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Abstract

This paper studies the problem of minimizing a homogeneous polynomial (form) f(x)
over the unit sphere S"~! = {z € R" : ||z||2 = 1}. The problem is NP-hard when f(z) has
degree 3 or higher. Denote by fiin (resp., fmaz) the minimum (resp., maximum) value
of f(x) on S"~!. First, when f(z) is an even form of degree 2d, we study the standard
sum of squares (SOS) relaxation for finding a lower bound of the minimum f,,,5,:

max v st f(z)—7-|z|3is SOS.

Let fs0s be the above optimal value. Then we show that

fma:r - fsos n
! S fmaa; - fnLin S C(d) (2d>

The constant C(d) is independent of n. So fss is an O(n)-approximation of fon-
Second, when f(x) is a multi-form and S*~! becomes a multi-unit sphere, we generalize
the above SOS relaxation and prove a similar bound. Third, when f(z) is a sparse form,
we prove an improved bound depending on the sparsity pattern; when f(x) is an odd
form, we show how to formulate the problem equivalently as minimizing a certain even
form, and prove a similar bound. Last, for the more general problem of minimizing f(x)
over a hypersurface H(g) = {z € R" : g(z) = 1} defined by a positive definite form g(x),
we generalize the above SOS relaxation and prove a similar bound.

Key words approximation bound, forms, hypersurface, L?-norm, G-norm, multi-forms,
polynomials, semidefinite programming, sum of squares
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1 Introduction

Let f(x) be a multivariate homogeneous polynomial (form) in = € R". Consider problem

min  f(z). (1.1)
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Here S" ! = {z € R" : ||z|]2 = 1} is the n — 1 dimensional unit sphere. Denote by fi, the
minimum value of f(x) on S*~'. When f(z) = f%x is a linear form, fi, = —||f||2, which
can be found easily. When f(z) = 27 Fz is a quadratic form, f,,i, is the minimum eigenvalue
of the symmetric matrix %(F + FT), which can also be computed efficiently by solving an
eigenvalue problem. However, if deg(f(x)) > 2, it is usually very difficult to compute fpn.
Nesterov [19] showed (1.1) is already NP-hard when f(z) is cubic. So in practical applications,
we are more interested in approximation algorithms. The sum of squares (SOS) relaxation is
a typical approximation method for solving (1.1).
When f(z) is an even form of degree 2d, the standard SOS relaxation for (1.1) is

max v

s.t. f(z) =~ |lz3 is SOS. (12)

Here a polynomial is said to be SOS if it is a sum of squares of some other polynomials.
Denote by fsos the optimal value of (1.2). Obviously every 7 feasible in (1.2) is a lower
bound of the minimum f,,;,. This is because if f(z) — 7|lz|2? is SOS, then f(z) — | z||3%
must be globally nonnegative and hence f(x) > « for all x € S* 1. So fis < fmin. The
original problem (1.1) is NP-hard, but SOS relaxation (1.2) is a convex program and can be
solved efficiently. In fact, (1.2) is equivalent to a semidefinite programming (SDP) problem.

Note that every form p(z) of degree 2d can be written as p(z) = [¢]T P[z?] for a sym-
metric matrix P. Here [z?] denotes the column vector of all monomials of degree d ordered
alphabetically, that is,

d]T = [x‘li x?ile e [Eililmn $%72x% ......... xd] .

[z
The length of vector [z9] is (n+g—1)' The matrix P is called a Gram matrix of p(z) and
not unique if n > 2 and d > 1. For convenience, we index the columns and rows of P by
monomials of degree d, or equivalently by n dimensional nonnegative integer vectors whose
standard || - |1 norm is d. It can be shown [23, 24] that p(z) is SOS if and only if it has a
Gram matrix P which is positive semidefinite. Define constant symmetric matrices A, such
that

[z9][z4]T = Z Aqz®,  where N(2d) = {a € N" : |a] = 2d}. (1.3)
aeN(2d)
Here for o = (av1,...,an), || = an + -+ + oy, and 2@ = 27" --- 20", and N is the set of

nonnegative integers. If p(zx) is given as

p($): Z Paz®,

a€N(2d)
then p(z) is SOS if and only if there exists a symmetric matrix X such that

A, e X

Pa Vo€ N(2d),
X 0.

Yl

In the above X > 0 (resp., X > 0) means that X is positive semidefinite (resp., positive
definite), and e denotes the standard Frobinus inner product in matrix spaces.



If we write f(z) and ||z||3? as

@)= 3" far®, |2l3*= Y Daa®,
) )

a€N(2d a€eN(2d

then SOS relaxation (1.2) is equivalent to the SDP problem

max
",
st. Aye X+ Doy =fo VaeN(2d), (1.4)
X = 0.

Problem (1.4) can be solved efficiently by numerical methods like interior point algorithms.
SDP is a very nice convex optimization and has many attractive properties. There has been
much work on designing efficient solvers for SDP and applying SDP in various applications
like control and nonconvex optimization. We refer to [30] for more details about the theory,
algorithms and applications of semidefinite programming.

Usually SOS relaxation (1.2) is only an approximation for (1.1). Even though the lower
bound fs given by (1.2) might match f,,;, in many situations, as demonstrated by numerical
results in [13, 23, 24], we usually can not expect fsos = fmin. For example, this is the case
when f(x) is the so-called Motzkin polynomial

Mot(z) := zia3 + 2225 + 25 — 3232322,

It is well known that Mot(x) is nonnegative everywhere but not SOS [27]. Thus (1.2) would
return a lower bound fsps < fimin. Blekherman [3] proved a very surprising result: for any
fixed even degree bigger than two, there are significantly many more nonnegative polynomials
than SOS polynomials. So generally fsos = fmin is not expected. Therefore, it is very
interesting to know how good does fsos approximate fii,? In (1.2), if f(x)—v| z||3% is replaced
by ||z|12V (f () — v||z||3%) for an integer N big enough, Faybusovich [8] gave an estimation on
fmin— fsos based on a result of Reznick [27] regarding degree bounds of uniform denominators
in Hilbert’s 17th problem. But there is no estimation of f,,;, — fsos Wwhen N = 0. Generally,
how does SOS relaxation (1.2) perform? How large is fiuin — fsos in the worst case? To the
best knowledge of the author, this question is almost open. The motivation of this paper is
to analyze the approximation performance of (1.2).

There exist other kinds of methods for optimizing forms. Barvinok [1] proposed to use
L?* norm to approximate the maximum absolute value of f(x) on S*~!, and proved some
approximation bounds. And recently, Barvinok [2] proposed a numerical method of restricting
polynomials into a smaller dimensional subspace, and gave some probabilistic analysis on its
approximation performance. When f(z) is a quartic form, Luo and Zhang [18] proposed
a quadratic SDP relaxation and analyzed its approximation performance. When f(x) is a
bi-quadratic form and S"~! becomes a bi-sphere, Ling, Nie, Qi and Ye [17] proved some
approximation bounds based on a bi-linear SDP relaxation and SOS techniques. When the
unit sphere in (1.1) is replaced by a simplex, De Klerk, Laurent and Parrilo [6] proposed
some polynomial time approximation schemes (PTASs) based on Pélya’s theorem or rational
grid points, and proved some approximation bounds. De Klerk and Pasechnik [5] discussed
how to approximate the stability number of a graph via copositive programming, which is
equivalent to minimizing a quadratic form over a simplex. De Klerk [7] gave a very nice



survey about the complexity of optimization over a simplex, hypercube or sphere. When
f(x) is a nonhomogeneous polynomial and the unit sphere in (1.1) is replaced by a general
compact semialgebraic set, Nie and Schweighofer [21] proved an asymptotic convergence rate
of Lasserre’s relaxation hierarch [13]. We refer to [4, 11, 13, 15, 16, 20, 23, 24, 28] for SDP
type methods solving general polynomial optimization problems.

Contributions.  First, we discuss the performance of SOS relaxation (1.2). Suppose f(z)
is an even form of degree 2d. Let fy,4, be the maximum value of f(z) on S”~!. Then we will
show that the lower bound fs,s given by (1.2) satisfies

1< fmaw - fsos

= e — o = €@ (22) (1.5)

The constant C(d) is independent of n and can be evaluated numerically. Note the first
inequality in (1.5) is obvious because fsos < fmin- The second inequality in (1.5) means that
fso0s is an O(n?)-approximation of f,,;,,. This will be shown in Section 2.

Second, we discuss how to minimize multi-forms (all their terms have fixed degrees in the
components of variables) over multi-unit spheres (cross products of lower dimensional unit
spheres). This problem is an extension of the bi-quadratic optimization discussed in [17] and
is also NP-hard. The SOS relaxation (1.2) can be generalized naturally. We will prove a
similar approximation bound like (1.5). This will be presented in Section 3.

Third, SOS relaxation (1.2) might have better performance when f(z) has special features.
If f(x) is sparse, we can prove an approximation bound better than (1.5), which depends on
the sparsity pattern of f(x). When f(z) is an odd form, we can formulate (1.1) equivalently
as minimizing a certain even form, and prove an approximation bound based on (1.2). This
will be shown in Section 4.

Last, we consider the more general problem of minimizing f(z) over a hypersurface H(g) =
{z € R": g(x) = 1}, where g(x) is a positive definite form. The SOS relaxation (1.2) can be
generalized naturally, and we will prove a similar approximation bound like (1.5). This will
be shown in Section 5.

Some notations. N (resp., R) denotes the set of nonnegative integers (resp., real numbers).
For any t € R, [t] (resp., |t]) denotes the smallest integer not smaller (resp., the largest
integer not bigger) than ¢. For any k € N, [k] = {1,...,k}. The N(k) denotes the multi-
index set {& € N : |a| = k}. For any = € R", z; denotes the i-th component of x, that
is, x = (x1,...,2y,). For any o € N, denote |a| = a1 + - -+ + a, and supp(«a) = {i € [n] :
a; # 0}. For any 2 € R" and a € N, 2 denotes 27" ---2%*. The R[z] denotes the ring
of real multivariate polynomials in (x1,...,z,), and R[z]; denotes the subspace of forms of
degree k. For nonnegative integers ki, ..., k¢, denote R[z|, . x, = Rlz]g, + - + R[z]y,. For
a polynomial p(z), supp(p) denotes the support of p(x), i.e., the set of & € N™ such that the
monomial % appears in p(x). For a finite set S, |S| denotes its cardinality. For a matrix
A, AT denotes its transpose. For a symmetric matrix X, A\naz(X) and Ay (X) denote the
maximum and minimum eigenvalues of X respectively. For a symmetric matrix X, X = 0
(resp., X > 0) means A\pin(X) > 0 (resp., Amin(X) > 0). For two matrices A and B, A® B
denotes the standard Kronecker product of A and B. For any vector u € RV, |julls = Vulu
denotes the standard Euclidean norm; For matrix A, ||A||2 denotes the maximum singular
value of A, and ||A|| denotes the Frobinus norm of A4, i.e., ||Alls = v/Trace(AT A).



2 Minimizing general forms

This section analyzes the approximation performance of SOS relaxation (1.2). The basic
technique is to estimate the L?-norm and G-norm of polynomial forms. We begin with some
definitions of norms.

2.1. Norms of polynomial forms
For a form f(x) of degree k given as
f($) = Z faxa7
aeN(k)

we define its G-norm as 12

If@le=| D pl@ 2] - (2.1)
a€eN(k)

Here p(«) denotes the partition number of the exponent «, that is,

p(a) = [{(B,m) € N([k/21) x N(k/2)) s B+n=a}|. (2:2)
In view of (2.1), denote by fg the column vector of weighted coefficients of f(x)
fo = (pl@)2fu: a e N(R)) (2.3)

and denote by [2¥]g the column vector of weighted monomials
[¥a = (p(a)?2" : a € N(R)) . (2.4)

The components in fg and [#¥]g are ordered alphabetically according to their indices. Thus
f(x) = fLa¥]e and || f(z)|lc = || fc|l2- The reason that we call this norm as G-norm is the
close relationship between || - ||¢ and Gram matrices.

Lemma 2.1. If a form f(x) has degree 2d, there exists a symmetric W such that
fa) =W, Wl =[f@)le-

Proof. For any matrix W satisfying f(z) = [z9]TW[z9], it must hold

fo= > Ws, VYaeN(2d).

(B:m€EN(d) xN(d):B+n=c
Now we choose W as follows
W(B,n) =p(@)  fa ¥(8:m) €N(d) xN(d): B+n=a.

The above W is a symmetric matrix. Its Frobinus norm is

wiE=>" Yoo k@)= ) (pl@) T ) (a) = 1 (@)I2

a€N(2d) (8,m)eN(d) xN(d) a€eN(2d)
B+n=a

So the lemma follows. O



Useful in our later approximation analysis are the L? type norms. Define

el = ([ serae)” (25)

Here p is the uniform probability measure on S"~!. We also need define a so-called marginal
L?%norm. Given a subset A C {1,...,n} with |A| = k, denote by xa the subvector of
whose indices are in A, that is,

zA = (x; 11 € A).

For f(z) € Rlx]x, denote by fa(za) the restriction of f(x) to xa, that is,

falza) = f(Z), where ;= v Hre )
0 otherwise.

So fa(za) is a polynomial only in subvector za. Denote the set

Qr ={A C [n]: |A] = k}. (2.6)
Its cardinality || is obviously (Z) The marginal L?-norm of f(z) is then defined as
1/2
1f @) r2mg = | D> Ifa(za)lli : (2.7)

A€y

The name “marginal” comes from the observation that the & — 1 dimensional unit sphere
{xA :||zall2 = 1} is a margin of the n — 1 dimensional unit sphere S*~!.
For the purpose of later approximation analysis, we need define the constant matrix

O - /”  AloAGdnatra), A <0y (2.8)
A ll2=1

Here pa(za) is the uniform probability measure on S¥~!. For instance,

3 01
O;=-(0 2 1
10 3

We would like to remark that @ is independent of the choice of A from €, because the

k 2 4 6 8
dr | 0.5000 | 0.0559 | 0.0039 | 0.0002

Table 1: A list of the constants dy.

monomials of [mkA]G are ordered alphabetically and the integrals are independent of A. The
matrix @y is positive definite, because the monomials of [xlg](; are linearly independent.

Define the positive constant
Ok =V A\min(©) > 0. (2.9)

Note that Jj is independent of n. A list of typical values of J for even k (we are only
interested in even k later) is in Table 1. The constant J;, relates the marginal L?-norm and
G-norm as follows.



Lemma 2.2. If f(x) € Rlalk, then | £(2)]lz2mg > 04l (@)llc-
Proof. By definitions of L?-norm and 6y, we know
Ifa(za)le = fAcOrfac > Gill falza)l2.

Here fa ¢ denotes the vector of weighted coefficients of polynomial fa(za) (see (2.3)). By
definition of the marginal L2-norm, it holds

@) T2mg = D Ifalza)lie 2 67 Y Ifalea)lE = 61 ()IIE-

AeQy, AEQy
Taking the square root of the above results in the lemma. O

For a form f(x), denote by fpin (resp., fmaz) the minimum (resp., maximum) value of
f(x) on S"~1. Define polynomial sets

Z = {f € Rlzlp : frnaz + frmin =0}, (2.10)
TP, = {f e Rzl : ||z|k + f(z) >0 Vae S"‘l} . (2.11)

Note that Zj is a star-shaped set with the origin being the center, that is, ¢ f(z) € Z, for all
f(x) € 2, and t € R, and TP, is a convex set of forms. The marginal L?-norm of forms in
TP, N Z; can be bounded as follows.

Lemma 2.3. If f(z) € TP, N Z, then || f(2)||12.mg < 1/ (})-
Proof. For any f(x) € TPy, we have
f@) > fin > =1 zeS"
If f(z) € 2k, we know fiae = — fimin < 1. Thus it holds
1< f(z)<1 zesS™h
Since ||za|l2 = 1 is a marginal sub-sphere of S*~!, it also holds
—1< falza) <1 Vaa € skt

By definition of the marginal L?-norm, we get

@y = 3 [ falestinsta = T na@) = (7).

AEQy AEQy

where the last step is because pa is the uniform probability measure on S*~1. O

2.2. Bound analysis

Now we analyze the performance of SOS relaxation (1.2). The basic technique is to
estimate the marginal L? and G norms by applying Lemmas 2.2 and 2.3.



Theorem 2.4. Let f(z) € Rlx]oq be a form, and fuin (Tesp., fmaz) be its minimum (resp.,
mazimum) value on the unit sphere S*~1. If fqos is the lower bound given by SOS relaxation

(1.2), then it holds
1< fmax_fsos Si <1’L>’
fmax - fmzn 52d 2d
where daq is defined in (2.9). So feos is an O(n)-approzimation of fin.

Proof. Define the median of f(z) on S*! as

med(f) = %(fmln + fmaﬂc)'

Let f(x) = f(z) — med(f) - ||z]|3%. Then f(z) € Z34. So we have

f(@) + (med(f) = fmin)l|z[3* > 0 V2 € S"71,

M f(x) € TPyqN Zgq.

By Lemma 2.3, we know

1 ~ n
— /() < < ) (2.12)
H med(f) - fmm L2 mg 2d
Now fix a constant
* 1 n
v =med(f) — (med(f) — fmin) - 5 <2 > (2.13)
2d
Then the inequality (2.12) implies
;f( ) <4
med(f) —v* v L2mg 2
By Lemma 2.2, the above then implies
o=@ <0 |y | < (214)
—f(x —f(x . .
med(f) — v* o 2 |med(f) —~* L2mg

Thus, by Lemma 2.1, there exists a symmetric matrix W such that
1 .
————flx) = 2T W[z, |W|r <1
e @ =W )
Let D be the diagonal matrix such that ||z||2? = [z9]7 D[z¢]. Note Apin(D) > 1 and

;Nx 21124 — [N T L
med(f)—ry*f( )+ ||z]|53° = [z9]" (W + D)[z“].



Since ||W|2 < |[W||r <1, we know W + D > 0. Hence the form

1 3 2d
Wf@) + llzll2

must be SOS, or equivalently, the form f(z) —~*||z||3? is SOS. Since fss is the optimal value
of (1.2), we have fs0s > 7*. By the choice of v* in (2.13), it holds

< med(f) — fsos SL <n>
med(f) - fmm 52d 2
Since fmin < med(f) < fmaz, the above immediately implies the theorem. O

3 Minimizing multi-forms over multi-spheres

This section studies the problem of optimizing multi-forms over multi-unit spheres. We first
generalize SOS relaxation (1.2) and then analyze the approximation performance.

Suppose = (zy,,. .., 2, ) is partitioned such that every component z, is nj-dimensional
and ny + -+ +ny, = n. A form f(z) is said to be a multi-form if all its terms have fixed
degrees in each component x7,. We say f(x) is a (n1,...,nm) X (r1,...,ry)-form if

flz) = > far (@r) - (xr,). (3.1)

a=(a,...,0m ) EN™L X .. XN
|a1|=r1 | am|=rm

Here every (z7, ) is defined as before.
Consider the optimization problem

min f(z)
T=(T1y sy ) (32)
st |enlla == [leg,ll2 =1,
where f(x)is a (ni,...,nm) X (r1,...,r,)-form. When m = 1, (3.2) reduces to (1.1); when

m =2 and r = ro = 2, (3.2) reduces to the so-called bi-quadratic optimization which was
studied by Ling, Nie, Qi and Ye [17]. It was shown in [17] that the bi-quadratic optimization
is already NP-hard. Thus, the more general problem (3.2) is also NP-hard. So approximation
algorithms are more interesting for (3.2). If every r; = 2dj, is even, a natural generalization
of SOS relaxation (1.2) is

max -y

) 3.3
st f(@) =7 lan 2%, |3 s SOS. (3:3)

Like (1.2), the relaxation (3.3) is equivalent to an SDP problem and can be solved efficiently.
For convenience, denote the index set

N1,y _ n Nom, . _ _
Ny rim = {a— (a1, ..o aum) € N™ oo XN 2 ag| = 71,0, o] —rm}.
For every o € Ny define

% = () - (21,)".



Denote the multi-unit sphere

Sn171,...,nm71 —_ Snlfl N, Snmfl‘
Thus (2, ...,2r,) € S®~b"m=1if and only every x;, € S™ 1. Define the space

Fpietm = L f(z) is a multi-form given by (3.1) }.

T1lyeeesTm
For convenience, fin (resp., fmaz) still denotes the minimum (resp., maximum) value of
f(x) on SM—lemm=1,
3.1. Norms of multi-forms

For a multi-form f(z) € F5' 7 given by (3.1), we define its G-norm as

1/2
1
1f(@)lle = > —=rl - (3.4)
o P(Q)
aeer ,,,,, T™m
In the above, for every a = (a1,...,a;,) € Nplm™ the partition number p(«) is defined

to be p(a) - - - p(ayy), where each individual p(ay) is defined by (2.2). Note p(«) is precisely
the cardinality of the set

N1,y o
{(777 V) €N 2l X N ) PN Y = a} :

For f(z) € Frluiim, denote
fa = ((ple) ™ foz € NI, (3.5)

o = (Vel@)a® € N, (36)

The components of fg and [z "™]s are ordered alphabetically according to their indices.
So f(z) = f&la™]e and || f(@)lle = [lfall2-

Nm,

Lemma 3.1. If f(z) € .7-";31 o, » then there exists a symmetric matriv W such that

f(@) = [pTdnTW [gfdn] W[ e = || f(2)lle-

Lemma 3.1 is a natural generalization of Lemma 2.1, and can be proved in almost the
same way. So its proof is omitted here.
Similar to general forms, the L?-norm of f(x) € Frl:™ is defined as

e = ([ [ et ) 5.7)

Here every ju(+) is the uniform probability measure on "1, The marginal L?-norm of f(z)
can be defined in a similar way as in Section 2. For this purpose, denote

Qe — {(Al,...,Am) C 1] X - X ]t [A1] =71, | Ap] = rm}. (3.8)

T15Tm

10



Obviously |QpLim| = (:fll) e (’;‘;") For A = (Ay,...,Ap) € QRLmm fa(za) denotes the
restriction of f(z) to

A = ((‘Th)Au ) (wl’m)Am)'
The L?-norm of fa(xa) is defined similarly as in (3.7) by replacing every ng by 7. Like
general forms, the marginal L2-norm of f(z) € F%1;"™ is then defined as

1/2
1 @)l 2mg = Yoo Iaa)li |- (3.9)
AeQplim
For A € Qi denote
_ n1,.nm
[wa ™ o= ( p(a)a” : ju;p({;i’)”c' f(?l)),e. §i1;a§$<am> C Alrm) ) - (310
Fix Ay, r = (A(71), ..., A(ry,)) where each A(ry) = [rg]. Define matrix

MT‘l,...,Tm — /ST1 ) .e /ST _l[gcg’---v'f'm ]G[xzr"l--arm ]gd/’LA(Tl)(mA(Tl)) .e d/’LA(Tm)(xA(T‘m))‘

77777 ™m

Here every pin(r,)(+) is the uniform probability measure on ST*~!. Since the monomials of
[a:rAlTlr’: | are linearly independent, M">>" must be positive definite. Define

,,,,,

67”1,...,rm = \/Amin(Mrl""’rm) > 0. (311)
Lemma 3.2. If f(x) € Frlm, then it holds that

1f (@) 2mg = Oy Lf ()]l G-

Proof. By definition of L2-norm, we know for every A € Q1=

Ifa(@a)liz = fAaBafac
where Ba is following the symmetric matrix
eyl my yeeeylm T
Ba= [ e [ R lale o) - day ).
T — Tm —
Note that BAo = M, So we have

1 fa(za)l2e = fAeM™ " fa o > 62 | fa(za) |

Here fa  denotes the vector of weighted coeflicients of fa(xa) (see (3.5)). Therefore, by
definition of the marginal L?-norm (3.9), it holds

@ emg = D Wala)lfe =6 . > Mala)lE =67 L, I1F@)IE

AeQrl AeQl o
So the lemma follows. O

11



Like general forms, define the following sets of multi-forms
Zpietm — { f(z) € FRLwi™ : foa + fmin = 0},

T PP slm — {f € FMeonm . Hxh”;l . HHJIWHZ"‘ 4 f(a:) >0 Vaxe Snrl,--‘,nmfl}_

T1esTm T1yeeesTm

7777

1 @) 12mg < \/ (’;11) (“Z>

Proof. For any f(x) € TPy ™ we have

F2) > fin > —1 Vo eSmbenm=l
If f(x) € Ztim it holds fiar = — fmin < 1 and
1< f(z) <1 VaxeSmbenmm-l
In particular, we have
—1< fa(za) <1 Vza € Sri—lerm=1

By definition of the marginal L?norm in (3.9), it holds

Mg = 3 [ [ gl (n)n) - du, ((n)a)

AeQrlilm
n n
S Z 1 - < 1> o < m> .
oy n T1 T
AeQpirnm "
The lemma now follows. O

3.2. Bound analysis

Now we analyze the performance of SOS relaxation (3.3). The approximation bound can
be estimated by generalizing the techniques used in the proof of Theorem 2.4.

Theorem 3.4. Let f(x) € f;jl"::fggm be a multi-form, and fpin (1€SP., fmaxz) be its minimum

(resp., mazimum) value on the multi-unit sphere S ~1wnm=1 " [f £ is the lower bound
given by SOS relazation (3.3), then it holds

1§ fmax_fsos S 1 <n1>“.<nm>,
fma,z - fmm 52d1,...,2dm 2dl 2dm

is defined by (3.11). So fsos is an O(nill - -ndm) _approzimation of frin.

where daq, ... 24

m
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Proof. The proof is very similar to what we have done in proving Theorem 2.4. Set

1 _
med(f) - §(fmin + fmaw)a f(l') = f(&l') - med( ) |’$11H2d1 ’ fomszm'
Then f(z) € Zy1""y7 and it holds
F(@) + (med(f) = fmin) - llzn 37+ 2, 137 20 Va e §mtenn =,

which then implies

.
med(f) - fmm

By Lemma 3.3, we know

1,...,T0 MN1,...,M
flx )ETPle odn NV 22d) ) 2d

Hmf(w)

@)@
L27mg 2d1 2dm
Fix a constant

v = med(f) — (med(f) — fin) - %1\/ (o0 ) (o) @)

The above then implies

1 -
—f(z < .
Hmed(f) —— (@) g = 2
By Lemma 3.2, we get
1 = 1 1 =
— ] (@ < x <1
Hmed(f) —T* /(@) o %2424, |med(f)— T*f( ) L2mg
By Lemma 3.1, there exists a symmetric matrix W such that
1 ; dp ooy 1 TT17 [
— s @m | TP/ [ oG- o m w < 1.
(= @) = [t e W), <
Let D be the diagonal matrix such that
lzr |37 - - |zr,, |35 = fahtm] T D[zt dm].
Then we get
1 2, 2 dy o T dy,d
- )T (7 2 D Lyeeslm]
e = F@) el - g, |30 = [T 4 D)oo

Since Apin (D) > 1 and ||W2 < ||[W|r < 1, we know W + D = 0. Hence

1 2,

_ 2d
et (RN EoA AR Lo

13



must be SOS, or equivalently, the multi-form

2d 2d
f@) =7 znll™ - len, ™

is SOS. Since fsos is the optimal value of (3.3), fsos > 7%, (3.12) then implies

<med(f)_fsos < 1 <n1)<nm>
~ med(f) = fmin ~ 02dy,..2dm \| \2d1 2d,,

Since fiin < med(f) < fmaz, the theorem follows. O

In the special case of bi-quadratic optimization, that is, m = 2 and d; = do = 1, the
constant daq, . 24,, can be found explicitly. This leads to the following result.

m

Corollary 3.5. Let m = 2 and d; = d2 = 1. If f(x) € .7:;12’”2 is a bi-quadratic form, the
lower bound fsos given by (3.3) satisfies

1< fmax_fsos <4 <n1> <n2>
o fmaa} - fmm o 2 2 '
Thus fsos is an O(ning)-approximation of fmin.

Proof. When m =2 and d; = dy = 1, the vector [aziz 2]2 reduces to

[(xr,)3(xn,)F V2(zn)i (@)1 (21,)2 (zr,)i(zn)3
V2(xn)1(en)o(zn)] 20@n)i(zn)(zph(en)2 V2(@n)1(en)2(2r,)3
(xll)%(ml2)% \/i(xll)% 1:12)1(1'12)2 ($11)3($12)3]~

Then we have the expression

M>? = /Sl /S1 [2X2 Jalexs Jeduae () ae)deae) (@n) aw)-

Here pia(2)(+) is the uniform probability measures on S'. A simple calculus shows that

1
M?*?2 =B @B, where B = 3

= o W

01
20
0 3

1

Z?% and the eigenvalues of M are the multiplications of the

1
2.2 = \/ Amin(M?2) = 1 (3.13)

Then the corollary follows Theorem 3.4. O

Since B’ has eigenvalues %,
eigenvalues of B’, we get

14



4 Sparse and odd forms

The previous sections analyze the approximation performance of SOS relaxations (1.2) and
(3.3). When the forms to be optimized have special features, do they have better perfor-
mance? This section addresses this issue.

4.1. Sparse forms

In many applications, the forms to be optimized are often sparse. For computational
efficiency, it is important to exploit their sparsity patterns. There has been much work
in this area, and we refer to [10, 12, 22, 14, 25, 29]. For sparse forms, we can certainly
apply (1.2) to get a lower bound, and its quality is estimated by Theorem 2.4. Actually the
approximation bound given by Theorem 2.4 can be improved when f(x) is sparse.

Denote R[z]or = R[z]o + R[z];. For p(z) € Riz]ox, we can write p(z) = a + ¢(x) with
a € R and ¢q(z) € R[z]x. Then the G-norm of p(z) is naturally defined as

Iple = \/a* +llallZ-

Since a nonzero p(x) € R[z]ox might vanish on the unit sphere, we define its L?>-norm as

1/2
Ip(@)l,, = ( /” | <1p(w)2du(x)> .

Here p is now the uniform probability measure on the unit ball B(0,1) = {z : ||z[2 < 1}.
For p(z) € R[z]o; and ® C Qy, we say ® is a cover of p(z) if for every a € supp(p), there
exists A € ® such that supp(a) C A. Denote by Q(p) the smallest cover of p(x), that is,

Qp) = argmin{]dﬂ : @ is a cover of p(a:)} (4.1)
PeQy

The cardinality |Q(p)| is called the length of p(x). Let pa(za) be the restriction of p(x) to
xA. We similarly define

1/2
x 22 = x 2d x .
Ipa(za)llze, </||mA2<1pA( A)“dpa( A))

The above pa denotes the uniform probability measure on the marginal unit ball BA(0,1) =
{xa :||lz||2 < 1}. For p(z) € R[z]oy, its sparse marginal L?-norm is then defined as

1/2

”P(CU)HBB,Q(p) = Z ||PA(33A)H%23
AeQ(p)

As before, we denote by pmas (resp., Pmin) the maximum (resp., minimum) value of p(x) on
S"—1. Similar to dense forms, define the following sets of polynomials

ZO,k = {p € R[»”U]o,k ! Pmaz + Pmin = 0},
Th = {P € Rl : [|2]5 + p(z) > 0,V € Sn*l} :

15



Then we define matrix

O A R | R R

Note that By is independent of the choice A € Q and By = 0. Set

¢ = min /Amin(Byg) > 0. (4.2)

AEQ
The relation between the sparse marginal L?-norm and G-norm is summarized as follows.

Lemma 4.1. Let p(z) € R[z]o; and Q(p) be its smallest cover.

(i) If plx) € TPy Zo, then [p(@)llz2 apy < V).
(i1) It always holds that ||p(x)] 2 o) > Gellp(@)]lc-

Proof. (i) Fix an arbitrary p(z) € TPy N 2. Then we know
~1<p(x)<1 VeesSl
Since p(x) is a form plus a constant, the above implies
—1<px)<1 Y|zl <1
By restricting to marginal balls, we further have
—1<pa(za) <1 Vzal2<1.
Therefore it holds

Ipatea)ly = [ palea)duates) <1
lzall2<1

By definition of the sparse marginal L?-norm, we get

Ip@)2 00 = [ D IIPA(M)I@QBS 12(p)|-
AeQ(p)

(ii) For every A € Q, pa(za) = a+ q(za) with a € R and g(za) € R[zalx. Then

T
Ipaeaty = | 2] B 2] 2 G+ laall) = s (e

By definition of the sparse marginal L?-norm, we have

||p(x>||%zB,Q(p)= > HpA(xA)\Iiszci D lpalza)ld = Gllp@)lI-
AEQ(p) AeQ(p)

So item (ii) follows. O

For minimizing sparse forms, Theorem 2.4 can be improved as follows.

16



Theorem 4.2. Let f(z) € Rlx]oq, and fomin (1€SD., fmaz) be its minimum (resp., mazimum,)
value on S"7L. If fsos is the lower bound given by (1.2), then it holds

fmaa: _fsos i
L= fmam - fmm = <2d |Q(f)”

where Caq is defined in (4.2), and Q(f) is defined in (4.1). So fsos is an O( \Q(f)\)—

approzimation of fin-

Proof. We follow the same approach for proving Theorem 2.4. Set med(f) = %( fmin + fmaz)
and f(z) = f(z) — med(f) € Zp.94. Then it holds

f(@) + (med(f) = frin)llz|3 >0 Vo e S,

1 _
_ TP, N 2y .24
med(f) = fmmf(x) € TPy2q N 20,24

By Lemma 4.1, we know

1 -
_— Q .
H med(f) - fmmf(x) L% myg : | (f)|
Fixing a constant 5
7" =med(f) — (med(f) — fmin) - o ()], (4.3)
we obtain that )
Hmed(f) - v*f(m) L2(g),mg = G
Lemma 4.1 and the above imply that
2 ~ 1 2 ~
”med(f) —* /(@) I = Coa || med(f) —7* f@) L2,mg =1
Let a € R and p(z) € R[z|2q be such that
i =aee, @ rpwip=| ot e <
med(f) — v* ’ med(f) — v* G

By Lemma 2.1, there exists a symmetric matrix P satisfying
p(x) = (2" Pl, | Pllr = |p@)]c-
Let D be the diagonal matrix such that |z]|2? = [z4]7 D[z%]. Then Apin(D) > 1 and

2
med(f) —~*

Since || Pll2 < ||P||r = |lp(z)]|a, (4.4) implies 1 + a > 0 and the form

f@)+ @+ l23%) = 1+ a+ [29)" (P + D)[24).

o1(z) = [z (P + D)[a]

17



is SOS. By definition of f(z), it holds the identity

med(f) —~*

med(f) —~*
2 2

(1 +[|z[37) =

f(@) —med(f) + (1+a+o01(x)).

In the above, replacing = by ﬁ and multiplying both sides by ||z[|3¢, we get

f(x) =7llz )3 = o(x)

where the form o(x) defined as

med(f) —~*
o) = "M (1 4 0y a3+ 1)
is SOS. By the optimality of fs.s, we have fso5 > v*. Then the theorem follows (4.3). O

Example 4.3. Consider the sparse forms given by

n—1
fz) = Z Jij®iTi 12052541
ij=1

Here each f;; is a scalar. Obviously |Q(f)| = (”;1) Therefore, by Theorem 4.2, to minimize

f(x) over S*71, the SOS relaxation (1.2) gives an O(n)-approximation.

4.2. Odd forms

A quite general problem is to minimize odd forms over unit spheres. For instance, the
stability number of a graph can be expressed in terms of the optimal value of a particular
cubic form over the unit sphere, as shown by Nesterov [19]. He actually [19] showed that
(1.1) is NP-hard when deg(f) = 3. However, SOS relaxation (1.2) can not be applied directly
when f(z) is odd. Fortunately, we can formulate the problem equivalently as minimizing a
certain even form in a higher dimensional space.

Suppose f(z) is an odd form of degree 2d — 1. Then we must have fpaz + fmin = 0 and
Fmin <0< fmae. Let f(z,t) = f(z)t be a new even form in (z,t) and denote

fmin = min  f(x)t, fmaz = max  f(xz)t.
[lz]|3+¢2=1 )2 +t2=1

Note the following relations

min  min __ f(x)t= min t min  f(x) =

OSIST |ap=vI=E OSIST o)y=vI=?

1 1\¢
. _ 42\d—1/2 o ) _g2Nd—-1/2y - - )
Olgntlgnl(t(l t) ) frmin = fmin 01<nt<X1(t(1 t°) ) = 5d — 1 <1 2d> fmins

min min __ f(z)t= min ¢ max _ f(z) =
1SS0 gl =v1-t2 OISz p=v1-12
d
1 1
. _2\d—1/2 _ . _42yd—1/2y _ _ = .

18



Thus we have

— 1\, — 1\,
fmin: 2d_1<1_2d> fmina fmaa:z 2d -1 (1_2d) fma:v~
Therefore, minimizing f(x) over S"~! is equivalent to
min  f(z)t. (4.5)

l[oll3+t2=1

Since the formAf(:L‘,t) = f(z)t is even, SOS relaxation (1.2) can be applied to get a lower
bound fsos Of fmin. Then

—d
fsos: V2d_1<1_21d> fsos

is a lower bound of f,;,. Note

P n
Q =|Q < :
ahI=100 < (5" )
So Theorem 4.2 immediately implies the following.

Theorem 4.4. Let f(x) € Rlz]og—1, and fmin (resp., fmaz) be its minimum (resp., mazi-
mum) value on S"L. If fss is obtained as above through solving (4.5), then

fmax _fsos i
b= fmaw - fmzn = <2d ’Q(f)’

In particular, if f(z) is dense, then feos is an O(n®Y2)-approzimation of fuin.

4.3. Odd multi-forms

Let f(z) € Foy 1" 5 _1 be an odd multi-form, i.e., every term of f(z) has a fixed odd
degree in each component z7,. We want to find a lower bound of its minimum value fpn
over the multi-unit sphere S™~1"m=1 Suppose f(x) is given by

f@)y= > falwn)™ e (wn,)™m

Introduce new variables t = (t1,...,ty), and let f(z,t) = f(z)t1...tm. Then f(x,t) has
even degrees in every component Zj, = (zy,,t;). Consider the even multi-form optimization
min  f z,t
st. epll3+2=1,i=1,...,m.

Denote the minimum (resp., maximum) objective value in the above by Fomin (resp., fmax)
As in the preceding subsection, we can similarly prove that

ToV2di—1 )\ ToV2di—1 )\

fmzn— (z]‘_[l(]-_l/de)dz fmmv fmax— HW fmax.

The techniques in the preceding two subsections can be generalized in a natural way to get

an approximation bound O(4/|Q(f)|) for SOS relaxation (3.3) applied to (4.6). When f(z)

(nd1—1/2 o ndm—l/Z)
1 m

is dense, the approximation bound is O . We would like to leave this as

an exercise for interesting readers.
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5 Optimization over hypersurfaces

A more general problem is to optimize polynomial forms over hypersurfaces instead of unit
spheres. For instance, we might minimize a form over the hypersurface {x € R™ : J;%d + -+
x%d = 1}. This section will discuss this problem. We first propose an SOS relaxation similar
to (1.2), and then analyze its approximation performance. Generalizing the techniques we
have used earlier, an approximation bound like in Theorem 2.4 can be proven.

Let f(x),g(x) be two even forms of degree 2d. Consider optimization problem

min  f(x)
rzeR? 5.1
s.t. g(x)=1. 5-1)

The feasible set H(g) = {x € R" : g(z) = 1} is a hypersurface. When g(z) = ||z[|3%, (5.1)
reduces to (1.1). So problem (5.1) is also NP-hard. A natural SOS relaxation for (5.1) is

max

s.it. f(x) —~-g(x)is SOS. (5:2)

For f(z) € R[z]aq, we still denote by fiin (resp., fmaz) the minimum (resp., maximum) value
of f(z) on H(g), and denote by fsos the maximum objective value of (5.2). It is obvious that
fsos < fmin- We are interested in estimating how far away fsos is from fiin.

When ¢(z) is a positive definite form, the hypersurface H(g) is compact, and we can

define a norm of p(z) as
1/2
Ip(2)ll £2(g) = (/ p(fv)2dug($)> :
g(x)=1

Here f14(+) is the uniform probability measure on H(g). When p(z) has degree 2d, we can
similarly define its marginal L?-norm as

1/2

Hp(x)HLQ(g),mg = Z HpA(xA)H%Z(gA)
AEQoy

Here pa and ga are the restrictions of p(z) and g(x) to za respectively, and

1/2
Ipa(@a)llzzigay = (/ pA(xA)2d/~LgA($A)> :
ga(za)=1

The above fig, () is the uniform probability measure on {za : ga(za) = 1}. Define

Z(g) = {p € R[xbd ! Pmaz T Pmin = 0}>
TP(g) = {p € Rlzlaq : g(x) + p(x) >0 Va e H(g)}.

Similarly, for each A € 94, define matrix

0s0)= | b¥lcledfdna ()
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If g() is positive definite, then every ga(za) is also positive definite, and @ (g) > 0, because
the monomials of [.%'Z]G are linearly independent. Define a positive constant

6(g) = Jnin. Amin(©a(g)) > 0. (5.3)

Note 0(g) is depending only on g. Like Lemmas 2.3 and 2.2, we can similarly prove

Lemma 5.1. Let g(x) € Rlx]aq be a positive definite form.

(i) If p(x) € TP(g) N Z(g), then |p(x)]lL2(g)mg < 1/ (50)-
(i) If p(x) € Rlz]aa, then |p(2)12(g)mg = 6(9)lp(2)]c-

The performance of SOS relaxation (5.2) is summarized in the following theorem.

Theorem 5.2. Assume g(z) = [T E[z9] and E is a symmetric positive definite matriz.
Let f(x) € Rlx]oq, and foin (resp., fmaz) be its minimum (resp., mazimum) value on the
hypersurface H(g). Then the lower bound fsos given by (5.2) satisfies

fmax - fsos 1 n
= Jmaz — fmin = 5(9))\mm(E) <2d>

Proof. We follow the same approach of proving Theorem 2.4, and only list the distinct parts.
Set med(f) = 3(fimin + fmaz) and f(z) = f(z) — med(f) - g(z) € Z(g). Then

f(:L’) + (med(f) - fmm)g(x) >0 Vo € H(g)7

1 .
mf(x) € T'P(g) N Z(9g).

<\/(5)
L2(g)mg | \2d

v =med(f) — (med(f) — fmin) W (;1)’

By Lemma 5.1, we know

e

Fixing a constant

we can get

Hmw05_¢@> < 5(9)Amin(E).

12(g)mg
By Lemma 5.1, the above implies
1 ~ . 1 N
Hmwwv—wf@)aﬁﬂm med =@, S i)
By Lemma 2.1, there exists a symmetric W such that
Wf (2) = T W, (IWF < Amin(E).
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From ||[Wll2 < ||[WlF < Amin(E), we know W + E = 0 and

1 -
—— f(x)+g(x) = [z9T (W + E)[z¢
g @)+ gla) = WOV + B
is SOS, or equivalently, the form f(x) —vy*g(z) is SOS. By the optimality of fsss, we know
fsos = 7*. Thus the theorem follows the choice of v*. O

Remark 5.3. In Theorem 5.2, the Gram matrix E of g(z) may not be unique. To get a
better bound, we want E such that A\,;,(F) is as large as possible. Interestingly, the optimal
E can be found by solving the SOS program

max  Amin(E) st g(z) = [z E[z?).

Let E* be an optimal solution of the above. Then g(x) is a positive definite form if and only
if Apin(E*) > 0, and A\ (E*) is optimal in Theorem 5.2.

Now we finish this section with an example.

Example 5.4. For g(z) = 22?4 ..+ 22¢ H(g) is a compact hypersurface of degree 2d. We
show that there exists a symmetric matrix £ > 0 such that

23 44 22 = 2T E2Y). (5.4)

Recall the arithmetic-geometric inequality (AGI)

1
Yoo y2d < ﬁ(?ﬁd+“'+y§3) V (1, yaa) € R*
Hurwitz [9] (also see Reznick [26]) proved a very useful result that the form

1
(y%d‘i‘""Fy%)—yl“'de

2d
is SOS. For every a € N(d), it holds

1
g3 glen < Q—d(Qalx%d + 4 20,22,

Then Hurwitz’s result implies there exists an sos polynomial s, (z) such that
1 n
N € pi Z oz?d,
i=1

Observing the equalities

ap B %71 ar+ -+ ay 71 n+d-—1
ZF‘ =2 d_nz< d >_n< d )
aEeN(d) aeN(d)

aeN(d) eN(d

we get the identity



or equivalently
. d—1\""
;ﬁ—%“@ ) (salo) + 7 1%).

Here sq(z) = > ,en) Sa(2) is also an SOS form. So there exists a symmetric matrix S = 0
such that sq(z) = [T S[z%). Letting

~1
E—n(n+j 1) (S+1),

we know (5.4) holds with

1\t
Ammmzn0+j ) — O(n'-9).
By (5.3), 0(g) is a constant independent of n. So Theorem 5.2 shows that SOS relaxation

(5.2) gives an O(n??~1)-approximation for (5.1) when g(z) = 234 4 ... + 224,
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