αi)} where Ui is homeomorphic to Rn

and αi generates Hn(X,X − Ui;Zk). If x ∈ Ui
⋂
Uj then jUix (αi) = j

Uj
x (αj). Suppose that X is not Z

orientable. Then for any choice of generators α ′i of Hn(X,X − Ui;Z), there is an x ∈ Ui
⋂
Uj such that

j
Ui
x (α ′i) 6= j

Uj
x (α ′j). Since, by definition, a unit in a ring has an inverse, there exists m ∈ Zk such that

mαi = 1. It is clear that {(Ui,mαi)} also defines an orientation. Therefore, without loss of generality
we may assume that αi = 1, since Ui ∼= Rn.

Let θ be the map from H(X,X − U;Z) to H(X,X − U;Zk) sending
∑
aiσi to

∑
aiσi, where ai is the

class of ai under projection into Zk. Note that Hn(X,X−U;Z) = Z and Hn(X,X−U;Zk) = Zk and θ is
reduction mod k.

Sn(X,X−Ui;Z)
ρ //

i
��

Sn(X,X−Ui;Zk)

i
��

Sn(X,X− x;Z)
ρ // Sn(X,X− x;Zk)

.

We show that this diagram commutes, where ρ denotes reduction mod k, and i is the inclusion map
(note that ρ is a chain map as we’ve shown in a previous exercise). In the first direction i(ρ(Σαiσi +

Sn(X − Ui))) = i(Σαiσi + Sn(X − Ui)) = Σαiσi + Sn(X − x). And in the other direction ρ(i(Σαiσi +

Sn(X − Ui))) = ρ(Σαiσi + Sn(X − x)) = Σαiσi + Sn(X − x). Thus, we can pass to homology , and the
following diagram commutes.

Hn(X,X−Ui;Z)
θ //

j
Ui
x

��

Hn(X,X−Ui;Zk)

j
Ui
x

��
Hn(X,X− x;Z)

θ // Hn(X,X− x;Zk)

Hn(X,X−Uj;Z)
θ //

j
Uj
x

OO

Hn(X,X−Uj;Zk)

j
Uj
x

OO

.

θ maps generators of Z, (1,−1) to generators of Zk (1, k− 1) and since k is not 2, these are two
distinct generators. Therefore we let α ′i = 1 so that θ(α ′i) = αi and we also choose α ′j ∈ {1,−1} so that

θ(α ′j) = αj. By assumption, jUix (α ′i) 6= j
Uj
x (α ′j) and both are units, so θ(jUix (α ′i)) 6= θ(j

Uj
x (α ′j)) since θ is

bijective from the set {1,−1} to the set {1, k− 1} . By commutativity of the above diagram, θ(jUix (α ′i)) =

j
Ui
x (θ(α ′i)) and θ(jUjx (α ′j)) = j

Uj
x (θ(α ′j)). We also have that θ(α ′i) = α ′i and jUix (α ′i) = j

Uj
x (α ′j). Thus

θ(jUix (α ′i)) = j
Ui
x (α ′i) = j

Uj
x (α ′j) = θ(j

Uj
x (α ′j)). Contradiction.

7. EULER CHARACTERISTICS OF COMPACT ORIENTABLE MANIFOLDS

Recall that the Euler characteristic is given by: χ(X) =
∑
q (−1)qβq. Then from Exercise 23.40 we

know that with Z coefficients, Hq ∼= Fq ⊕ Tq−1 where Fq is the quotient module of Hq by its torsion
submodule, and Tq−1 is the torsion submodule of Hq−1. Then using Poincare Duality:

βq = rank(Hq;Z) = rank(Hn−q;Z) = rank(Fn−q;Z) = rank(Hn−q;Z) = βn−q.

We have proved
Corollary 1 (26.8). If X is a compact orientable n-manifold, then the Betti numbers of X satisfy βq = βn−q for
all q.

The fact that many of these βq’s match off in pairs will enable us to partially classify χ(X) for these
spaces.
Corollary 2 (26.10). If X is an odd-dimensional compact orientable n-manifold, then χ(X) = 0.
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Let n = 2j+ 1.We just expand χ(X) and then use Corollary 26.8:

χ(X) =

2j+1∑
k=0

(−1)kβk =

j∑
k=0

(−1)kβk +

2j+1∑
k=j+1

(−1)kβk =

j∑
k=0

(−1)kβk +

j∑
k=0

(−1)n−kβn−k

=

j∑
k=0

(−1)kβn−k + (−1)n−kβn−k

Then we notice that when k is odd, n − k is even, and when k is even, n − k is odd, therefore the two
βn−k terms always have opposite sign, meaning χ(X) = 0.
Corollary 3 (26.11). If X is an even-dimension compact orientable n-manifold, and the dimension is not divisible
by 4, then χ(X) is even.

Let n = 4k + 2. Using the same reasoning as Cor 2 (26.10), then all but one of the Betti numbers
double up, because when t is odd, 4k + 2 − t is also odd. The only term left out of this doubling up
is the 2k + 1th, meaning all we need to show is that β2k+1 is even. When working with coefficients
in a field, homology and cohomology are dual vector spaces. Also, since β measures rank, it will
be convenient to choose coefficients where there can be no torsion, i.e. where rank is equivalent to
dimension. Therefore we choose Q coefficients, and then

β2k+1 = rank(H2k+1(X,Q)) = dim(H2k+1(X,Q))

Let’s assume X is connected, in which case H0(X,Q) = Hn(X,Q) = Q. Prof. Lin proved in class that
the cup product is a non-degenerate skew-symmetric bilinear form on H2k+1(X;Q).

Lemma 1 (26.11a). If we are given a skew symmetric bilinear nondegenerate form < , > from VxV to Q, then
dim(V) is even.

Choose a basis x1, x2, ...xn for V. Let aij =< xi, xj >, and let A = (aij), the matrix of the aij’s.
aij = −aji since our form is skew-symmetric, so AT = −A. To prove the lemma, we need another
lemma.
Lemma 2 (26.11b). In the case of cohomology and cup product, det(A) 6= 0.

Let bi = the ith row of A. If
∑
i cibi = 0, then

∑
i ciaij = 0 ∀ 1 ≤ j ≤ n. Then

∑
i ci < xi, xj >= 0 ∀ j,

but since the form is nondegenerate, this implies that
∑
i cixi = 0. But the xi are linearly indepen-

dent, so ci = 0 ∀ i. This means that the rows of A are linearly independent, which is equivalent to
det(A) 6= 0.
Now, det(A) = det(AT ) = det(−A) = (−1)ndet(A). Dividing both sides by det(A), we get 1 = (−1)n.
So nmust be even.
Then dim(H2k+1) is even, meaning β2k+1 is even, so χ(X) is even. Quite a bit of work for one corollary!

We have now talked about Euler characteristic for compact orientable manifolds of dimension 1, 2,
or 3 mod 4. Do ones with dimension 4k also have even (or perhaps odd) characteristic? Consider
CP

2k. χ(CP2k) = β2k = rank(H2k(CP
2k,Z) = rank(Z) = 1 which is odd. But χ(S4,Z) = 2, which

is even. Thus no conclusion can be made about the odd or evenness of manifolds with dimension a
multiple of 4. These formulas also do not hold if we remove our orientability assumption. Consider
P
2. If Corollary 26.11 held for non-orientable spaces, χ(P2) would be even, but it equals 1!

Theorem 1 (26.18). LetM be an n-dimensional, compact connected manifold. Prove the following:
♣ IfM is orientable, then Hn−1(M;Z) is torsion-free.
♠ IfM is not orientable, then Hn(M;Zk) = 0 for k odd.
♥ If M is not orientable, then the torsion subgroup of Hn−1(M;Z)) is Z2. (NOTE: This is different than

the statement in the book – it asks for the torsion of Hn−1(M;Z2), but this is meaningless.)
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♦ IfM is not orientable, then H1(M;Z2) is nonzero.
IfM is orientable, then

Hn−1(M;Z) ∼= H1(M;Z) ∼= Hom(H1(M;Z),Z)⊕ Ext(H0(M;Z),Z),

where the first step is by Poincaré Duality. SinceHom(R,Z) is torsion-free for rings R and Ext(Zr,Z) =

0 for any r, Hn−1(M;Z) has no torsion. (♣)

Now suppose M is not orientable. As we showed before, if a manifold is orientable if and only if it
is Z3-orientable. Exercise 22.39 extends this result to Zk-orientability for any k ≥ 3, and it isn’t hard to
extend Evan’s proof for k = 3 to any ring with at least two units. So if any of Hn(M;Zk) are nonzero
for k ≥ 3, this would contradict the supposition that Hn(M;Z) = 0. So we have Hn(M;Zk) = 0 for all
k ≥ 3. (♠)

For the rest of the problem,M is taken to be non-orientable, and we will use the result to frequently
make the substitutions Hn(M;Z) = 0, Hn(M;Z2) = Z2 (all compact connected manifolds are Z2-
orientable), and Hn(M;Zk) = 0 for k ≥ 3.

For computing the torsion subgroup of Hn−1(M;Z), we will be using the two Bocksteins for homol-
ogy seen before – namely, those for the sequences 0→ Z→ Z→ Zk → 0 and 0→ Zk → Zk2 → Zk → 0.
We will be studying these chains for the cases k = 2 and k ≥ 2, but first we make a quick observation.

Since M is Z2-orientable (regardless of Z-orientability), we have H1(M;Z2) ∼= Hn−1(M;Z2) by
Poincaré Duality. Also, since Z2 is a field, Hn−1(M;Z2) and Hn−1(M;Z2) are dual vector spaces. Con-
necting, we haveH1(M;Z2) ∼= Hn−1(M;Z2), so to finish off♦we need only establishHn−1(M;Z2) 6= 0.

We have the short exact ladder:

0 //
Z

×k //

Π
��

Z
Π //

Π
��

Zk
//

id
��

0

0 // Zk
×k // Zk2

Π // Zk // 0

Passing to homology we get a long exact ladder:

· · · // Hn(M;Z)
Π //

��

Hn(M;Zk)
β1 //

��

Hn−1(M;Z)
×k //

��

Hn−1(M;Z) //

��

· · ·

· · · // Hn(M;Zk2)
Π // Hn(M;Zk)

β2 // Hn−1(M;Zk)
×k // Hn−1(M;Zk2)

// · · ·

where β1 and β2 are the Bockstein maps.

In the case where k = 2,M is orientable, so the bottom row above becomes 0→ Z2 → Hn−1(M;Z2)→
Hn−1(M;Z4), which by exactness implies Hn−1(M;Z2) 6= 0. (♦)

Right, now if k ≥ 3, the portion of the top row above is

0 // 0
β1 // Hn−1(M;Z)

×k // Hn−1(M;Z)

Since 0 = im β1 = ker (× k),Hn−1(M;Z) has no Zk-torsion for any k ≥ 3. If we look at the same row
for k = 2, we get

0 // Z2
β1 // Hn−1(M;Z)

×2 // Hn−1(M;Z)
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Since im 0 = ker β1, Hn−1(M;Z) contains Z2-torsion. Therefore the torsion subgroup of Hn−1(M;Z) is
some number of copies of Z2. But since Z2 = im β1 = ker (× 2), we must have exactly one copy of Z2
in Hn−1(M;Z). (♥)

Theorem 2 (26.19). If M is an orientable 3-manifold with H1(M;Z) = 0, then M has the homology of a
3-sphere.

Because M is orientable, H3(M;Z) = Z; we assume M is connected, so also H0(M;Z) = Z. Then all
that is left to show is that H2(M;Z) = 0.

By Poincare Duality, H2(M;Z) = H1(M;Z) which is zero by assumption.
Then using the Universal Coefficient Theorem, we see:

0 = H2(M;Z) = Hom(H2(M;Z),Z)⊕ Ext(H1(M;Z),Z)

which means thatHom(H2(M;Z),Z) = 0, i.e. H2(M;Z) has no free part. Again using Poincare Duality,
then UCT:

H3(M;Z) = H0(M;Z) = Z

Z = H3(M;Z) = Hom(H3(m;Z),Z)⊕ Ext(H2(M;Z),Z).

= Hom(Z,Z)⊕ Ext(H2(M;Z),Z) = Z⊕ Ext(H2(M;Z),Z)

Therefore Ext(H2(M;Z),Z) = 0, i.e. H2(M;Z) has no torsion. But if it has no free part, and no
torsion, then it has nothing at all. So H2(M;Z) = 0 and M has the homology of a 3-sphere.

Theorem 3 (26.21). Let M be a orientable compact connected manifold. The cup product pairing Hp(M) ⊕
Hq(M) −→ Hn(M), p + q = n and coefficients in a field, has the property that for a fixed x ∈ Hp(M),
x ∪ y = 0 for all y ∈ Hq(M) only if x = 0.

Proof: As M is compact and connected by Poincare duality we know there exists a generator ζ ∈
Hp(M) such that ζ∩ : Hq(M) −→ Hp(M) is an isomorphism. By assumption we have for all y

(3) 0 = [ζ, x ∪ y] = [ζ ∩ x, y]

Suppose that x 6= 0. Now since our coefficients are in a field Hq(M) ∼= HomF(Hq(M), F). Moreover
x 6= 0 and ζ∩ an isomorphism implies that ζ ∩ x 6= 0 as well. Therefore there exists some y ∈ Hq(M)

such that [ζ ∩ x, y] 6= 0. (This last assertion follows from basic linear algebra: given some nonzero
element v in a vector space VF there is some linear functional f : V −→ F such that f(v) 6= 0.) This
contradicts (1). Therefore x = 0.�

Theorem 4 (26.22). CP2n admits no orientation reversing homotopy equivalence.

We know that H∗(CP2n) = Z[γ]/γ2n+1, γ ∈ H2(CP2n) by 26.12 (proved earlier in this packet of
notes).
Let ζ be the fundamental class of CP2n, so < ζ >= H4n(CP2n,Z).
Proof by contradiction: Assume there exists f such that H4n(f)(ζ) = −ζ. Let ζ∗ be the dual of ζ,
< ζ∗ >= H4n(CP2n). Since γ generates all of H∗(CP2n), it must be that either γ2n = ζ∗ or −ζ∗. Note
that since [ζ, ζ∗] = 1,

[H4n(f)(ζ), ζ∗] = [−ζ, ζ∗] = −1 = [ζ,H4n(f)(ζ∗)]

then H4n(f)(ζ∗) = −ζ∗ and H4n(f)(−ζ∗) = ζ∗, so in either case, H4n(f)(γ2n) = −γ2n. (*)
H2(f) is an isomorphism, so it must send a generator to a generator, i.e. H2(f)(γ) = γ or −γ.
Case 1: H2(f)(γ) = γ. Then H4n(f)(γ2n) = (H4n(f)(γ))2n = (γ)2n = γ2n since cohomology is a ring
homomorphism.
Case 2: H2(f)(γ) = −γ. H4n(f)(γ2n) = (H4n(f)(γ))2n = (−γ)2n = γ2n.
In either case, H4n(f)(γ2n) = γ2n. But (*) says it equals −γ2n! Contradiction. Therefore no orientation
reversing homotopy equivalence exists.
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Theorem 5 (26.23). We have maps S3 → S2 and S7 → S4 with Hopf invariant one. Prove that for these maps

S2n−1 f−→ Sn

−1 ↓ ↓ −1

S2n−1 f−→ Sn

cannot commute even up to homotopy, where −1 means a map of degree −1.
Proof Let us assume that we have maps of degree −1, s and t, such that this commutes for n = 2

(repsectively n = 4). Then by 21.20 there exists a γ : CP2 → CP2(= Cf) (respectively γ : HP2 → HP2)
such that the following diagram commutes← Hq(S3) ← Hq(S2) ← Hq−1(CP2) ← Hq(S3) ←↑ s∗ ↑ t∗ ↑ γ∗ ↑ s∗← Hq(S3) ← Hq(S2) ← Hq=1(CP2) ← Hq(S3) ←
(repsectively with S7, S4 and HP2). We recall that the cohomology ring of CPn (respectively HPn) is
Z[β]/β3 where β is a generator of level 2 (respecitvely β is a generator of level 4) and β ∪ β = ζ, a
generator of H4(CP2) (respectively H8(HP2)). As all squares in the diagram commute we have that

H2(S2)
e∗←− H2(CP2)↑ t∗ ↑ γ∗

H2(S2)
e∗←− H2(CP2)

commutes (respectively in degree 4 with S4 and HP2) and we note that t∗ : H2(S2) → H2(S2) is mul-
tiplication by −1. By taking η ∈ H2(S2) and looking at how it evaluates on x ∈ H2(S2) we have that
t∗(η)(x) = η(t∗x) = η(−x) = −η(x) as t has degree −1, and in fact note that if s : Sn → Sn has degree
−1 then s∗ : Hn(Sn) → Hn(Sn) is multiplication by −1 (so this works in the n = 4 case as well). Thus
if f∗(β) = η, then t∗e∗(β) = −η and hence f∗γ∗(β) = −η so as e∗ is an isomorphism γ∗(β) = −β.
Likewise we have that

H4(CP2) ← g∗ H3(S3)↑ γ∗ ↑ s∗
H4(CP2) ← g∗ H3(S3)

commutes (respectively with degrees 7 and 8, and HP2, S7.) As above s∗ is multiplication by −1. We
consider ζ = β ∪ β. We have that (as g∗ is an isomorphism) that ζ = g∗(ϑ) so γ∗(ζ) = g∗s∗(ϑ) =

g∗(−ϑ) = −ζ. Now, if such maps existed, then γ∗ would be a ring map. But this would imply that

−ζ = γ∗(ζ) = γ∗(β ∪ β) = γ∗(β) ∪ γ∗(β) = (−β) ∪ (−β) = β ∪ β = ζ

which is a contradiction, so no such s and t of degree −1 can exist such that this commutes.
Theorem 6 (26.24). A necessary condition for the lens space L(p, q) to admit an orientation reversing homotopy
equivalence is that −1 be a quadratic residue mod p, i.e. there is an integer λ such that −1 ≡ λ2 (mod p). (We
consider only the case when p is prime.)

Proof. Let L := L(p, q) be the lens space. We record here the homology and cohomology of L over
several rings.

m Hm(L;Z) Hm(L;Zp) Hm(L;Z) Hm(L;Zp) Hm(L;Zp2)

3 Z Zp Z Zp Zp2

2 0 Zp Zp Zp Zp

1 Zp Zp 0 Zp Zp

0 Z Zp Z Zp Zp2

Of course all higher-degree homology and cohomology modules are 0, since L is a 3-dimensional man-
ifold.
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Suppose now that f : L→ L is an orientation reversing homotopy equivalence. This meansH3(f;Z) =

−1, i.e. the isomorphism induced by f onH3(L;Z) is multiplication by −1. Thus alsoHom(H3(f;Z),Zp) =

−1. Now Ext(H2(L;Z),Zp) = Ext(0,Zp) = 0, so the naturality in the universal coefficient theorem
gives us

0 // H3(L;Zp)
∼=

h
// Hom(H3(L;Z),Zp) // 0

0 // H3(L;Zp)
∼=

h
//

f∗

OO

Hom(H3(L;Z),Zp)

Hom(H3(f;Z),Zp)=−1

OO

// 0

where the map h is an isomorphism. Thus h(f∗(1)) = −h(1) = h(−1), so f∗(1) = −1. So f∗ :

H3(L;Zp)→ H3(L;Zp) is multiplication by −1.
Now consider the short exact sequence

0 // Zp
×p // Zp2

mod p // Zp // 0.

This induces the long exact sequence

0 H3(L;Zp)oo H3(L;Zp2)
ηoo H3(L;Zp)

θoo H2(L;Zp)
βoo . . .oo

= Zp = Zp2 = Zp = Zp

where β is the Bockstein homomorphism. Now η is onto, hence its kernel is a subgroup of Zp2 with
order p, which must be isomorphic to Zp. So im θ = Zp, and thus θ must be injective. So β = 0.
Continuing, we get

0 H2(L;Zp)oo H2(L;Zp2)
ηoo H2(L;Zp)

θoo H1(L;Zp)
βoo . . .oo

= Zp = Zp = Zp = Zp

(we have reused the symbols η, θ, β). Now η is onto, hence it must be an isomorphism; thus θ = 0, and

β is onto. Hence β : H1(L;Zp)
∼=→ H2(L;Zp) is an isomorphism.

Now let x be a generator of H1(L;Zp) ∼= Zp. Then βx is a generator of H2(L;Zp).

Claim 1. x ∪ βx is a generator of H3(L;Zp).

Proof of claim. (This is the only place where we use our assumption that pwas prime.) Suppose x ∪ βx
is not a generator of H3(L;Zp) ∼= Zp; then it must be 0. Now any element y ∈ H1(L;Zp) can be written
as y = cx for some integer c. Then we have y∪βx = cx∪βx = c(x∪βx) = 0 for all y ∈ H1(L;Zp). But
Zp is a field, so by Exercise 26.21, this can only happen if βx = 0. We have x 6= 0 and β an isomorphism,
so this is not the case. �

Now, since f∗ = −1, we have f∗(x ∪ βx) = −(x ∪ βx). But f∗ is a ring homomorphism, so

f∗(x ∪ βx) = f∗(x) ∪ f∗(βx)
= f∗(x) ∪ β(f∗(x))

since β is a natural homomorphism and thus commutes with f∗. Since x generatesH1(L;Zp), f∗(x) = λx

for some integer λ. Thus

f∗(x ∪ βx) = λx ∪ β(λx)

= λx ∪ λβx

= λ2(x ∪ βx).

So we have −(x ∪ βx) = λ2(x ∪ βx). But x ∪ βx is a generator of Zp, hence invertible, so we must have
λ2 ≡ 1 (mod p). �
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Note 1. If p is not prime, the problem is apparently still true. We only need to prove Claim 1, that x ∪ βx
generates H3(L,Zp). This in turn relies on the following unproved assertion made in Hatcher, whose proof is
not immediately apparent to us.

Claim 2. The natural map

H1(L;Zp)→ Hom(H1(L;Zp),Zp)

y 7→ [·, y]

is an isomorphism.

You cannot use the universal coefficient theorem to prove this, since Zp may not be a PID (it has zero
divisors if p is not prime).

Now since H1(L;Zp) ∼= Zp, we know Hom(H1(L;Zp),Zp) contains some isomorphisms. In fact,
if x is a generator of H1(L;Zp), then [·, x] is a generator of Hom(H1(L;Zp),Zp) and so must be an
isomorphism itself (if the generator is not an isomorphism, no other element can be one).

We can prove Claim 1 in a way much like the proof of Exercise 26.21. We look at βx ∪ x = −x ∪ βx
for convenience.

Proof of Claim 1. Suppose βx∪x is not a generator ofH3(L;Zp) ∼= Zp. Then there is an integer 0 < r < p
with r(βx∪ x) = 0. In particular, if ζ is a generator of H3(L;Zp) (i.e. an orientation class), then we have
0 = [ζ, rβx ∪ x] = [ζ ∩ rβx, x] since ∪ and ∩ are adjoint. Since [·, x] is an isomorphism, ζ ∩ rβx = 0. But
ζ ∩ · is an isomorphism by Poincaré duality, so rβx = 0. βx is a generator of H2(L;Zp) ∼= Zp, so this is
impossible. �

Theorem 7 (26.25). If f : Sn → Sn commutes with the antipodal map then f has odd degree.

Proof. Case 1: n is odd. For the sake of contradiction, assume f has even degree. Then f induces a map
g : Pn → P

n such that the diagram commutes.

Sn
f //

p

��

Sn

p

��
P
n

g //
P
n

.

Since −f(x) = f(−x) by assumption, g([x]) = [f(x)] is well-defined. Then

Hn(Sn;Z)
f∗ //

p∗
��

Hn(Sn;Z)

p∗
��

Hn(Pn;Z)
g∗ // Hn(Pn;Z)

.

Since n is odd Hn(Pn;Z) = Z. Assuming f has degree 2l, we take a generator 1 of Hn(Sn;Z). p∗f∗(1) =

4l and p∗(1) = 2 so g∗(2) = 4l. Therefore g∗(1) = 2l.
Now we look at cohomology with Z2 coefficients.
Hn(Pn;Z)← Hn(Pn;Z)

Hom(Hn(Pn;Z);Z2)← Hom(Hn(Pn;Z)Z2)

Hom(g∗,Z2) = 0 since g∗ is multiplication by 2. Let γ be the height n + 1 generator of the co-
homology ring. If g∗(γ) = γ then g∗(γn) = γn since g∗ is a ring map. But g∗(γn) = 0 by the
above. Therefore g∗(γ) = 0. Using the Universal Coefficient Theorem, Ext(Z,Z2) = 0 and the fact
that H1(Pn,Z) = π1(P

n) we have:
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H1(Pn;Z2)
∼=//

g∗=0
��

Hom(π1(P
n;Z);Z2)

Hom(g#,Z2)

��
H1(Pn;Z2)

∼= // Hom(π1(P
n);Z2)

.

This implies thatHom(g#,Z2) = 0 and thus we have g#π1(P
n) = 0 so there exists a lift g ′. So pg ′ = g.

Therefore we have two lifts of gp. pg ′p = gp and pf = gp. and then pg ′p = pf. So g ′p(x) = ±f(x).
If g ′p(x) = f(x) then both lifts agree at x so the two lifts must be the same. If g ′p(x) = −f(x) then
g ′p(−x) = g ′p(x) = −f(x) = f(−x) and hence they agree at −x. Therefore the lifts are the same
by the unique lifting theorem. Now, since −f(x) = f(−x), −g ′p(x) = g ′p(−x) = g ′p(x) which is a
contradiction. Therefore fmust have odd degree.

Case 2: n is even.
f : Sn → Sn

Then Σf : ΣSn → ΣSn. Since ΣSn = Sn+1, Σf : Sn+1 → Sn+1. ΣSn =
Sn×[−1,1]

Sn×{−1}&Sn×{1} = Sn+1.
Σf(x, t) = (f(x), t), a(x, t) = (ax,−t). aΣf(x, t) = a(f(x), t) = (af(x),−t) = (fa(x),−t) = Σf(ax,−t) =

(Σf)a(x, t) So aΣf = (Σf)a. Additionally, if deg f is j, we have

Hn(Sn)
f∗ //

∼=
��

Hn(Sn)

∼=
��

Hn+1(ΣS
n)

Σf∗ // Hn+1(ΣS
n)

.

which shows that Σf has the same degree as f.
Therefore by case 1, Σf has odd degree, and thus f has odd degree as well.

�

Theorem 8 (26.26). An orientable, compact, connected n-manifold M is spherical if there exists f : Sn →M

such thatH(f)ζS = kζM for some k 6= 0. Prove that if p - k, then f induces an isomorphism of mod p homology.
Conclude that Hi(M;Z) is finite for 1 ≤ i < n.

Proof. We assume p prime (else the theorem isn’t true...). We’ll first need to computeH(f) : Hn(Sn;Zp)→
Hn(M;Zp). As usual, when attempting to relate Z homology and Zp homology, we use the long exact
sequence obtained from the short exact sequence:

(4) 0 //
Z

×p //
Z

π // Zp // 0 ,

where π is the relevant projection.
From this sequence and its functorality, we obtain the commuting square:

Hn(Sn;Z)
π∗ //

H(f)

��

Hn(Sn;Zp)

H(f)
��

Hn(M;Z)
π∗ // Hn(M;Zp)

.

Thus, we learn thatH(f)(π∗(ζS)) = kπ∗(ζM), where here k indicates the equivalence class of k mod p.
In particular, we note that the projection map must send generators to generators, so π∗(ζS) and π∗(ζM)

both generate their respective groups. As p - k, we see that k must be in Z×p . Thus, k is a unit, and
hence kπ∗(ζM) must also generate its group. Thus, we may conclude that f induces isomorphism for
the top homology mod p.

For all homology lower than n, we note that Hq(Sn;Zp) is trivial. Thus, if we show that Hq(f;Zp) is
surjective, we’ll have shown isomorphism. To do this, let a ∈ Hq(M;Zp). By Poincaré duality, there
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exists some b ∈ Hn−q(M;Zp) such that a = π∗(ζM) ∩ b. Hence,

a = π∗(ζM) ∩ b

= k−1kπ∗(ζM) ∩ b (using k a unit)

= k−1Hn(f)(π∗(ζS)) ∩ b (above computation)

= k−1Hq(f)[π∗(ζS) ∩Hn−q(f)(b)] (24.24 Greenberg).

So we get surjectivity, and hence f induces an isomorphism in mod p homology.
To conclude that Hi(M;Z) is finite for 1 ≤ i < n, we’ll again need the long exact sequence induced

from (4). Hence, for any q,

. . . // Hq+1(M;Zp)
β // Hq(M;Z)

θ∗ // Hq(M;Z)
π∗ // Hq(M;Zp) // . . . ,

where θ is the map induced by ×p. For q < n − 1, Hq+1(M;Zp) and Hq(M;Zp) are both 0, so θ∗ is an
isomorphism. In fact, this holds for q = n− 1 as well by noting that β in this case is the zero map (can
be seen via exactness of the sequence coupled with surjectivity of π∗ in the n-th homologies).

Assume, for contradiction, that Hi has infinite order. Now, by the theorem of finitely generated
abelian groups,

Hi(M;Z) = Z⊕ Z⊕ · · · ⊕ Z⊕ Torsion.
But as θ∗ maps this group to itself by multiplication by p, we observe that such a map cannot be
surjective (observe that the generator of the first Z factor is not in the image of θ∗). As we showed that
θ∗ is an isomorphism, we reach a contradiction. Thus, Hi(M;Z) must be finite.

We can also deduce the allowable torsion arguing as above. For a group Zq mapped to itself by ×p,
we see that this is an isomorphism only if p mod q is a unit of Zq. This condition is equivalent to
p, q being relatively prime. Of course, if we let p vary over all primes which fail to divide k, we find
that the only allowable torsion elements are those which are relatively prime to all such p. Thus, the
allowable torsion factors must each be of an order which is the product only of primes which divide
k. �

As a final note, we observe that if we don’t assume p to be prime, then the theorem fails. To see this,
choose p = 4, k = 2, and choose M = S1. Then we have H1(f)(π∗(ζS1)) = 2π∗(ζS1) in Z4 homology.
This clearly cannot be an isomorphism.
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Topology 26.20
C T, E F̈

Problem 0.1.Let M be a compact, connected, and nonorientable 3-manifold. Then H1(M,Z) is infi-
nite.

Solution. To keep everything compact (ha ha)Hq(M) always will mean homology withZ coefficients.
By (26.17) the homology modules ofM are all finitely generated sinceM is compact. Therefore we
shall bust upHk(M), by the Fundamental Theorem of Finitely Generated Abelian Groups (FTAG),
into its free and torsion constituents (the invariant factors) separating out the even and odd torsion
parts:

Hk(M) � Zβk ⊕
e(k)⊕
i=1

Zm(i,k) ⊕

o(k)⊕
i=1

Zn(i,k)

where them(i, k) are even and then(i, k) are odd,e(k) denotes the number of summands with even
torsion in thekth homology group,o(k) similarly denoting the number of summands with odd torsion,
andβk is thekth Betti number. The goal is to show that the free part ofH1(M) is nontrivial (i.e.β1 > 0)
which will indeed show it is infinite (Z was infinite last time we checked).

We consider Poincaré Duality (PD) onM using Z2-orientability, since every manifold isZ2-
orientable. SinceZ2 is a field andHk(M;Z2) are finitely generated, we have

Hk(M;Z2) � HomZ2(Hk(M;Z2),Z2) = (Hk(M;Z2))∗ � Hk(M;Z2)

By PD,H1(M;Z2) � H2(M;Z2) which in turn is isomorphic toH2(M;Z2) by the above. So using the
Universal Coefficient Theorem (UCT) forH1 andH2 we have

H1(M;Z2) � Ext(H0(M),Z2) ⊕ Hom(H1(M),Z2)(0.1)

� Ext(H1(M),Z2) ⊕ Hom(H2(M),Z2)(0.2)

Note that Ext(H0(M),Z2) = 0 sinceH0(M) is free, and since both Hom and Ext commute with direct
sums we have

(0.3) Ext(Hk(M),Z2) � Ze(k)
2

becaseZ2/`Z2 = Z2 when` is even andZ2/`Z2 = 0 for ` odd; the free part always gets killed off by
Ext. Similarly,

(0.4) Hom(Hk(M),Z2) � Zβk+e(k)
2

because Hom(Z,Z2) and Hom(Z`,Z2) � Z2 for ` even but Hom(Z`,Z2) = 0 for ` odd. Combining
all (0.1) and (0.4) we haveH1(M;Z2) � Zβ1+e(1)

2 , and by (0.2), (0.3), and (0.4) we haveH1(M;Z2) �

Z
e(1)+(β2+e(2))
2 . So

Z
e(1)+β2+e(2)
2 � Z

β1+e(1)
2

an isomorphism of abelian groups. SinceZ2 is a “prime field” we have, by algebra, that this is also an
isomorphism ofZ2 vector spaces and henceβ2 + e(1)+ e(2) = β1 + e(1) (i.e. dimension is invariant)
soβ1 = β2 + e(2). Sinceβ2 ≥ 0 if we show thate(2) ≥ 1, this will showβ(1) ≥ 1 which is what we
want.

We get this by noting thatH3(M;Z2) � H3(M;Z2) � Z2 sinceM is connected, compact, and
Z2-orientable. AlsoH3(M) � 0 asM is not (Z-)orientable. Using the UCT one last time:

Z2 � H3(M;Z2) � Ext(H2(M),Z2) ⊕ Hom(H3(M),Z2) � Ext(H2(M),Z2)

But Z2 � Ext(H2(M),Z2) � Ze(2)
2 by (0.3) soe(2) = 1 and we are done. �


