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Abstract

Suppose f(x),g1(x),...,gm(z) are multivariate polynomials in € R™ and have de-
grees no greater than 2d. Consider optimization problem

min  f(z) st. zeS={xecR": g1(z) >0,...,gm(x) >0}

Assume frnin (resp., fmae) 1S the minimum (resp., maximum) of f(z) on S. Let fs,s be
the lower bound of f,,;, given by Lasserre’s relaxation of order d. First, we study its
approximation performance. Under a suitable condition on g1, ..., g, we prove that

fmaw - fmzn S fmaz - fsos S Q (fmaw - fmzn)

Here @ is a constant depending only on g¢i,...,gm. In particular, if S is the unit ball
B(0,1), Q@ = O(n4); if S is the hypercube [-1,1]", Q = O(n%); if S is the discrete set
{£1}" or {0,1}", Q@ = O(n?); for general cases, estimates for @) are also given. Second,
when f(z) is a form and S is defined by homogeneous polynomial inequalities, we prove
a similar approximation bound. Third, when f, g1, ..., gm have certain sparsity patterns,
we prove an approximation bound for a sparse version of Lasserre’s relaxation.

Key words approximation bound, Lasserre’s relaxation, polynomials, semidefinite pro-
gramming, sum of squares
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1 Introduction

Consider the polynomial optimization problem

e 1) (11)
st gi(x) >0,...,gm(x) >0.

Here f(z),g1(x),...,gm(z) are all multivariate polynomials in z = (z1,...,z,). Problem
(1.1) is quite general. When f(z) and g;(z) are all linear, (1.1) reduces to a linear program-
ming (LP); when f(z) and g;(z) are all quadratic, (1.1) becomes a quadratically constrained
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quadratic programming (QCQP). Generally it is quite difficult to solve (1.1). For instance,
when f(x) is a nonconvex quadratic function and every g;(x) is linear, problem (1.1) be-
comes a nonconvex quadratic programming (QP), which is NP-hard [27]. So problem (1.1)
is NP-hard. Thus approximation algorithms are more interesting. Lasserre’s relaxation [11]
is a typical numerical method for solving (1.1) approximately by using semidefinite program-
ming and sum of squares techniques. Recently there is much work in this area. We refer to
7,9, 11, 14, 15, 16, 23, 24, 28, 29, 33].

Lasserre’s relaxation was originally proposed by Lasserre in his milestone paper [11].
When f(z), g1(x), ..., gm(z) have degrees no greater than 2d, Lasserre proposed the following
sum of squares (SOS) program to find a lower bound for the minimum fy,;, of (1.1)

max 7y
st. f(z)— oo(z) +o1(x)g1(x) + - + om(T) gm (), (12)
deg(ffo) de g(0191) -, deg(omgm) < 2d, '
oo(z),o1(z), . m( ) are SOS.

In the above, a polynomial is said to be SOS if it is a sum of squares of other polynomials.
If a polynomial is SOS, then it must be nonnegative everywhere, but the reverse might not
be true. See [32] for a survey on SOS and nonnegative polynomials. Though it is difficult to
check the nonnegativity of a polynomial, it is easier to check whether a polynomial is SOS.
This is because checking SOS is equivalent to solving a semidefinite programming (SDP)
problem, which can be solved efficiently. Problem (1.1) is NP-hard, but the SOS program
(1.2) is equivalent to an SDP problem. The integer d in (1.2) is called the relaxation order.

Now we give a short review about the convergence of Lasserre’s relaxation (1.2). For
convenience, denote g(z) = (g1(z), -, gm(x)) and

S={zxeR":gi(x) >0,...,g9m(x) > 0}.
So S is a basic closed semialgebraic set [1]. For any 7 feasible in (1.2), we have

f(x) =~y =o00(x) +o1(x)g1(x) + -+ om(x)gm(x) >0 VzeSs.

Thus, every + feasible in (1.2) satisfies f(z) >  for all z € S. If we denote by fsps.q4 the
optimal value of (1.2), then fyin > fsosq for all d. As d increases, the lower bound fsps4
is monotonically increasing. Based on Putinar’s Positivstellensatz [31], Lasserre [11] proved
fsos,d = fmin as d — oo under a so-called archimedean condition (AC), that is, there exist
M > 0 and SOS polynomials so(x), s1(x), ..., $m(x) such that

= [|z[I3 = so(x) + s1(2)91(2) + ... + s (2) g ().

To make AC hold, S must be compact, but the reverse might not be true. However, this
does not limit the applications of Lasserre’s relaxation very much, because otherwise we can
always add a redundant ball condition M — ||z||3 > 0 if S is compact. Nie and Schweighofer
[24] analyzed the convergence speed of Lasserre’s relaxations. Under AC, they proved

0< fmzn - fsos,d < O((logd)fc) as d— oo,

where ¢ > 0 is a constant depending on g.



Due to the computational cost of (1.2), people often choose small d in practical applica-
tions. This is because (1.2) is very expensive to solve for big d, though its computational
complexity is polynomial for any fixed d. So it is interesting to know the approximation
performance of (1.2) for a fixed relaxation order d. Suppose deg(f) = 2d and deg(g) < 2d,
then the lowest order of Lasserre’s relaxation is d. For convenience, just denote by fss the
optimal value of (1.2) for given f(z). We have seen fsos < finin, but do not know how far
away fsos 1S from fpin. Denote by fpa. the maximum of f(x) on S, which always exists
when S is compact. For fixed g, a constant @ is called an approximation bound of (1.2) if it
holds

fmax_fsos < Q (fmax_fmin)- (13)

Does the above Q) exist? If so, how big is @7 Or what conditions make @ exist? To the best
knowledge of the author, these questions are known very little.

There has been much work on analyzing the performance of the first order Lasserre’s
relaxation when f(z) and g;(z) are quadratic polynomials. Most of them are based on stan-
dard semidefinite programming relaxations, and usually assume f(z) is a form (homogeneous
polynomial) and the constraints are homogeneous. We refer to [4, 5, 19, 21, 22, 34, 37, 38].
When f(z) and g;(x) are not quadratic, there exist other approximation methods different
from Lasserre’s relaxation for solving (1.1). When f(x) is a quartic form and there are only
homogeneous quadratic constraints, Luo and Zhang [20] proposed an interesting quadratic
SDP relaxation, and analyzed its approximation performance. When f(z) is a bi-quadratic
form and S is a bi-sphere, Ling, Nie, Qi and Ye [18] gave some approximation bounds based
on a bi-linear SDP relaxation and SOS techniques. When S is a simplex, De Klerk, Lau-
rent and Parrilo [2] proposed some polynomial time approximation schemes (PTASs) via
Pélya’s theorem or rational grid points, and proved some approximation bounds. Lasserre
and Netzer [13] analyzed SOS approximations of nonnegative polynomials via simple high
degree perturbations. In [3], De Klerk gave a nice survey on the complexity of optimization
over a simplex, hypercube or sphere. However, when f(z) and g;(z) are general polynomial
functions, there is very few work on analyzing the approximation performance of Lasserre’s
relaxation. Recently, Nie [26] proved some approximation bounds for standard SOS relax-
ations for minimizing forms over spheres or hypersurfaces. The techniques used there only
work when f(x) is a form and there is only a single homogeneous equality constraint. They
can be generalized in a nontrivial way to analyze the approximation performance of Lasserre’s
relaxation (1.2) when f(z) is not a form and there are several inequality constraints.

Contributions. First, we analyze the approximation bound of Lasserre’s relaxation (1.2)
when S is compact. Let f(x) be an arbitrary polynomial of degree 2d, and denote by fiin
(resp., fmaz) its minimum (resp., maximum) value on S. Under a suitable condition on

g1, -+, 9m, we show that there exists a constant () such that
1 S fmax _fsos S Q (14)
fmax - fm'm
The constant @ only depends on the tuple (g1,...,gm), and can be estimated numerically.

This will be presented in Section 3.
Second, we give explicit estimates for @ in (1.4) for some special problems. It will be
shown that: when S is a unit ball B(0,1), Q = O(n?); when S is a hypercube [—1,1]",



Q= O(n%); when S is the discrete set {£1} or {0,1}", Q@ = O(n?); when S is a multi-unit
ball, @ = O(n?). This will be shown in Section 4.

Third, we study homogeneous polynomial optimization, that is, f(x) is a form and S is a
polysoid that is defined by homogeneous polynomial inequalities, and deg(f) = deg(g;) = 2d.
In this case, the SOS polynomials ¢;(x) in (1.2) reduce to nonnegative scalars. Under a
suitable condition on the homogeneous parts of gi,...,gm, a similar approximation result
like (1.4) can also be proven. This will be presented in Section 5.

Last, we study the approximation performance of a sparse version of Lasserre’s relaxation.
When f(z) and g1(z),...,gm(x) have certain sparsity patterns, Lasserre’s relaxation (1.2)
can be modified to approximately solve problem (1.1) of much larger sizes. Under a suitable
condition on sparsity patterns, an approximation bound like (1.4) can also be proven. This
will be presented in Section 6.

The proofs of these approximation results are heavily based on estimating norms of poly-
nomials and using semidefinite programming properties. So we will first introduce some
basics about semidefinite programming, sum of squares, various norms of polynomials and
their relations. This will be presented in Section 2.

Notations. The symbol N (resp., R) denotes the set of nonnegative integers (resp., real
numbers). For any ¢t € R, [t] (resp., |[t|) denotes the smallest integer not smaller (resp., the
largest integer not bigger) than ¢. For 0 < k € N, [k] = {1,...,k}. For 2 € R", z; denotes
the i-th component of z, that is, z = (x1,...,2,). The S®~! denotes the n — 1 dimensional
unit sphere {x € R" : 23 + --- + 22 = 1}. For a € N", denote |a| = a1 + - + a,, and
supp(a) = {1 <i<n: «o; # 0}. For a, 3 € N, denote a < 3 if every «; < f3;. The symbol
N« denotes the multi-index set {o € N : |a| < k}, and N(k) denotes {a € N" : |a| = k}.
For z € R" and o € N", 2 denotes z{" - - - z5™. The [z]4 denotes the vector of all monomials
having degrees at most d and ordered graded alphabetically, that is,

[x]g = [1 T e T $% XT1xo e l’[li $il71x2 ...... a’:d ]7

and [z9] denotes the homogeneous part of [z]; having degree d, that is,

2T = o af ey s 2]
The R[z]| denotes the ring of polynomials in (x1, ..., xz,) whose coefficients are real numbers,

R[z]j denotes the subspace of homogeneous polynomials whose degrees are equal to k; Rlz]<j
denotes the subspace of polynomials whose degrees are at most k; Sfr[z]<; denotes the
subspace of square free polynomials whose degrees are at most k; for integers ki,..., ks,
denote Rlz]g,, . k, = Rlz|g, + - + Rlz]g,. For a polynomial p(z), supp(p) denotes the
support of p(x), i.e., the set of @ € N such that the monomial % appears in p(z). For a
finite set S, |S| denotes its cardinality; for a general set S, int(S) denotes its interior. For
a matrix A, AT denotes its transpose. For a symmetric matrix X, Amae(X) and Apin(X)
denote the maximum and minimum eigenvalues of X respectively, and X > 0 (resp., X > 0)
means Apin(X) > 0 (resp. Apin(X) > 0). For a general matrix X, opaz(X) and o (X)
denote the maximum and minimum singular values of X respectively. For two matrices
A and B, A ® B denotes the standard Kronecker product of A and B. For any vector
u € RV, |lull2 = VuTu denotes the standard Euclidean norm. For any matrix A, |42
denotes the maximum singular value of A, and ||A||r denotes the Frobinus norm of A4, i.e.,

|Allp = /Trace(AT A).



2 Sum of squares and norms of polynomials

This section presents some basics in sum of squares, semidefinite programming, various norms
of polynomials and their relations.

2.1 Sum of squares and semidefinite programming

For a polynomial f(z) of degree 2d, there exists a symmetric matrix F’ such that

f(z) = [a]q Fla]a-

The length of [z], is (”;d), and the dimension of F' is (";d) X (”ji'd). The matrix F is called
a Gram matrix of f(x) and is not unique if d > 1 and n > 1. For convenience, we index the
columns and rows of F' by monomials of degrees at most d, or equivalently by vectors in N”
whose standard || - ||; norms are at most d.

A polynomial f(z) is said to be a sum of squares (SOS) if there exist polynomials
fi(z), ..., fe(x) such that f(z) = fi(z)*+---+ fr(x)®. As shown in [28, 29], f(x) is SOS if
and only if it has a Gram matrix F' which is positive semidefinite, that is,

f(z)is SOS <=  f(x) = [z]}F[z]q, F = 0.
Define constant symmetric matrices A, such that

[2lalz]f = > Aaz®,  where Noyg = {a € N : |a < 2d}. (2.1)

OLENSQd

If f(z) is given as

f@)=Y_ faz®,

aeNSQd

then f(x) is SOS if and only if there exists a symmetric matrix X such that
AQOXZfa VOJGNSQd, X = 0.

In the above e denotes the standard Frobinus inner product in matrix spaces. So checking
whether f(z) is SOS can be done by solving a semidefinite programming problem.
The standard form of a semidefinite programming is

min CeX
st. AjeX =b;,i=1,...,m, (2.2)
X = 0.
Here C and Ay, ..., A, are constant symmetric matrices. Lasserre [11] showed that the SOS

program (1.2) is equivalent to an SDP problem like (2.2). So (1.2) can be solved efficiently.
SDP is a very nice convex optimization and has many attractive properties. There is a large
amount of work on solving SDP efficiently and its applications. We refer to [36] for more
details on the theory, algorithms and applications of semidefinite programming.

ot



2.2 Norms of polynomials

If a polynomial f(x) is given in the form

f(iL‘) = Z faz®,

aENSQd
we define its 2-norm and G-norm as
1/2 1/2
If@l= > £ c f@lle=1 D pl@) '
QENSQE[ aeNde

Here p(«) denotes the partition number of «, that is,

n(a) = H(ﬁ”’) € Ny x Ny ﬁ+v:a}‘ < <|supp(oz)|+d>‘

d

Obviously, the norms || - ||2 and || - ||¢ are equivalent and satisfy the relation

3d\ /2
(%) @ik < 1@l < @I
In view of (2.3), we denote the coefficient vectors

[ = (fa Ta € N§2d), fa = <p(04)_1/2fa Ta € N§2d> ,

and denote by [z]g 24 the column vector of weighted monomials

]G .20 = (P(Oé)l/%a IS N§2d) .

(2.3)

(2.4)

(2.7)

The components in f, f¢ and [z]g 24 are ordered gradedly alphabetically according to their
indices. Thus we have f(z) = f*[z]as = félzl2a and [[f(2)ll2 = [fll2, [/ (@)lle = Il fcll2-

The G-norm || f||¢ is closely related to Gram matrices of f(z).

Lemma 2.1. If f(x) € Rlz]<aq, there exists a symmetric matric W such that

f2) = 2lgWlzla, [WlF=f(@)lc-

In particular, if f(x) € R[z]o 24, there exist T € R and a symmetric matriz V such that

fa) =7+ VY, 2+ WIE = @2

Proof. For any matrix W satisfying f(z) = [#]}W[z]4, it must hold

fa = Z Wﬁﬂ, Va€N§2d'
(B,v)EN<gxN<a: ftrv=a

Choose a particular W satisfying the above as follows

Ws. = p(a)_lfa, V(B,v) e Ny x Neg: f+v =a.



Then W is symmetric and satisfies

wiE=> > (pl@) M fa)? = D (p(@) " fa)?p() = | f(@)IIZ.
OieNSQd (ﬁ,IJ)ENSdXNSd aENSZd
fHr=a

In particular, if f(x) € Rlz]o 24, the above W has the zero pattern

W =

S O 2

0 0
0 0
(U

Here 7 is the (1,1) entry of W, and V is the block whose rows and columns are indexed by
monomials of degree equal to d. Obviously |[W||% = 72 + ||V||%. So the lemma follows. [

Another type of useful norms is the so-called L?-norm. Throughout this paper, we always
assume S is compact. So we can define

1@l 22 (/f 2du(a )1/2. (2.8)

Here 41 is the uniform probability measure on S. The || f(z)| 12(s) defined in (2.8) is a norm
in R[z] when S has nonempty interior. This is because if || f(z )H L2 (s) = 0 then f(z) vanishes
on S, so f(z) vanishes in an open set, and hence it must be an identically zero polynomial.

Now we define the so-called marginal L?*-norm of polynomials. Throughout this paper,
we always assume n > 2d. Given a subset A C {1,...,n} with |A| = 2d, denote by za the
subvector of x whose indices are in A, that is,

zA = (x; 11 € A).

The restriction fa(za) of f(x) to za is defined as

fa(za) = f(z), where ;= v mre ) (2.9)
0 otherwise.
So fa(za) is a polynomial in xaA. Denote the set
Qoqg = {A C [n] : |A] = 2d}. (2.10)

Obviously [Q24| = (5). We also denote by g;(za) the restriction of gi(x) to za, and ga
denotes the tuple (g1(zA),...,gm(za)). The set Sa is then similarly defined as

Sa ={za : g1(za) > 0,...,9m(za) > 0}. (2.11)

If Sa has nonempty interior, the L?(Sa)-norm can be accordingly defined as

1/2
[ fa(za)llpz(sy) = < fA(xA)2dMA($A>> ,

Sa



where pa(-) is the uniform probability measure on Sa. Note that if the origin belongs
to the interior of S, then every Sa has nonempty interior. When every int(SA) # 0, if
f(z) € R[z]<2q4, we can define the marginal L?*(S)-norm of f(x) as

1/2
Hf(x)HLQ(S),mg = Z HfA(xA)H%ﬂ(SA)
A€oy
For every A € Qy4, define matrix
SN N ENVUNEN] (212)
A
Obviously ®a(S) = 0. Let
724(S) = ./ min A\pin(Oa(S)). (2.13)

A€oy

Note that 724(.5) is uniquely determined by the geometry of S but independent of the set of
defining polynomials g1(z), ..., gmn(z). For a general semialgebraic set S, the matrix ®a(S)
can be evaluated numerically, e.g., by semidefinite programming methods of Henrion, Lasserre
and Savorgnan [6]. Hence 124(S) can also be evaluated numerically. For special S, there might
exist explicit formula for @A (S), as will be shown later in Section 4.

Lemma 2.2. Ifint(Sa) # 0 for every A € Qaq, then 1oq(S) > 0. In particular, if 0 € int(S),
then n2q(S) > 0.

Proof. Tt suffices to prove every @ (.5) is positive definite. Prove by contradiction. Suppose
there exist u # 0 such that u” @ (S)u = 0 for some A € Qyy. Then

WTOsS) = [ (ealbaaPdualzs) =0

So we obtain
[xA]g,Qdu =0 VzeSa.

Since Sa has nonempty interior, [z A]g,z 4u must be an identically zero polynomial. The mono-
mials of [za]qg 24 are linearly independent, so we must have u = 0, which is a contradiction.
Thus every Oa(S) must be positive definite, and 794(S) > 0.
If 0 € int(S), then 0 € int(Sa) for every Sa. Thus 724(S5) > 0 follows the first part. [
The norms || - || 12(s),mg and || - [l are related by the following lemma.

Lemma 2.3. Assumen > 2d. If f(x), gi(z) € Rz]<aq, then || f()|l12(5),mg = 1249 f(2) -
Proof. By definitions of L?(Sa)-norm and 1794(S), we know

fa(@a)lZais,) = fAcOA(S) fac = 12a(S)?| falaa) -

Here fa ¢ denotes the vector of weighted coefficients of fa(xza) (see (2.6)). By definition of
the marginal L?(S)-norm, it holds

1 @) F2(symg = D Ifal@alllfagsy = n2a(S)? Y IIfal@a)llE = m2a(S)?(If (2)l|E-

AEQoy AEQaq

Thus the lemma follows. O



2.3 Relations between || - ||, and L? norms

Sometimes, we need estimate the relation between || - || and L? norms of polynomials. By
definitions (2.3) and (2.8), if we write f(x) = fT[x]aq, then

Hﬂ@ﬁmg=ﬂ<éwmmiww0f,Hﬂ@@zﬂf

e(9)

Hence, [|f(7)[|z2(s) and [|f(x)||2 satisfy the relationship

17 @)1 22(s)
@k -

Once we know one of || f(x)][z2(sy and || f()]|2, the other can be estimated by using maximum
and minimum eigenvalues of @(S). If S is special like a unit ball or hypercube, ®(S) might
be given by explicit formula. If S is general, ©(S) would be evaluated numerically, e.g., by
the methods in [6]. Once O(S) is available, its eigenvalues can be found numerically.

In certain situations, we need estimate the minimum eigenvalue of @(S) in terms of
dimension n and degree 2d for some special S, e.g., a hypercube. For this purpose, orthogonal
polynomials are very useful. Let Py(t) be the k-th scaled Legendre Polynomial defined as

Amin (©(S)) < Amaz(©(S)).

Pelt) = Vo £1- — - (t2 - 1>k. (2.14)

kKl dtk
The first few of them are

R()=1 A0)=VA P(t)=v5 (32 -1), Pyt) =7 5(5 ~31).

1 1
Py(t)=3- g(35t4 —30t2+3), Ps(t)=V11- g(631&5 — 7083 + 15¢),
1
Ps(t) = V13- 173(231t6 — 315t* 4+ 105¢% — 5).
It is well known that Legendre Polynomials are orthogonal over [—1, 1] with weight function
1, and it holds the relation

1 2 ifi=g,
/_1Pi(t)Pj(t)dt—{0 o (2.15)

Thus {Py(t)}32, forms an orthogonal basis for the space of univariate polynomials. Note
P (t) has only even terms when k is even, and has only odd terms when & is odd. We refer to
[17] for more details about the properties of Legendre Polynomials. The univariate monomial
tk can be expressed as a linear combination of polynomials Py(t), Pi(t), ..., Py(t). A general
formula is (see [17])

= (20 4+ 1)k! 1
s 2072 <%(k - 5)) (€ + Kk + 1) \/;PN)' (2.16)

t=k,k—2,... i




Let Sfr(N<oq) be the set of square free vectors from N<yq, that is, Sfr(N<ag) = N<gg N
{0,1}". For any v € Sfr(N<gq), define integer

r(y) = | @d—D/2).
Denote by [z]geven be the column vector of monomials which have even degrees in every
component x; and have total degrees not bigger than ¢. For instance,

T _ 2 2 .4 2.2 2.2 .4 .22 2 2 4
[$]4,even_[1 Ty Ty Ty XYL - TYTy Lo Tpd3 - Ty 1Ty xn]

Lemma 2.4. There exists a positive constant w(d) depending only on d such that for every
square free vector v € N<og, it holds

1 . T n+r()\ ™
Amin (2,” /[_171]71 :L,Q ([x]ZT(v),even) ([x]ZT(w),even) d.%') > w(d) : < > :

r(7)
. T T
PTOOf' ObVIOUSly 1'27 ([x]Qr(w),even) ([x]Qr(w),even) = (l"y[l‘]Qr('y),even) (xry[mbr('y),efuen) . Ev-
ery component of the vector x7[x]sy(y) even takes the form
¥, ve Ney(y)- (2.17)

When i € supp(y), the univariate polynomial z; T2 is a linear combination of Py(z;) with

odd ¢ <1+ 2y;. When i & supp(7), m?l’i is a linear combination of Py(z;) with even ¢ < 2u;.
Therefore, the polynomial space spanned by the monomials of the form (2.17) is precisely

the space spanned by polynomials of the form P, (x) := P,,(z1) - - Pa,, (x,,) where

odd if i € supp(7) } (2.18)

(01,...,an) € Negg(y) :== {a € Ncgg 1 each oy is even if i & supp(")

Let [P(x)]24,4 be the column vector of all above polynomials P, (x) whose indices a € N<ag(7)
and are ordered gradedly lexicographically in .. By formula (2.16), for every a € N<og(7y),
there exist numbers cg such that

= Y Palan) - Pa(an). (2.19)
BEN<24(7): f<a

So there is a nonsingular lower triangular matrix L such that

x’y[x]%('y),even =L [P(x)]an/v

and it holds

- 2 r 1 T T
on a7z r(7),evenlT]op e’uendm = an L|P(x , P(x L dx
20 J_yqpn [#]2r (7). cvenl]2 "), 2" Ji_yape [P(@)]2a[P(2)]24,4

1
=L <2 /[_W[P<w>12d,v[P<x>];fdﬁdx> = LT

10



In the above, we have used the fact that the middle integral matrix there is the identity. This
is because for any two entries Py (x),Pg(x) of [P(x)]2q,y With o, 8 € N<gg(), it holds

Qin P,(x) - P3(z dac—H /

[_171]

1 ifa=20,

P, (z;)Pg,(z;)dx; =
(i) Pp, () {0 o0,

1,1]
Therefore, it suffices for us to prove there exists w(d) > 0 such that
n+ r(’y)) —1/2
r(v) '

Here 0,in(+) denotes the smallest singular value of a matrix. So

omin(2) 2 Vo)

[Lullz o lull2 1 1
Omin (L min > > .
minB) =N e W T T T T2
Now we turn to estimating |L~!|| . The dimension of L is K x K with K = (”j(g(;’)) Since
L is nonsingular and lower triangular, there exist nonzero scalars l11, ...,k  such that
o 1T -
lor, 1 lao
L = l31 l32 1 l33
Ukt lk2 -+ lkx—1 1 ] | kK]

The inverse L~! has the form

15 171 ]
I35 =l 1
L_l = l3_31 —l31 —l32 1
i e | 1-lkn —lk2 - —lgg— 1

From the expression (2.19), we know the row of L indexed by a € N<g,4(y) has at most
H (07 < (2d)2d
iesupp(a)

nonzero entries. So every row of L~! also has at most (2d)2? nonzero entries. Since the
entries [;; of L are independent of n, there exists a positive constant M = M (d) such that

L' < M(d), V1<j<i<K.
Thus all entries of L~! are bounded by M (d). So we get

- —~12
1L e = [ 3 L < VK@ M = e M) K12,
1<j<is<K

which then implies
1

>
1L~ F — (2d)4M(d)
If we set w(d) = ((Qd)dM(d))_Q, the proof is completed. O

K12,
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Proposition 2.5. For every polynomial f(z) € R[z]<oq4, it holds that

N
@l = V@ ("5l

where the constant w(d) is given in Lemma 2.4.

Proof. For every f(z) € R[z]<aq4, we can write it uniquely as

fz) = Z z7 - ((f('Y))T[x]QT(V),even)

€S fr(N<2a)

for some vectors f(7). Bach f,yT [Z]2r(4),even has even degree in every z;, and

1
V@i =3 [ | SPde W= S OR

on
’ vESfr(N<aq)

For any two different «, 8 € Sfr(N<gq), it must hold

/[—1 1 (ma(f(a))T[m]Q”(")’e”e”) <$ﬂ(f (6))T[x]2r(5),eve’n) da = 0.

Thus we have

/[1,1]“ flafde= " 2 )/[1,1}n (967 ((f(’Y))T[x]Z”(V)’m")Y dx.

v€Sfr(N<aqg

Lemma 2.4 implies

: 2
27 /[‘l ]_]n (x’y(f(ﬂ/))T[‘r]ZT(’y),even> d.%'

1
= (f(v))T (271 /[ LJn 3327 [$]2T(7)76U5n [x]gr(’y),evendx) f(’Y)

~1
> ("TI) 1ol

Therefore, from the above, we get

-1
@ g > S mw(”mﬁnww

€S fr(N<aa) r()

. n+?”(’Y)>_1 )12
> w(d min v
-—”mew(mw L
n+d -1
> wta) ("0 1B

which completes the proof.
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3 Some general bounds for Lasserre’s relaxation

This section analyzes the approximation bound of Lasserre’s relaxation (1.2). We assume
deg(g) < 2d and S is a nonempty compact set. Thus, for every polynomial f(x), it has a
minimum f,;, and a maximum f,,q; on S.

As we mentioned in Introduction, to make Lasserre’s relaxations converge, we need assume
g1, - - -, gm satisfy AC. However, even when AC holds, (1.2) may not have a feasible solution,
i.e., fsos > —oo is finite, for a fixed relaxation order d, though an arbitrarily good lower
bound can be obtained when d goes to infinity. To guarantee (1.2) is always feasible and
fsos > —oo for all f(z) € Rlz]<a4, we need the following assumption.

Assumption 3.1. There exist a symmetric positive definite matriz E >~ 0 and SOS polyno-
mials 01(x),...,0m(x) such that each deg(o;g;) < 2d and

01(2)g1(2) + -+ + O (@) gm () = 1 — [a]g Ela]a.

The following proposition shows Assumption 3.1 is sufficient and necessary to guarantee
fsos > —oo for all f(z) € Rlz]<aq-

Proposition 3.2. Lasserre’s relazation (1.2) is feasible and fsos > —00 for all f(z) € Rlx]<a2q
if and only if Assumption 3.1 holds.

Proof. “ <7 Every f(z) € R[z]<aq can be written as f(z) = [z]} F[z]q for some symmetric
matrix F'. Since FE is positive definite, we can choose A > 0 big enough such that

oo(z) := f(x) + N[z]g Elz]g = [2]§ (F + AE)[x]a
is SOS. Then choose v = —\, and we get the identity
f(@) =y =o00(z) + Ao1(z)g1(x) + - + Aom (@) gm (2).

Therefore (1.2) has a feasible solution and fsqs > —00.
“ = " Consider the special polynomial f(z) = —[z]}[z]4. Since (1.2) is feasible, there
exist 4 and SOS polynomials 6¢(x),d1(x), ..., dm(x) such that each deg(d;g;) < 2d and

~[a]g[z]a =4 = 61(2)g1(2) + -+ + (@) gim () + G0 (2).
For any u € S, the right hand side above must be nonnegative. So — > [u]%[u]; > 0 and

= (51@01 @) + o+ on(@gn(@)) =1~ = (el + bo(a).

Therefore, Assumption 3.1 holds. O

In Assumption 3.1, the choice of SOS polynomials o1(x), ..., o, (z) and positive definite
matrix £ may not be unique. In our later approximation analysis, the bigger Ay (E) is,
the better the obtained approximation bound would be. So we want o1(z), ..., 0, (z) and E

13
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such that A\n(E) is as large as possible. Fortunately, the best choice o7 (x),..., 07, (x) and
E* can be found by solving the following SOS program:
max Amin (E)
o1(x),....,om(x),E .
st. o1(@)gi(z) + - + om(z)gm(z) = 1 = [2]; E[z]a, (3.1)
o1(x),...,om(x) are SOS,
deg(algl)7 s 7deg(amgm) < 2d.

Note (3.1) is equivalent to an SDP problem, and can be solved efficiently by numerical

methods. Throughout this section, assume o7 (z),...,0}, (x) and E* are optimal for (3.1).

Assumption 3.1 holds if and only if Ay (E*) > 0, so it is checkable by solving (3.1).
Let F be a subspace of R[z|<g4. Define a constant associated with F and S

x(7,8) = max {[Ipllo : pla)| <1 Var € 5. (3.2)

When S has nonempty interior, x(F,S) < oo. When S has empty interior, x(F,S) might
be infinite for some F. For instance, if S is the unit sphere S*~! and F = R[] <24, then

X(R[z]<24,8"71) = c0.
This is because for polynomials py(z) = k(1 — ||z||3) it holds
lps(2)llg — o0 as k— o0, |p(z)| <1 VoeS'h

So, if S has empty interior, to make x(F,S) < oo, F should not intersect the subspace
V(S) = {p(m) eRz]:p(x) =0 Yaze s}

except at the zero polynomial. In this case, if we minimize nonzero polynomials from F over
S, F should be chosen to be a subspace of the modulo space R[z]/V(S). Obviously, if S has
nonempty interior, V(S) = {0} is the singleton of the identically zero polynomial.

Theorem 3.3. Suppose F is a subspace of R[x]<oq containing 1, x(F,S) < oo, Assump-
tion 3.1 holds, and the tuple (o7 (x),... 0} (z), E*) is optimal for (3.1). Let f(x) € F, and
fmin (T€Sp. fmaz) be its minimum (resp. maximum) on S. If fsos is the optimal value of

Lasserre’s relaxation (1.2), then it holds

1< fmax_fsos S X(f,S)

o fmax - fmzn )\mzn(E*)
Proof. Define the median of f(z) on S as

med(f) = %(fmzn + fmaa;) € [fmma fma:v]-

Without loss of generality, assume fpin < med(f) < fmaz, because otherwise if fin = finaz,
then f(z) is constant and the theorem is obviously true. Let

iy J(@) — med(f)

f(z) e F

B med(f) - fmin .

14



Then |f(z)| <1 for all z € S and Hf(ac)HG < x(F,S) by definition (3.2). Now set

X(F,95)

> 0, v* =med(f) — 0" (med(f) — fmin)- (3.3)
Thus we have

=7,
So, by Lemma 2.1, there exists a Gram matrix W such that

1 -
%f(x)

1 *

oo/ @) = laWlala,  [Wile < Amin(E"),
1
0*

Since ||[W|2 < [[W/lr < Amin(E), we know W + E > 0. Hence the polynomial

() + [2]g E"[2]a = [o]g (W + E)[z]a.

00(2) i= (med(f) = fmin) (F(@) + 0[] E*[ala)
must be SOS. Let 0i(z) = (med(f) — fmin)0%0* (z) for each i, which are all SOS. From
o1 @)91(@) + -+ 03 (@) gm (@) = 1 = W] B [ela,
we have the identity
J(@) =7 = 00(a) + 1(@)g1 (&) + -+ + O (@) ().

So go(z),01(x),...,om(x) and v* are feasible in (1.2). By optimality of fsss, we have fsos >
~v*. By the choice of v* in (3.3), it holds

med(f) _fsos < X(f’S)

Since med(f) € [fmin, fmaz] and fsos < fmin, the above implies the theorem. O

Theorem 3.3 can be applied to get an approximation bound if we can estimate x(F,S)
for given F and S. Define a constant associated to the set S

r2a(S) = pelg[l;}fim {Ip(@)llr2s) : llp(@)ll2 = 1} - (3-4)

If we write p(z) = p’[z]aq, then Hp(x)||%g(s = p" ([sl]oalz)2,du(z)) p, where p(-) is the
uniform probability measure on S. So it holds

K24(S) = ¢)\mm </S[$]2d[$]gdd:u($))-

The constant r94(S) can be evaluated numerically by methods like in [6].
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Proposition 3.4. If int(S) # 0, then kyq4(S) > 0 and

1
/igd(S) '

X(R[z|<24,5) <

Proof. Since int(S) # 0, for any nonzero polynomial p(z), ||p(2)|12(s) > 0. So k24(S) is the
minimum of a positive continuous function defined on a compact set. Thus koq(S) > 0.

Now we prove the second part. Suppose p(z) € Rlz]<gq is such that |p(z)| < 1 for all
z € S. Then [|p(z)| 125y < 1 and (3.4) implies 1 > k24(S)|p(z)|2. Therefore, we get

1
k2d(S)’

which completes the proof. O

Ip(z)lle < [lp(x)ll2 <

Obviously Theorem 3.3 and Proposition 3.4 imply the following theorem.

Theorem 3.5. Suppose int(S) # 0, Assumption 3.1 holds, and of(x),. ..o} (z), E* are op-

timal for (3.1). Let f(x) € R[z]<2q, and fmin (Tesp. fmax) be its minimum (resp. mazimum)
on S. If fsos is the optimal value of Lasserre’s relazation (1.2), then

fmam - fsos 1
1< < .
- fma:): - fmzn o Kf2d(S))\mzn(E*)

Sometimes it would be quite difficult to estimate k94(S) for given S. So we need other
kind of estimates for x(R[z]<a4, S).

Proposition 3.6. Assumen > 2d. If0 € z'nt(S), then

\(R[z] <24, §) < — (2”d>

Proof. Suppose p(z) € R[z]<2q and |p(z)| < 1 for all z € S. Since 0 € int(S), the restrictions
pa(za) of p(z) must satisfy
lpa(za)l <1 Vaa € Sa.

By definition of the marginal L?(S)-norm, we have

Hp(l')H%%s),mg: Z pa(za)’dpa(za) < Z 1=("). (3.5)
Sa 2d

AGQQd AEQQd

Since int (S ) # (0, Lemma 2.2 implies 14(S) > 0. Therefore, by Lemma 2.3, we get

1
T < ——||p(x m
Ip(@)lle < (S 12(2)[ L2(5),mg

which results in the proposition by applying (3.5). O

The following is then implied by Theorem 3.3 and Proposition 3.6.
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Theorem 3.7. Suppose n > 2d, 0 € int(S), Assumption 3.1 holds, and o5 (z),. .., 0% (z), E*
are optimal for (3.1). Let f(z) € Rz]<aq, and fmin (Tesp. fmaz) be its minimum (resp.
mazximum) on S. If fsos is the optimal value of Lasserre’s relazation (1.2), then

fma:r - fsos 1 < n >
1< < ,
o fmaz fmzn n?d(S)Amzn(E*) 2d
where n24(S) is given by (2.13).

Remark 3.8. We would like to mention that the \.,;,(E*) in Theorem 3.7 is closely related
to the “radius” of the set S. Let R be the radius of S, that is, R = max,eg ||x||2. From

23" = (o + - Z 22— <R Y 2 = Rl

aeN(k aeN(k)

where N(k) = {a € N": |a| = k}, we get 1+ ||z[3 + - + ||=|3¢ < d@!||[]4]]3. Since
12 (5B la 2 Amin(ED)[elal} Vo € 5,

it holds
1

T 1+ R4 R

Amm(E*)

Therefore, we can see that

1
- >1+4+R*+---+R*
)\mm(E*) > 1+ + +

So the approximation bound given by Theorem 3.7 is at least

(1+R%>+ -+ R¥)ppe(S) ! (27”21) (3.6)

The polynomial 1 — (1 + R? + - - + R*")~1[x]][2]4 is nonnegative on S. If fortunately there
exist SOS polynomials so(x), s1(x),. .., Sm(x) such that every deg(s;g;) < 2d and

1— (14 R+ + R o)l [2]a = so(@) + s1(2)g1(2) + - + $m (@) gm (@),
then there exists a symmetric matrix £ be such that
)i Elz]la = 1+ R* + - + R*) 2] I[2]a + so(=),
— [2]3 Elzla = s1(2)g1(2) + - + s (@) gin ()
Since so(z) is SOS, we know

L < -

In this case, Apin(E*) = 1+ R? +--- 4+ R??. The assumption on the existence of above s;(x)
is nontrivial. However, if R is known in advance, we can add the redundant constraint

<1+R’+--+R*.

1—(1+R+ -+ R )l [z]qg > 0
0 (1.1), and then have Ay (E*) =1+ R* + - + R, O
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4 Bounds for some special optimization problems

Theorems 3.3, 3.5 and 3.7 give approximation bounds for Lasserre’s relaxation (1.2) in terms
of different constants. Given a specific problem (1.1), we need estimate A, (E*) and one of
X(F,S), kaq(S) and 194(S) to get an explicit bound. In this section, we show how to do this
for some special problems.

4.1 Optimizing polynomials over unit balls

Consider polynomial optimization over the unit ball B(0,1) = {x € R" : ||z|]2 < 1}

xerg%gl) f(z). (4.1)

When f(z) € Rlz]<2q has degree 2d, the d-th Lasserre’s relaxation is

max -y
st f@) =7 =oo(@) +o1(z) (1= [[3),
deg(ao) 2d0 deg(01)1 <2d -2, 2 (4.2)
oo(x),01(x) are SOS.

Let g(z) = 1 — ||=||3. We are going to get an approximation bound for (4.2) by applying
Theorem 3.7. So 12¢(B(0,1)) and Apin(E*) in (3.1) need to be estimated.

First, we estimate 794 (B(O, 1)) By definition (2.13), 124 (B(O, 1)) = \/)\mm (@A (B((), 1)))
for any A € Qg4 because of symmetry. So we just choose A = {1,...,2d}. Then

O (B(0,1)) = / [zala2alzal padia(za),

lzall2<1

where pa(+) is the uniform probability measure on {za : ||za|l2 < 1}. Thus

1
©4(B(0,1) / [zala 2alwalG 2adaa
(BON) = Foileale 2D Jsrsss ad
where dza is the standard Lebesgue measure. For a = (o, ..., a9q), if one «; is odd, then

o . .
fllmllzél xQdxa = 0. If o is an even vector, then

1
/ 2Xdrp = Area(S?41) / xAdva(za) / plol+2d=1 gy
lzall2<1 zall2=1 0

In the above, Area(S?¢~1) is area of the unit sphere S?*=1, and v (+) is the uniform probability

measure on S2¢~!. Note the formulae
27 e
A 2d—1 — <1) =
rea(§1) = 55, Vol(laalls 1) = 5o
T(d) [, T8 +1/2)
Adva(za) = = :
/MHFI A (] + d)
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2d 2 4 6 8
nzd(B(O,l)) 0.19204 | 0.01670 | 0.00161 | 0.00004

Table 1: A list of 724(B(0,1)) for 2d = 2,4,6,8.

Here T'(+) is the standard Gamma function. So, if & = 25 = 2(f1,...,(2q) is even, we get

/ oS dun(za) = AT DI TG +1/2)
lealost (6] + T (5] + d)

The entries of @ (B (0, 1)) can be found explicitly, and 724 (B (0, 1)) is a constant depending
only on d. A list of typical values of 794 (B (0, 1)) is in Table 1.
Second, we estimate A (E*) in (3.1). For any integer k£ > 1, it holds

(I+t4- 4+t D1 —t) =11t~

Let sq(t) = ﬁll Zg:1 Z?;é tJ. Then we get the identity
(1 —t)=1— — (1 bttt td)
s =1 e )
d d+1
Plugging t by ||z||3 in the above, we get

1

sa([l=]2) (1 = [l[I3) =1 — 51

(14 ll2llg + -+ + 21137

Since sq(||z]|3) is SOS and has degree 2d — 2, there exists a symmetric E such that

1 1
7 (Ul + -+ 237) = Wi Blala, Awin(B) 2 7.
So Assumption 3.1 holds for g(x) = 1 — ||z||3, and the optimal A (E*) > ﬁ. Therefore

Theorem 3.7 implies the following.

Theorem 4.1. Assume n > 2d. Let f(z) € R(z]<a2d, and fmin (T€Sp., fmaz) be its minimum
(resp., mazimum) on B(0,1). If fsos is the optimal value of SOS relazation (4.2), then

1< fmam_fsos < d+1 (n)
- fmax - fmzn - ﬁgd(B(O,l)) 2d

50 fsos is an O(n?)-approzimation of fmin.

4.2 Optimizing polynomials over hypercubes

Consider polynomial optimization over the hypercube [—1,1]"

min T
rER? f( ) (43)
s.t. 1—1:%20,...,1—33%20.
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When f(z) has degree 2d, the d-th Lasserre’s relaxation for the above is

max -y
st. f(x) =y =o0(x) +o1(x)(1—a3)+-- -+ on(x)(l —23),
deg(ao) < 2d, deg(o1),...,deg(on) < 2d — 2,
oo(x),01(x),...,0n(x) are SOS.

(4.4)

Let g1(x) = 1—22,...,gn(z) = 1 —22. To get an approximation bound for (4.4) by applying
Theorem 3.5, we need estimate Hgd([ 1,1]") and Apin (E*) in (3.1).
First, we estimate kaq([—1,1]"). For any p(z) € R[z]<24, Proposition 2.5 implies

-1
9 n+d 9
POy 2 0@ (") bl

where the constant w(d) is given in Lemma 2.4. By definition (3.4), it then holds

n ~1/2
(107 = Ve (")

Second, we estimate A (E*). Note all points in [—1, 1] satisfy

n

> (1-af )—1—*“95”2>0

i=1

1
n
For polynomial sy(t) = ﬁll Zgzl Zf;é t7, it holds
(1 —t)=1— <1+t+ +td)
s =1 — .
I d+1

Plugging ¢ by %Hx”% in the above, we get

1 2 1 2\ _ 1 1 2 1 2d
sa (helg) (1= 21e18) = 1= gy (14 2ol 4+ gllolB).

There exists E such that

1 1 .
i1 (1 + *HIEH2 ot ndeIl%d) = 2] Elz]la,  Amin(E) > T d
So we get
lsd l”ﬂ’% Zn (1- :p2) =1 [.ﬁ]gE[iL']d Amin (E) > Ln_d,
nY =t Z ’ Td+1

Note Lsq4 (1||z[|3) is SOS. So Assumption 3.1 holds and the optimal E* in (3.1) satisfies
1
Amin (E* n?,
(E7) 2 d+1
The following then follows Theorem 3.5 immediately.
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Theorem 4.2. Let f(x) € Rlx]<aq, and fmin (T€Sp., fmaz) be its minimum (resp., mazimum,)
on [=1,1]". If fsos is the optimal value of SOS relaxation (4.4), then it holds

| < fmaz = fsos _ d+1 <n+ d) 1/2nd
N fmam - fmm o \/w(d) d
where w(d) is given by Lemma 2.4. So fsos is an O(n%)—appmm'mation of fmin-
Using Theorem 3.7 as in subsection 4.1, we can get an approximation bound O(n??) for

(4.4), which is worse than the bound O(n%) given by Theorem 4.2.

4.3 Optimizing square free polynomials over hypercubes

Consider problem (4.3) for the special case that f(z) there is square free, that is,

f(z) = Z fy27,  where  Sfr(N<aq) = N<ggn{0,1}".
v€Sfr(N<aq)

Denote by S fr{z]<j the space of all square free polynomials having degrees at most k.

Lemma 4.3. It holds that .

Proof. Let p(x) € Sfriz]<x be such that |p(z)| <1 for all z € [-1,1]". Write p(z) as

p(z) = Z Py

veSfr(N<g)
Simple integration shows that
1 1
12 [ pPae= Y o[ aPde= Y BTz a
(=11 veSfr(N<g) (=110 veSfr(N<g)
Therefore, we have
k

Ip(x)]le < llp(x)]l2 < V3.

By definition (3.2), the lemma follows immediately. O

So Lemma 4.3 implies
X(Sfri]<aq, [-1,1]") < 3%

From subsection 4.2, we know Apin(E*) > ﬁn_d for the hypercube [—1,1]". Thus the
following theorem follows Theorem 3.3.

Theorem 4.4. Let f(z) € Sfr(z]<sq be a square free polynomial, and fuimn (Tesp., fmaz) be
its minimum (resp., mazimum) on [—1,1]". If fsos is the optimal value of (4.4), then

fmam - fmzn S fmax - fsos é (d + 1) : (3n)d(fmam - fmzn)
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4.4 Optimizing polynomials over +1 and 0/1 sets

Consider the problem of optimizing polynomials over the discrete set {£1}":
min  f(z) st zi=1,i=1,...,n. (4.5)
The constraints of (4.5) are equivalent to
gi(x) =1—22>0, gnyi(z) = -1422>0,i=1,...,n
When f(x) has degree 2d, the d-th Lasserre’s relaxation for (4.5) is equivalent to

max -y

st. f(z) =y =o@) + ¢r(x)(1 —af) + -+ dp(2)(1 - 27),
deg(o-) < 2d7 deg(¢1)7 e deg(¢n) < 2d — 27
o(x) is SOS.

The approximation bound of (4.6) is summarized as follows.

Theorem 4.5. Let f(x) € Rlx]<aq, and fmin (TeSp., fmaz) be its minimum (resp., mazimum,)
on {1} If fsos is the optimal value of (4.6), then

fmaz - fmm S fmaac - fsos S (d + 1)nd(fmax - fmm)

Proof. From subsection 4.2, we know there exists an SOS polynomial s(x) such that

s(2)(g1(x) + - + gn(@)) = 1 — []] Elals, Mmuw>4i—wf

d+
So the optimal E* in (3.1) for the set {£1}" must satisfy Apin(E*) > 7197 —d,
First, assume f(x) is a square free polynomial, i.e., f(x) € Sfr[z ]g W claim that
X(S friz]<eq, {£1}") < 1. (4.7)

To see this, suppose p(z) € Sfr{r]<eq and [p(x)| <1 for all x € {£1}". Write p(x) as
p(z) = Z Py’
€S fr(N<aq)
Then we have
1 1
g ¥ opwis Y Rem Sown= > =bl
ue{£1}m v€S fr(N<aq) ue{£1}n v€S fr(N<aq)

Hence, [|p(z)|lc < |lp|l2 < 1, and (4.7) is true by definition (3.2). So Theorem 3.3 implies

Fmaz — fsos < (d+ 1) (frnaz — fmin) When f(2) is a square free polynomial.
Second, if f(x) is general, there exists a square free f(z) € Sfr{z]<aq such that

fla) = f@) Vae{x1}m
By the previous argument, we also have faz— fsos < (d+1)0% frnaz— fmin)- Since fsos < fmin
is always true, the theorem is proven. ]
After a linear coordinate transformation, the approximation bound in Theorem 4.5 also

holds if we optimize polynomials over {0,1}" via Lasserre’s relaxation. So we get

Theorem 4.6. Let f(x) € Rlz|<24, and fimin (resp., fmaz) be its minimum (resp., mazimum)
on {0,1}". If fsos is the lower bound given by the d-th Lasserre’s relaxation, then

fmax - fmzn S fmaa: - fsos S (d + 1)nd(fmax - fmzn)
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4.5 Optimizing polynomials over quadratically constrained sets

A quite interesting problem is to minimize polynomials over quadratic constraints, i.e., every
gi(z) = [z]7Q;[z]1 is a quadratic polynomial. Problem (1.1) then becomes

min  f(z) L8
st. [2]TQiz]1 >0,i=1,...,m. (48)

If Assumption 3.1 holds, Theorem 3.7 can be applied to get an approximation bound. To
estimate \pin(E*) in (3.1), there exist simpler methods than solving (3.1) directly.
If we choose d = 1, then (3.1) becomes

max Amin(A)
A=(ALyecc A ) A

st A [2l{ Qulah + - 4 A - [2]{ Q2] = 1 — [2]{ Al]y, (4.9)
Alyeeoy Am 20,

which is then equivalent to the SDP

Amin (A
)‘:()‘{??‘y})(‘m)vA " n( )

10
A,y Am > 0.
In the above, each 0 denotes a zero block of proper dimensions. Generally, (4.9) is much

easier to solve than (3.1) does. Let (A*, A*) be an optimal solution of (4.9).
In the sequel, we will prove that if A* = 0, then Assumption 3.1 holds. Let s(t) =

130 Z;?;S 7, then

40@—@:1—%@+~~Hﬂ.

Plugging t by [x]T A*[x]; in the above, we get
(T ATl ) (1~ T A%ed) = 1 - (WlT Ay + - + (T A%[el)).

From (4.9), we know 1 — [z]; A*[z]; > 0 for all x € S and
1> [2]1 A% 2] > Amin (A7) (1 + ||z]3).

So there exists a symmetric F such that

é (@l A%l + - + (@] A" [0)0)?) = (] Blala, Amin(E) = é(xmm(/x*))d.

Let 0;(2z) = Afs([z]] A*[z]1) for each i, which are all SOS. Then we get
o1()g1 () + -+ + o (@) gm(2) = 1 — [2] Ble]a.
So Assumption 3.1 holds. The optimal E* in (3.1) for optimization (4.8) satisfies

Amin(E*) > = (Amin (A%) "

ISHR

Therefore, the following is implied by Theorem 3.7.
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Theorem 4.7. Assume every g;(z) = [z]] Q;[z]1 is quadratic and the optimal A* in (4.9)
is positive definite. Let f(x) € Rlz]<aq, and fmin (resp., fmaz) be the minimum (resp.,
mazimum) objective value of (4.8). If fsos is the optimal value of the d-th Lasserre’s relaxation

for (4.8), then
1§ fmax_fsas S d y (7’L>
fma:z: - fmin 77201(8) ()\mm(A*)) 2d

Remark 4.8. In the special case that every g;(z) = [z]7 Q:[x]1 is concave, that is, the
quadratic homogeneous part of g;(x) is negative semidefinite., we can get A\, (A*) exactly.
Let R = max,¢gs ||z||2 be the radius of S. Then 1 > [z]T A*[z]; for all z € S and

1> Amin (A5 (1 + [|z]2) Yz e S.

So we get Amin(A4*) < (1 4+ R%)7L. On the other hand, the concave function 1 — (1 +

R?)~![z]¥[z]; is nonnegative on the convex set S. If int(S) # 0, there exist M >0, A, >
0 such that
o1 Tia 5. 1T $ aT
1 L+Rﬁﬂdﬂ1—AﬂﬂlQﬂﬂ1+“'+Amthth- (4.10)

~

Thus (A1, ..., Am, 7z Ins1) is feasible for (4.9) and Apin(A*) > (14 R?)71. So
Anin(A*) = (1 4+ R?)7L,

Therefore, if every g;(x) is concave, the bound in Theorem 4.7 becomes

d - noa(S)"1(1 + R2)4 (” )

2d
If some g;(x) = [z]7Q;[z]; are not concave, then it would be quite difficult to estimate
Amin(A*) in (4.9). This is because there might not exist nonnegative scalars Aq, ..., A, such

that (4.10) holds. However, if we know R in advance, a redundant quadratic constraint
1= 1+ R al{[a]1 > 0
can be added to (4.8), and then we have A, (A%) = (1 + R?)~L O
Let us end this section with an example.

Example 4.9 (Multi-unit balls). Suppose =z = (z(,... (™) where each () is an n-
dimensional vector and ny 4 - - - 4 1, = n, each g;(z) = 1 — |23, and every n; > 2d. The
set S is a so-called multi-unit ball. Note the identity

1

——(91(@) + -+ gm(2)) =

I
2 I n+1
— (m-— =1-— .

1m+1

So we know the optimal A* of (4.9) satisfies Apin(A*) > #ﬂ Obviously 724(S) is a positive
constant depending only on d. Then Theorem 4.7 implies an approximation bound O((mn)?)
holds for Lasserre’s relaxation (1.2) if we minimize polynomials over a multi-unit ball. O
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5 Homogeneous polynomial optimization

Let f(x),h1(z),..., hm(z) € R[z]oq be forms of degree 2d. Consider the optimization

min  f(z) (5.1)
st. hi(x) <1,... hp(z) <1. '

Denote the tuple h(z) = (h1(z),. .., hm(x)). The feasible set in the above is a polysoid
Ph)={x € R":hi(z) <1,..., hp(x) <1}
Since every h;(x) is homogeneous, 0 € int(P(h)). If we set g(z) = (1—hi(z),...,1—hn(z)),

then Lemma 2.2 implies 724(P(h)) > 0 (see definition (2.13)).
The d-th Lasserre’s relaxation for (5.1) is

max 7y
st. flx)—vy—s1-(1—hi(x)) — - —sm- (1 — hmn(x)) is SOS, (5.2)
S1 ZO,...,Sm > 0.

Since all f(x) and h;(z) are forms of degree 2d, (5.2) is equivalent to

max —(s1 4+ 5p)
s.it. f(x) + s1hi(x) + -+ + smhm(z) is SOS, (5.3)
s1>0,...,8, >0.

Problem (5.3) is equivalent to an SDP problem, and hence can be solved efficiently.

Since (5.1) is a special case of (1.1), we would think of applying Theorem 3.3, 3.5, or 3.7
to get an approximation bound for (5.2). However, since every h;(z) is a form of degree 2d,
Assumption 3.1 does not hold for polynomials 1 — hi(x),...,1 — hy,(x). This is because for
any s1 > 0,...,8, > 0, the polynomial s1(1 — hi(z)) — -+ — $;»(1 — hyp(z)) does not have
monomials of degrees between 1 and 2d — 1. So there is no positive definite F such that

si(1=hi(@) = = sm(l — gm(z)) =1— [2)% E[z]4.
However, in view of (5.3), Assumption 3.1 can be slightly modified as follows.

Assumption 5.1. There exist A = (A1,...,\p) > 0 and a symmetric matriz E such that
Ahi(z) + -+ Aphp(z) = [xd]TE[xd], M+ F+ A =1, Apin(E) > 0.

Denote by fsos the optimal value of (5.2). To guarantee (5.2) is feasible and fso5 > —00
for every form f(x) of degree 2d, Assumption 5.1 is sufficient and necessary.

Proposition 5.2. Lasserre’s relaxation (5.2) is feasible and fsos > —o0 for every form
f(z) € Rlx]oq of degree 2d if and only if Assumption 5.1 holds.

Proposition 5.2 can be proved by almost the same argument as for Proposition 3.2. So
we leave it for interested readers as an exercise.
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In Assumption 5.2, the choice of A and F might not be unique. To get better approxima-
tion bounds, we want an E whose A\, (FE) is as large as possible. Similar to (3.1), the best
A* and E* can be found by solving the following SOS program:

max Amin(E)
)\17"'7Am7E

sit. Athi(x) 4+ -+ Aphm(z
A+t A =1,A

= [T B[z, (5:4)

The SOS program (5.4) is equivalent to an SDP problem, and can be solved efficiently by
numerical methods. Let (A\*, E*) be an optimal solution of (5.4). Assumption 5.1 holds if
and only if A\ (E*) > 0, so it is verifiable by solving (5.4).

Let R[x]o 24 be the space of constant polynomials and forms of degree 2d, and F C R[z]o 24
be a subspace. Recall that

X(F,P(h)) = max {[p(x)c : [p(z)] <1 Yz €P(h)}.

Theorem 5.3. Suppose Assumption 5.1 holds, (\*, E*) is optimal for (5.4), and F is a
subspace of R[z]p2q containing 1. Let f(z) € F, and fmin (1esp. fmaz) be its minimum
(resp. mazimum) on the polysoid P(h). If fsos is the optimal value of (5.2), then

fmaac - fsos 1
s g < (1 g WP

Proof. The proof is almost the same as for Theorem 3.3. Here we follow the same approach
and only list the distinctive parts. Set

med(f) = %(fmzn + fmaz), f(l‘) = M €F.

Then |f(z)] < 1 for all z € P(h), and it holds || f(z)|l¢ < x(F,P(h)). Fix two constants

0* = w >0, v =med(f)— 60" (14 Npin(E")) - (med(f) — fmin)-

Then ’ g%f(x)HG < Amin(E*) and f(x) € R[z]o2q4. By Lemma 2.1, there exist 7 and V such
that ) .
@ = VR PV = |50 < an),

Thus we have Apin (V) < |[VIIF < Anin(E*), |7] < Anin(E*), and
00(@) = (med(f) = fouin) (F(@) + 07 (Amin(E7) + [0 B*[2) )

= (med(f) = Fmin)0" (7 + Ain (B*) + )7 (V + B[]
must be SOS. Set s; = (med(f) — fmin)0*AF > 0. From

Aihi(@) + -+ N hm(2) = T E* @), X+ H AL =1
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we obtain the identity
flx) =" =oo(z) +s1- (1= hi(x)) + -+ sm - (1 = hin(2)).
By optimality of fs,s, we have fsps > ~v*. Then the choice of v* implies

med(f) - fsos 1
meth e (14 YR
Since med(f) € [fmin, fmaz] and fsos < finin, the theorem follows. O

For any compact polysoid P(h), we can similarly define a constant like (3.4)

k2a(P(h)) = min {lp@)llr2py * Ip(2) ]2 =1}, (5.5)

PER[z]0, 24

For a polynomial p(z) = [1 [:Ud]T]Tp, it holds

6@ o) = 2" ( Lo L] i) ) du(x)> b

where p(-) is the uniform probability measure on P(h). So

kaa(P(1)) = Jxmm ( / . ) L;d]rdm)),

and it can be evaluated by numerical methods like in [6]. Since the origin is in the interior
of P(h), we always have roq(P(h)) > 0.

Proposition 5.4. Assume n > 2d. For any compact polysoid P(h), it holds

x(R[z]o,24, P(h)) < min { k24 (P(h)) " n2a(P(h)) (2 ) } '

Proof. Let p(xz) € R[z]o2q4 be such that |p(z)| < 1 for all x € P(h). First, obviously
1p(@)llz2py < 1 and 1> rag(P(R)) [p(2)]l2- So we get

b
koa(P(h))’

Second, for any A € (2d), the restriction pa(xa) of p(z) must satisfy

Ip(@)lle < [lp(x)ll2 <

lpa(za)l <1 Vaa € Sa.
By definition of the marginal L?(P(h))-norm, we have

LETIE Sl IFNCNSINENES ST (A ]

Aoy Sa A€EQqyy

Therefore, Lemma 2.3 implies

A

1 1 n
lp(z)lle < mllp(w)llm(m)),mg = a(P(h) <2d>’

which completes the proof. O
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Obviously Theorem 3.3 and Proposition 5.4 imply the following.

Theorem 5.5. Suppose n > 2d, Assumption 5.1 holds and (\*, E*) is optimal for (5.4). Let
f(x) be a form of degree 2d, and fuin (T€SD. fmaz) be its minimum (resp. mazimum) on the
polysoid P(h). If fsos is the optimal value of SOS relazation (5.2), then it holds

< et < (v o) (o | ()]

where 124(P(h)) is defined by (2.13).

Remark 5.6. Similar to Remark 3.8, we can estimate Ay, (E*) in Theorem 5.5 in terms of
the radius of the polysoid P(h). Let R = max,cp(y) [|7[]2. From

— B ) = Xf(1— ha(@) + -+ A1~ h(2) 20 Va € P(h),
)\mzn(E*)

1> [z E* (2] > Ain (B)[[[2]13 = lz|3* V€ P(h),
we know
o o A
Amm(E ) RQd
The polynomial 1 — R2'1 |[z?)||3 is nonnegative on P(h). If fortunately there exist scalars

A >0,...,\n >0 and an SOS polynomial s(z) such that
d! .
S(x) + ﬁ”[v@dm% = /\1h1($) +ee )\mhm(x)> AL+ A =1,

then \pin(E*) > It is nontrivial to assume the existence of the above A; > 0. However,

W

if R is known in advance, we can add the redundant constraint 1 — Rgd 1[z%]13 > 0 to (5.1),
and then have A, (E*) = %. O
Example 5.7. Suppose x has a partition (x(l), el w(m)), where each z(9) is n;-dimensional

and 1y + - - -+ nyy, = n, and each h;(z) = ||z(V[|24. Thus each h;(z) < 1 defines a unit ball in
the z(V-space under the standard 2d-norm. It is shown in Example 5.4 of [26] that

n n+d—1 -1
Stz a(" 0T e
=1

So we get

—1
() et Z 2> 2 (") e

and the optimal E* of (5.4) satisfies
Amin(E*) > O(m_lnl_d).

The constant 154(S) is also independent of n. So Theorem 5.5 implies (5.2) is an O(mn2?~1)

approximation for (5.1) in this special case. O
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6 Sparse Lasserre’s relaxation

Due to the computational cost of Lasserre’s relaxation (1.2), it it important to exploit the
sparsity patterns of polynomials in practical applications. There has been a large amount of
work on sparse polynomial optimization. Much larger polynomial optimization problems can
be solved by exploiting sparsity, as shown by the work [8, 10, 25, 30, 35]. Under a certain
condition, Lasserre [12] proved the convergence of a sparse version of Lasserre’s relaxation
when its order goes to infinity. But there is very few work on analyzing the approximation
bound for a fixed relaxation order. This section will address this issue.

Suppose ¢1(x),...,gm(z) in (1.1) are sparse polynomials, that is, each |supp(¢;)| <
(”+2d), and deg(g) < 2d. A typical sparsity pattern is each g; involves only a few variables.

2d
For an index set I C {1,...,n}, denote

xr = (zi:i€l),

that is, xy is a subvector of  whose indices belong to I. Denote by R[x] the subring of real
polynomials in x7, and set Rz ]<oq = Rlz] NR[z]<94. Suppose I1,..., I, C {1,...,n} are
index sets such that

91(z) =g1(zn), -, gm(®) = gm(21,,)-

Throughout this section, we assume S is a nonempty compact set, and n > 2d.
Let f(z) € Rlzr]<2d + - - - + R[z,,]<24. Consider the sparse polynomial optimization
min  f(x)

TER? (61)
st. gi(xr)>0,...,9m(z1,) > 0.

A sparse version of the d-th Lasserre’s relaxation is

max 7y

st. flx)—vy= ilao’i(xli) + iai(xli)gi(xli)a

7 =1
deg(ao,i)a deg(algl> < 2d7 i = 17 -y,
00,i,0; are SOS, 1 =1,...,m.

(6.2)

For convenience, we still denote the above optimal value by fss. Our goal is to estimate a
bound @ such that
fmax - fsos S Q : (fmaz - fmzn)

To estimate @) above, we need define the marginal L? type norm for sparse polynomials.
For p(x) € Rlzr,|<2a+ - - + Rlxy,, ] <24, We say a subset & C Qo4 is a cover of p(x) if for every
a € supp(p), there exists A € ® such that supp(a) C A. Let Q(p) be a cover of p(z) whose
cardinality is the smallest, that is,

Qp) = argmin{]@\ : @ is a cover of p(m)} (6.3)
DCyy

Like (2.9), denote by pa(za) the restriction of p(z) to xa, and define Sa by (2.11). If Sa # 0,
we can define

1/2
Ipa(ea) 2y = ( / mxwdmm) ,
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where pa is the uniform probability measure on Sa. If every int (SA) # (), a sparse marginal
L?-norm of p(x) can be defined as

1/2

HP(HC)HH(S),Q(p) = Z HPA(UCA)H%%SA)
AeQ(p)

To guarantee the sparse Lasserre’s relaxation (6.2) is always feasible and fs,5 > —o0 for
every f(z) € Rlzp|<2a + -+ + R[zp,, ] <24, we need the following assumption.

Assumption 6.1. There exist sparse SOS polynomials o1(xy,),...,om(x1,,) and positive
definite matrices E1, ..., E,, such that every deg(o;9;) < 2d and

m

o1(@r)g1(wn) + -+ om(zr,)gm(zr,) = 1= _[2r]] Eilzr]a.
=1

Assumption 6.1 is sufficient and necessary for guaranteeing (6.2) is always feasible for all
certain sparse f(x), as shown by the following proposition.

Proposition 6.2. The sparse Lasserre’s relaxation (6.2) is feasible and fsos > —o0 for all
f(z) € Rlzr]<2a + - - + Rlzp,, |<2a if and only if Assumption 6.1 holds.

Proof. “«<” Every f(z) € Rlzr,]<2q + - - + R[zr,,]<2q4 can be written as

fx) = filen) + -+ fm(zr,)
Because every E; > 0, there exists A > 0 big enough such that all

00,i(x1,) = fi(xr,) + ANwg)j Elrr]a

are SOS. Letting v = —\, we get

f@) =y => ooi(zs,) + Aor(zr)g(n) + - + Aom(21,)gm(21,,)-
i=1

Thus (6.2) is feasible and fgo5 > 7 > —00.
“=" Consider the special sparse polynomial

m

f@)==> 1) er,)a € Rlzn)<oa + - - + Rlzs, ) <aa-
i=1
Since (6.2) is feasible, there exist 4 and 6o ;(xr,), 64(xy,) feasible for (6.2) such that

m

=Yl lenda =5 = (Foi(en) + ditan)gien,))-
=1

=1

3

For any point u € S, it holds —4 > >, [ur, ]2 [us,,]a > 0. So —4 > 0 and

: Y Gilwr)gilzr) =1~ : (Z ([mli]dT[e’BIi]d + 5’O,z‘(%))> :
i=1

= =\

Therefore, Assumption 6.1 holds. O
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The sparse SOS polynomials and positive definite matrices E; in Assumption 6.1 might
not be unique. We want all \,in(E1), ..., Amin(FEm) are as large as possible. Similar to (3.1),
the best o7 (z7,) and E} can be found by solving the sparse SOS program:

max  min{Amin(E1), ..., Amin(Em)}
sit. o oi(er)gi(er) =1 - Y ler]j Eilor]a,
i=1 i=1 (6.4)
oi1(zr,),...,om(zr,,) are SOS,
deg(algl), LR deg(amgm) < 2d.

Note (6.4) is equivalent to an SDP problem, and can be solved efficiently by numerical
methods. Let o} (zr,),...,005(zr,) and Ef,...,E’ be optimal in (6.4). Assumption 6.1
holds if and only if min{Amin(ET), ..., Amin(E},)} > 0, so it is checkable by solving (6.4).

As before, we still denote by ppar and pmi, the maximum and minimum value of a
polynomial p(z) on S respectively. Define two sets of sparse polynomials

m
Zsp(g) = {p € ZR[in]g%l ! Pmaz T Pmin = 0} s
=1

=1

TPy (9) = {p € ZR[%]SM p(z)+1>0 Vze S} .

Lemma 6.3. Let p(z) € Y. | Rlzp,]<0q and Q(p) be defined in (6.3). Suppose int(Sa) # 0
for all A € Q(p).

(i) 1f p(x) € TPuy(9) O Znlg). then [p(@)] 20 < VI

(i4) Tt holds that |p(x) | 2(5)520) > e ()|l where

o) (S) == Arélgizr(lp) Amin(©a(S)) > 0. (6.5)

In the above OA(S) is defined by (2.12).

Proof. (i) Fix an arbitrary p(z) € TPsy(g9) N Zsp(g), then p(xz) > —1Va € S, which implies
(since Pmaz = —Pmin) —1 < p(x) < 1Vz € S. In particular, we get

—1<pa(za) <1 Vza € Sa.

So we can see that
Ipa@a)lfasy = [ patealdna(ea) <1
A

Therefore item (i) holds because

||p(33)||%2(3)79(p) = Z HPA(QJA)H%%SA) < |1Q2(p)|-
AeQ(p)

(ii) When all int(Sa) # 0, the matrices @ (S) are all positive definite, as shown in the
proof of Lemma 2.2. So 7g,)(S) > 0. For every A € Q(p), it holds

2
Ipa(@a)ll7zs,) = PAcOA(S)PaG = (naw)(S))” lpa(za)llE-
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Here pa ¢ is the weighted coefficient vector of p(x) (see definition (2.6)). Then

@) 172500 = O lIpa@a)lizgs,)
AeQ(p)

> (n0p)(9)° S lpat@a)lE = (o (5))” Ip()]1%,
AeQ(p)

which implies item (ii). O
The approximation bound for sparse Lasserre’s relaxation (6.2) is given as below.

Theorem 6.4. Suppose 0 € int(S), Assumption 6.1 holds, and o5(zr,),...,0% (zr1,,) and
Ef, ... E} are optimal for (6.4). Let f(x) € Rlzr|<2q + - + Rzr, |<2d, and foin (resp.,
fmaz) be its minimum (resp., maximum) on S. If fsos is the optimal value of the sparse SOS
relazation (6.2), then it holds

1< fmax_fsos < |Q(f)| ,
o fmax _fmin o UQ(f)(S) - ¥

where ng(p)(S) is defined in (6.5), Q(f) is defined in (6.3), and

N = min{Amin (ED), - -, Amin(E5) ).

Proof. We follow the same approach as in the proof of Theorem 3.3. Set

med(£) = 5 (fin + Fnas) € Urmins Fnasl. (&) = f(2) — med(f) € Zupla).

Then f(z) + (med(f) — fmin) > 0 for all z € S and

1 ~
—med(f)—fmmf(x)—i_lzo Vo € S.

By definition of T'Pyy,(g), it must hold
1 .
STy Temm——— TP N Zs .
Note f(z) and f(x) have the same cover set. Since the origin is in the interior of S, int (Sa) #

() for all A € Q(p). So Lemma 6.3 implies
1 .

. <A/ Q) = V/Qf). 6.6
Hm T T T g gy < V) = VD) (6.6)
Now fix two constants
0 = (med(]) ~ fuin) VO 20y = med(f) 0% (6)
Then (6.6) implies
1 -
i@ < o (9) X"
L2(9),Q(f)
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Lemma 6.3 and the above then imply

< A

1| 1 4
< (nap(9) || 5o (@)
L2(9),9(f)

G

f(x)

9*
Since e%f(m) € > Rlzyr, <24, define polynomials fi(zy,), ..., fm(zr,) as follows

1 -
fi(xr,) is the restriction of ﬁf(ac) to xp,,

1
fa(xr,) is the restriction of 9—*]”(:1:) — fi(zp) to xp,,

m—1
1 -
fm(z1,,) is the restriction of %f(x) - Z fi(zr,) to xg,,,.
i=1

Then we get )
ejf(x) = filzn) + -+ fm(2r,,),

<\ Vi=1,...,m.
G

By Lemma 2.1, there exist symmetric matrices W; such that

L f)

Iftenle < |5

filzn) = [z )iWilzrla,  [Willr < A"
Thus the polynomials
soi(x,) = fi(er,) + [2n)g Eflog)a = [20]] (Wi + Ef)[21,]a

must be SOS, because |[Wi|l2 < [Willr < X < Anin(E}). Let ooi(xr,) = 0*s0i(xr;) and

oi(xzr,) = 0*0(xy,) for each i. They are all sparse SOS polynomials. Since

m

L= [lern]d B lenla =) of(zr)gixr,),

i=1 i=1
we can easily check the identity

m

f@) =" => ooiler)+ Y oi(zr)gi(z1,)
=1

i=1

holds. So v* is feasible in (6.2). By optimality of fss, it holds fsos > 7*. The choice of v* in
(6.7) implies

med(f) — fsos 1

< Q(f).

med(F) = fin = map & ¥ )

The theorem now follows the fact that fiim < med(f) < fiar and fsos < fmin- O
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Example 6.5. Suppose 1, ..., I, are elements of the set

{{z’,...,i+k—1}: 1§i§n—k+1}.

Thus m =n —k+ 1. For each 1 <i <n — k+ 1 define g;(z) = 1—x?—---—m?+k71. The
feasible set S is a kind of multi-balls. Assume k > 2d. Let f(x) € Rz ]<2q+ -+ Rz, <24

be a sparse polynomial. Then |Q(f)| < (n — k + 1)(2’2). By definition (6.5), nqs)(S) is a

constant independent of n. Using the argument in subsection 4.1, for each g;(x), there exist
an SOS polynomial s;(x) and a symmetric matrix F; such that

: . 1
si(x)gi(z) =1~ [:v“)]gEi[m“)]d, Amin(E3) > FERE
Here each () = (x;,..., xjy1_1). Therefore it holds
P rr (@@ @ (@) = 1= gy 3 WOl B
i=1

So we can see that A\* > . As a result of Theorem 6.4, the sparse Lasserre’s

1
(d+1)(n—k+1)
relaxation (6.2) has an approximation bound O ((d +1)(n—k+1)32 (de) 1/2>. o
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