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Abstract

Suppose f(x), g1(x), . . . , gm(x) are multivariate polynomials in x ∈ Rn and have de-
grees no greater than 2d. Consider optimization problem

min f(x) s.t. x ∈ S = {x ∈ Rn : g1(x) ≥ 0, . . . , gm(x) ≥ 0}.
Assume fmin (resp., fmax) is the minimum (resp., maximum) of f(x) on S. Let fsos be
the lower bound of fmin given by Lasserre’s relaxation of order d. First, we study its
approximation performance. Under a suitable condition on g1, . . . , gm, we prove that

fmax − fmin ≤ fmax − fsos ≤ Q · (fmax − fmin).

Here Q is a constant depending only on g1, . . . , gm. In particular, if S is the unit ball
B(0, 1), Q = O(nd); if S is the hypercube [−1, 1]n, Q = O(n

3d
2 ); if S is the discrete set

{±1}n or {0, 1}n, Q = O(nd); for general cases, estimates for Q are also given. Second,
when f(x) is a form and S is defined by homogeneous polynomial inequalities, we prove
a similar approximation bound. Third, when f, g1, . . . , gm have certain sparsity patterns,
we prove an approximation bound for a sparse version of Lasserre’s relaxation.

Key words approximation bound, Lasserre’s relaxation, polynomials, semidefinite pro-
gramming, sum of squares

AMS subject classification 68Q25, 90C22, 90C60

1 Introduction

Consider the polynomial optimization problem

min
x∈Rn

f(x)

s.t. g1(x) ≥ 0, . . . , gm(x) ≥ 0.
(1.1)

Here f(x), g1(x), . . . , gm(x) are all multivariate polynomials in x = (x1, . . . , xn). Problem
(1.1) is quite general. When f(x) and gi(x) are all linear, (1.1) reduces to a linear program-
ming (LP); when f(x) and gi(x) are all quadratic, (1.1) becomes a quadratically constrained
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quadratic programming (QCQP). Generally it is quite difficult to solve (1.1). For instance,
when f(x) is a nonconvex quadratic function and every gi(x) is linear, problem (1.1) be-
comes a nonconvex quadratic programming (QP), which is NP-hard [27]. So problem (1.1)
is NP-hard. Thus approximation algorithms are more interesting. Lasserre’s relaxation [11]
is a typical numerical method for solving (1.1) approximately by using semidefinite program-
ming and sum of squares techniques. Recently there is much work in this area. We refer to
[7, 9, 11, 14, 15, 16, 23, 24, 28, 29, 33].

Lasserre’s relaxation was originally proposed by Lasserre in his milestone paper [11].
When f(x), g1(x), . . . , gm(x) have degrees no greater than 2d, Lasserre proposed the following
sum of squares (SOS) program to find a lower bound for the minimum fmin of (1.1)

max γ
s.t. f(x)− γ = σ0(x) + σ1(x)g1(x) + · · ·+ σm(x)gm(x),

deg(σ0), deg(σ1g1), . . . ,deg(σmgm) ≤ 2d,
σ0(x), σ1(x), . . . , σm(x) are SOS.

(1.2)

In the above, a polynomial is said to be SOS if it is a sum of squares of other polynomials.
If a polynomial is SOS, then it must be nonnegative everywhere, but the reverse might not
be true. See [32] for a survey on SOS and nonnegative polynomials. Though it is difficult to
check the nonnegativity of a polynomial, it is easier to check whether a polynomial is SOS.
This is because checking SOS is equivalent to solving a semidefinite programming (SDP)
problem, which can be solved efficiently. Problem (1.1) is NP-hard, but the SOS program
(1.2) is equivalent to an SDP problem. The integer d in (1.2) is called the relaxation order.

Now we give a short review about the convergence of Lasserre’s relaxation (1.2). For
convenience, denote g(x) = (g1(x), · · · , gm(x)) and

S = {x ∈ Rn : g1(x) ≥ 0, . . . , gm(x) ≥ 0}.

So S is a basic closed semialgebraic set [1]. For any γ feasible in (1.2), we have

f(x)− γ = σ0(x) + σ1(x)g1(x) + · · ·+ σm(x)gm(x) ≥ 0 ∀x ∈ S.

Thus, every γ feasible in (1.2) satisfies f(x) ≥ γ for all x ∈ S. If we denote by fsos,d the
optimal value of (1.2), then fmin ≥ fsos,d for all d. As d increases, the lower bound fsos,d

is monotonically increasing. Based on Putinar’s Positivstellensatz [31], Lasserre [11] proved
fsos,d → fmin as d → ∞ under a so-called archimedean condition (AC), that is, there exist
M > 0 and SOS polynomials s0(x), s1(x), . . . , sm(x) such that

M − ‖x‖2
2 = s0(x) + s1(x)g1(x) + . . . + sm(x)gm(x).

To make AC hold, S must be compact, but the reverse might not be true. However, this
does not limit the applications of Lasserre’s relaxation very much, because otherwise we can
always add a redundant ball condition M − ‖x‖2

2 ≥ 0 if S is compact. Nie and Schweighofer
[24] analyzed the convergence speed of Lasserre’s relaxations. Under AC, they proved

0 ≤ fmin − fsos,d ≤ O((log d)−c) as d →∞,

where c > 0 is a constant depending on g.
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Due to the computational cost of (1.2), people often choose small d in practical applica-
tions. This is because (1.2) is very expensive to solve for big d, though its computational
complexity is polynomial for any fixed d. So it is interesting to know the approximation
performance of (1.2) for a fixed relaxation order d. Suppose deg(f) = 2d and deg(g) ≤ 2d,
then the lowest order of Lasserre’s relaxation is d. For convenience, just denote by fsos the
optimal value of (1.2) for given f(x). We have seen fsos ≤ fmin, but do not know how far
away fsos is from fmin. Denote by fmax the maximum of f(x) on S, which always exists
when S is compact. For fixed g, a constant Q is called an approximation bound of (1.2) if it
holds

fmax − fsos ≤ Q · (fmax − fmin). (1.3)

Does the above Q exist? If so, how big is Q? Or what conditions make Q exist? To the best
knowledge of the author, these questions are known very little.

There has been much work on analyzing the performance of the first order Lasserre’s
relaxation when f(x) and gi(x) are quadratic polynomials. Most of them are based on stan-
dard semidefinite programming relaxations, and usually assume f(x) is a form (homogeneous
polynomial) and the constraints are homogeneous. We refer to [4, 5, 19, 21, 22, 34, 37, 38].
When f(x) and gi(x) are not quadratic, there exist other approximation methods different
from Lasserre’s relaxation for solving (1.1). When f(x) is a quartic form and there are only
homogeneous quadratic constraints, Luo and Zhang [20] proposed an interesting quadratic
SDP relaxation, and analyzed its approximation performance. When f(x) is a bi-quadratic
form and S is a bi-sphere, Ling, Nie, Qi and Ye [18] gave some approximation bounds based
on a bi-linear SDP relaxation and SOS techniques. When S is a simplex, De Klerk, Lau-
rent and Parrilo [2] proposed some polynomial time approximation schemes (PTASs) via
Pólya’s theorem or rational grid points, and proved some approximation bounds. Lasserre
and Netzer [13] analyzed SOS approximations of nonnegative polynomials via simple high
degree perturbations. In [3], De Klerk gave a nice survey on the complexity of optimization
over a simplex, hypercube or sphere. However, when f(x) and gi(x) are general polynomial
functions, there is very few work on analyzing the approximation performance of Lasserre’s
relaxation. Recently, Nie [26] proved some approximation bounds for standard SOS relax-
ations for minimizing forms over spheres or hypersurfaces. The techniques used there only
work when f(x) is a form and there is only a single homogeneous equality constraint. They
can be generalized in a nontrivial way to analyze the approximation performance of Lasserre’s
relaxation (1.2) when f(x) is not a form and there are several inequality constraints.

Contributions. First, we analyze the approximation bound of Lasserre’s relaxation (1.2)
when S is compact. Let f(x) be an arbitrary polynomial of degree 2d, and denote by fmin

(resp., fmax) its minimum (resp., maximum) value on S. Under a suitable condition on
g1, . . . , gm, we show that there exists a constant Q such that

1 ≤ fmax − fsos

fmax − fmin
≤ Q. (1.4)

The constant Q only depends on the tuple (g1, . . . , gm), and can be estimated numerically.
This will be presented in Section 3.

Second, we give explicit estimates for Q in (1.4) for some special problems. It will be
shown that: when S is a unit ball B(0, 1), Q = O(nd); when S is a hypercube [−1, 1]n,
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Q = O(n
3d
2 ); when S is the discrete set {±1} or {0, 1}n, Q = O(nd); when S is a multi-unit

ball, Q = O(nd). This will be shown in Section 4.
Third, we study homogeneous polynomial optimization, that is, f(x) is a form and S is a

polysoid that is defined by homogeneous polynomial inequalities, and deg(f) = deg(gi) = 2d.
In this case, the SOS polynomials σi(x) in (1.2) reduce to nonnegative scalars. Under a
suitable condition on the homogeneous parts of g1, . . . , gm, a similar approximation result
like (1.4) can also be proven. This will be presented in Section 5.

Last, we study the approximation performance of a sparse version of Lasserre’s relaxation.
When f(x) and g1(x), . . . , gm(x) have certain sparsity patterns, Lasserre’s relaxation (1.2)
can be modified to approximately solve problem (1.1) of much larger sizes. Under a suitable
condition on sparsity patterns, an approximation bound like (1.4) can also be proven. This
will be presented in Section 6.

The proofs of these approximation results are heavily based on estimating norms of poly-
nomials and using semidefinite programming properties. So we will first introduce some
basics about semidefinite programming, sum of squares, various norms of polynomials and
their relations. This will be presented in Section 2.

Notations. The symbol N (resp., R) denotes the set of nonnegative integers (resp., real
numbers). For any t ∈ R, dte (resp., btc) denotes the smallest integer not smaller (resp., the
largest integer not bigger) than t. For 0 < k ∈ N, [k] = {1, . . . , k}. For x ∈ Rn, xi denotes
the i-th component of x, that is, x = (x1, . . . , xn). The Sn−1 denotes the n − 1 dimensional
unit sphere {x ∈ Rn : x2

1 + · · · + x2
n = 1}. For α ∈ Nn, denote |α| = α1 + · · · + αn, and

supp(α) = {1 ≤ i ≤ n : αi 6= 0}. For α, β ∈ Nn, denote α ≤ β if every αi ≤ βi. The symbol
N≤k denotes the multi-index set {α ∈ Nn : |α| ≤ k}, and N(k) denotes {α ∈ Nn : |α| = k}.
For x ∈ Rn and α ∈ Nn, xα denotes xα1

1 · · ·xαn
n . The [x]d denotes the vector of all monomials

having degrees at most d and ordered graded alphabetically, that is,

[x]Td = [ 1 x1 · · · xn x2
1 x1x2 · · · · · · xd

1 xd−1
1 x2 · · · · · · xd

n ],

and [xd] denotes the homogeneous part of [x]d having degree d, that is,

[xd]T = [xd
1 xd−1

1 x2 · · · · · · xd
n ].

The R[x] denotes the ring of polynomials in (x1, . . . , xn) whose coefficients are real numbers,
R[x]k denotes the subspace of homogeneous polynomials whose degrees are equal to k; R[x]≤k

denotes the subspace of polynomials whose degrees are at most k; Sfr[x]≤k denotes the
subspace of square free polynomials whose degrees are at most k; for integers k1, . . . , k`,
denote R[x]k1,...,k`

:= R[x]k1 + · · · + R[x]k`
. For a polynomial p(x), supp(p) denotes the

support of p(x), i.e., the set of α ∈ Nn such that the monomial xα appears in p(x). For a
finite set S, |S| denotes its cardinality; for a general set S, int(S) denotes its interior. For
a matrix A, AT denotes its transpose. For a symmetric matrix X, λmax(X) and λmin(X)
denote the maximum and minimum eigenvalues of X respectively, and X º 0 (resp., X Â 0)
means λmin(X) ≥ 0 (resp. λmin(X) > 0). For a general matrix X, σmax(X) and σmin(X)
denote the maximum and minimum singular values of X respectively. For two matrices
A and B, A ⊗ B denotes the standard Kronecker product of A and B. For any vector
u ∈ RN , ‖u‖2 =

√
uT u denotes the standard Euclidean norm. For any matrix A, ‖A‖2

denotes the maximum singular value of A, and ‖A‖F denotes the Frobinus norm of A, i.e.,
‖A‖F =

√
Trace(AT A).
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2 Sum of squares and norms of polynomials

This section presents some basics in sum of squares, semidefinite programming, various norms
of polynomials and their relations.

2.1 Sum of squares and semidefinite programming

For a polynomial f(x) of degree 2d, there exists a symmetric matrix F such that

f(x) = [x]Td F [x]d.

The length of [x]d is
(
n+d

d

)
, and the dimension of F is

(
n+d

d

)× (
n+d

d

)
. The matrix F is called

a Gram matrix of f(x) and is not unique if d > 1 and n > 1. For convenience, we index the
columns and rows of F by monomials of degrees at most d, or equivalently by vectors in Nn

whose standard ‖ · ‖1 norms are at most d.
A polynomial f(x) is said to be a sum of squares (SOS) if there exist polynomials

f1(x), . . . , fk(x) such that f(x) = f1(x)2 + · · ·+ fk(x)2. As shown in [28, 29], f(x) is SOS if
and only if it has a Gram matrix F which is positive semidefinite, that is,

f(x) is SOS ⇐⇒ f(x) = [x]Td F [x]d, F º 0.

Define constant symmetric matrices Aα such that

[x]d[x]Td =
∑

α∈N≤2d

Aαxα, where N≤2d = {α ∈ Nn : |α| ≤ 2d}. (2.1)

If f(x) is given as
f(x) =

∑

α∈N≤2d

fαxα,

then f(x) is SOS if and only if there exists a symmetric matrix X such that

Aα •X = fα ∀α ∈ N≤2d, X º 0.

In the above • denotes the standard Frobinus inner product in matrix spaces. So checking
whether f(x) is SOS can be done by solving a semidefinite programming problem.

The standard form of a semidefinite programming is

min C •X
s.t. Ai •X = bi, i = 1, . . . , m,

X º 0.
(2.2)

Here C and A1, . . . , Am are constant symmetric matrices. Lasserre [11] showed that the SOS
program (1.2) is equivalent to an SDP problem like (2.2). So (1.2) can be solved efficiently.
SDP is a very nice convex optimization and has many attractive properties. There is a large
amount of work on solving SDP efficiently and its applications. We refer to [36] for more
details on the theory, algorithms and applications of semidefinite programming.
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2.2 Norms of polynomials

If a polynomial f(x) is given in the form

f(x) =
∑

α∈N≤2d

fαxα,

we define its 2-norm and G-norm as

‖f(x)‖2 =


 ∑

α∈N≤2d

f2
α




1/2

, ‖f(x)‖G =


 ∑

α∈N≤2d

p(α)−1f2
α




1/2

. (2.3)

Here p(α) denotes the partition number of α, that is,

p(α) =
∣∣∣
{

(β, ν) ∈ N≤d × N≤d : β + ν = α
}∣∣∣ ≤

(|supp(α)|+ d

d

)
. (2.4)

Obviously, the norms ‖ · ‖2 and ‖ · ‖G are equivalent and satisfy the relation

(
3d

d

)−1/2

‖f(x)‖2 ≤ ‖f(x)‖G ≤ ‖f(x)‖2. (2.5)

In view of (2.3), we denote the coefficient vectors

f =
(
fα : α ∈ N≤2d

)
, fG =

(
p(α)−1/2fα : α ∈ N≤2d

)
, (2.6)

and denote by [x]G,2d the column vector of weighted monomials

[x]G,2d =
(
p(α)1/2xα : α ∈ N≤2d

)
. (2.7)

The components in f, fG and [x]G,2d are ordered gradedly alphabetically according to their
indices. Thus we have f(x) = fT [x]2d = fT

G [x]G,2d and ‖f(x)‖2 = ‖f‖2, ‖f(x)‖G = ‖fG‖2.
The G-norm ‖f‖G is closely related to Gram matrices of f(x).

Lemma 2.1. If f(x) ∈ R[x]≤2d, there exists a symmetric matrix W such that

f(x) = [x]Td W [x]d, ‖W‖F = ‖f(x)‖G.

In particular, if f(x) ∈ R[x]0,2d, there exist τ ∈ R and a symmetric matrix V such that

f(x) = τ + [xd]T V [xd], τ2 + ‖W‖2
F = ‖f(x)‖2

G.

Proof. For any matrix W satisfying f(x) = [x]Td W [x]d, it must hold

fα =
∑

(β,ν)∈N≤d×N≤d: β+ν=α

Wβ,ν ∀α ∈ N≤2d.

Choose a particular W satisfying the above as follows

Wβ,ν = p(α)−1fα, ∀ (β, ν) ∈ N≤d × N≤d : β + ν = α.
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Then W is symmetric and satisfies

‖W‖2
F =

∑

α∈N≤2d

∑

(β,ν)∈N≤d×N≤d

β+ν=α

(p(α)−1fα)2 =
∑

α∈N≤2d

(p(α)−1fα)2p(α) = ‖f(x)‖2
G.

In particular, if f(x) ∈ R[x]0,2d, the above W has the zero pattern

W =




τ 0 0
0 0 0
0 0 V


 .

Here τ is the (1, 1) entry of W , and V is the block whose rows and columns are indexed by
monomials of degree equal to d. Obviously ‖W‖2

F = τ2 + ‖V ‖2
F . So the lemma follows.

Another type of useful norms is the so-called L2-norm. Throughout this paper, we always
assume S is compact. So we can define

‖f(x)‖L2(S) =
(∫

S
f(x)2dµ(x)

)1/2

. (2.8)

Here µ is the uniform probability measure on S. The ‖f(x)‖L2(S) defined in (2.8) is a norm
in R[x] when S has nonempty interior. This is because if ‖f(x)‖L2(S) = 0 then f(x) vanishes
on S, so f(x) vanishes in an open set, and hence it must be an identically zero polynomial.

Now we define the so-called marginal L2-norm of polynomials. Throughout this paper,
we always assume n ≥ 2d. Given a subset ∆ ⊂ {1, . . . , n} with |∆| = 2d, denote by x∆ the
subvector of x whose indices are in ∆, that is,

x∆ = (xi : i ∈ ∆).

The restriction f∆(x∆) of f(x) to x∆ is defined as

f∆(x∆) = f(x̃), where x̃i =

{
xi if i ∈ ∆,

0 otherwise.
(2.9)

So f∆(x∆) is a polynomial in x∆. Denote the set

Ω2d =
{
∆ ⊂ [n] : |∆| = 2d

}
. (2.10)

Obviously |Ω2d| =
(

n
2d

)
. We also denote by gi(x∆) the restriction of gi(x) to x∆, and g∆

denotes the tuple (g1(x∆), . . . , gm(x∆)). The set S∆ is then similarly defined as

S∆ = {x∆ : g1(x∆) ≥ 0, . . . , gm(x∆) ≥ 0}. (2.11)

If S∆ has nonempty interior, the L2(S∆)-norm can be accordingly defined as

‖f∆(x∆)‖L2(S∆) =
(∫

S∆

f∆(x∆)2dµ∆(x∆)
)1/2

,
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where µ∆(·) is the uniform probability measure on S∆. Note that if the origin belongs
to the interior of S, then every S∆ has nonempty interior. When every int

(
S∆

) 6= ∅, if
f(x) ∈ R[x]≤2d, we can define the marginal L2(S)-norm of f(x) as

‖f(x)‖L2(S),mg =


 ∑

∆∈Ω2d

‖f∆(x∆)‖2
L2(S∆)




1/2

.

For every ∆ ∈ Ω2d, define matrix

Θ∆(S) =
∫

S∆

[x∆]G,2d[x∆]TG,2ddµ∆(x∆). (2.12)

Obviously Θ∆(S) º 0. Let

η2d(S) =
√

min
∆∈Ω2d

λmin(Θ∆(S)). (2.13)

Note that η2d(S) is uniquely determined by the geometry of S but independent of the set of
defining polynomials g1(x), . . . , gm(x). For a general semialgebraic set S, the matrix Θ∆(S)
can be evaluated numerically, e.g., by semidefinite programming methods of Henrion, Lasserre
and Savorgnan [6]. Hence η2d(S) can also be evaluated numerically. For special S, there might
exist explicit formula for Θ∆(S), as will be shown later in Section 4.

Lemma 2.2. If int
(
S∆

) 6= ∅ for every ∆ ∈ Ω2d, then η2d(S) > 0. In particular, if 0 ∈ int(S),
then η2d(S) > 0.

Proof. It suffices to prove every Θ∆(S) is positive definite. Prove by contradiction. Suppose
there exist u 6= 0 such that uTΘ∆(S)u = 0 for some ∆ ∈ Ω2d. Then

uTΘ∆(S)u =
∫

S∆

([x∆]TG,2du)2dµ∆(x∆) = 0.

So we obtain
[x∆]TG,2du = 0 ∀x ∈ S∆.

Since S∆ has nonempty interior, [x∆]TG,2du must be an identically zero polynomial. The mono-
mials of [x∆]G,2d are linearly independent, so we must have u = 0, which is a contradiction.
Thus every Θ∆(S) must be positive definite, and η2d(S) > 0.

If 0 ∈ int(S), then 0 ∈ int(S∆) for every S∆. Thus η2d(S) > 0 follows the first part.

The norms ‖ · ‖L2(S),mg and ‖ · ‖G are related by the following lemma.

Lemma 2.3. Assume n ≥ 2d. If f(x), gi(x) ∈ R[x]≤2d, then ‖f(x)‖L2(S),mg ≥ η2d(S)‖f(x)‖G.

Proof. By definitions of L2(S∆)-norm and η2d(S), we know

‖f∆(x∆)‖2
L2(S∆) = fT

∆,GΘ∆(S)f∆,G ≥ η2d(S)2‖f∆(x∆)‖2
G.

Here f∆,G denotes the vector of weighted coefficients of f∆(x∆) (see (2.6)). By definition of
the marginal L2(S)-norm, it holds

‖f(x)‖2
L2(S),mg =

∑

∆∈Ω2d

‖f∆(x∆)‖2
L2(S∆) ≥ η2d(S)2

∑

∆∈Ω2d

‖f∆(x∆)‖2
G ≥ η2d(S)2‖f(x)‖2

G.

Thus the lemma follows.
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2.3 Relations between ‖ · ‖2 and L2 norms

Sometimes, we need estimate the relation between ‖ · ‖2 and L2 norms of polynomials. By
definitions (2.3) and (2.8), if we write f(x) = fT [x]2d, then

‖f(x)‖2
L2(S) = fT

(∫

S
[x]2d[x]T2ddµ(x)

)

︸ ︷︷ ︸
Θ(S)

f, ‖f(x)‖2
2 = fT f.

Hence, ‖f(x)‖L2(S) and ‖f(x)‖2 satisfy the relationship

√
λmin(Θ(S)) ≤ ‖f(x)‖L2(S)

‖f(x)‖2
≤

√
λmax(Θ(S)).

Once we know one of ‖f(x)‖L2(S) and ‖f(x)‖2, the other can be estimated by using maximum
and minimum eigenvalues of Θ(S). If S is special like a unit ball or hypercube, Θ(S) might
be given by explicit formula. If S is general, Θ(S) would be evaluated numerically, e.g., by
the methods in [6]. Once Θ(S) is available, its eigenvalues can be found numerically.

In certain situations, we need estimate the minimum eigenvalue of Θ(S) in terms of
dimension n and degree 2d for some special S, e.g., a hypercube. For this purpose, orthogonal
polynomials are very useful. Let Pk(t) be the k-th scaled Legendre Polynomial defined as

Pk(t) =
√

2k + 1 · 1
2kk!

· dk

dtk

(
t2 − 1

)k
. (2.14)

The first few of them are

P0(t) = 1, P1(t) =
√

3t, P2(t) =
√

5 · 1
2
(3t2 − 1), P3(t) =

√
7 · 1

2
(5t3 − 3t),

P4(t) = 3 · 1
8
(35t4 − 30t2 + 3), P5(t) =

√
11 · 1

8
(63t5 − 70t3 + 15t),

P6(t) =
√

13 · 1
16

(231t6 − 315t4 + 105t2 − 5).

It is well known that Legendre Polynomials are orthogonal over [−1, 1] with weight function
1, and it holds the relation

∫ 1

−1
Pi(t)Pj(t)dt =

{
2 if i = j,

0 if i 6= j.
(2.15)

Thus {Pk(t)}∞k=0 forms an orthogonal basis for the space of univariate polynomials. Note
Pk(t) has only even terms when k is even, and has only odd terms when k is odd. We refer to
[17] for more details about the properties of Legendre Polynomials. The univariate monomial
tk can be expressed as a linear combination of polynomials P0(t), P1(t), . . . , Pk(t). A general
formula is (see [17])

tk =
∑

`=k,k−2,...

(2` + 1)k!

2(k−`)/2
(

1
2(k − `)

)
!(` + k + 1)!!

√
1

2` + 1
P`(t). (2.16)
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Let Sfr(N≤2d) be the set of square free vectors from N≤2d, that is, Sfr(N≤2d) = N≤2d ∩
{0, 1}n. For any γ ∈ Sfr(N≤2d), define integer

r(γ) =
⌊
(2d− |γ|)/2

⌋
.

Denote by [x]`,even be the column vector of monomials which have even degrees in every
component xi and have total degrees not bigger than `. For instance,

[x]T4,even =
[
1 x2

1 · · · x2
n x4

1 x2
1x

2
2 · · · x2

1x
2
n x4

2 x2
2x

2
3 · · · x2

n−1x
2
n x4

n

]
.

Lemma 2.4. There exists a positive constant ω(d) depending only on d such that for every
square free vector γ ∈ N≤2d, it holds

λmin

(
1
2n

∫

[−1,1]n
x2γ

(
[x]2r(γ),even

) (
[x]2r(γ),even

)T
dx

)
≥ ω(d) ·

(
n + r(γ)

r(γ)

)−1

.

Proof. Obviously x2γ
(
[x]2r(γ),even

) (
[x]2r(γ),even

)T =
(
xγ [x]2r(γ),even

) (
xγ [x]2r(γ),even

)T
. Ev-

ery component of the vector xγ [x]2r(γ),even takes the form

xγ · x2ν , ν ∈ N≤r(γ). (2.17)

When i ∈ supp(γ), the univariate polynomial x1+2νi
i is a linear combination of P`(xi) with

odd ` ≤ 1 + 2νi. When i 6∈ supp(γ), x2νi
i is a linear combination of P`(xi) with even ` ≤ 2νi.

Therefore, the polynomial space spanned by the monomials of the form (2.17) is precisely
the space spanned by polynomials of the form Pα(x) := Pα1(x1) · · ·Pαn(xn) where

(α1, . . . , αn) ∈ N≤2d(γ) :=
{

α ∈ N≤2d : each αi is
odd if i ∈ supp(γ)
even if i 6∈ supp(γ)

}
. (2.18)

Let [P (x)]2d,γ be the column vector of all above polynomials Pα(x) whose indices α ∈ N≤2d(γ)
and are ordered gradedly lexicographically in α. By formula (2.16), for every α ∈ N≤2d(γ),
there exist numbers cβ such that

xα =
∑

β∈N≤2d(γ): β≤α

cβ · Pβ1(x1) · · ·Pβn(xn). (2.19)

So there is a nonsingular lower triangular matrix L such that

xγ [x]2r(γ),even = L · [P (x)]2d,γ ,

and it holds

1
2n

∫

[−1,1]n
x2γ [x]2r(γ),even[x]T2r(γ),evendx =

1
2n

∫

[−1,1]n
L[P (x)]2d,γ [P (x)]T2d,γLT dx

=L

(
1
2n

∫

[−1,1]n
[P (x)]2d,γ [P (x)]T2d,γdx

)
LT = LLT .
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In the above, we have used the fact that the middle integral matrix there is the identity. This
is because for any two entries Pα(x),Pβ(x) of [P (x)]2d,γ with α, β ∈ N≤2d(γ), it holds

1
2n

∫

[−1,1]n
Pα(x) · Pβ(x)dx =

n∏

i=1

1
2

∫

[−1,1]
Pαi(xi)Pβi

(xi)dxi =

{
1 if α = β,

0 if α 6= β.

Therefore, it suffices for us to prove there exists ω(d) > 0 such that

σmin(L) ≥
√

ω(d) ·
(

n + r(γ)
r(γ)

)−1/2

.

Here σmin(·) denotes the smallest singular value of a matrix. So

σmin(L) = min
u6=0

‖Lu‖2

‖u‖2
= min

u6=0

‖u‖2

‖L−1u‖2
≥ 1
‖L−1‖2

≥ 1
‖L−1‖F

.

Now we turn to estimating ‖L−1‖F . The dimension of L is K ×K with K =
(n+r(γ)

r(γ)

)
. Since

L is nonsingular and lower triangular, there exist nonzero scalars l11, . . . , lK,K such that

L =




1
l21 1
l31 l32 1
...

...
...

. . .
lK1 lK2 · · · lK,K−1 1







l11

l22

l33

. . .
lKK




.

The inverse L−1 has the form

L−1 =




l−1
11

l−1
22

l−1
33

. . .
l−1
KK







1
−l21 1
−l31 −l32 1

...
...

...
. . .

−lK1 −lK2 · · · −lK,K−1 1




.

From the expression (2.19), we know the row of L indexed by α ∈ N≤2d(γ) has at most
∏

i∈supp(α)

αi ≤ (2d)2d

nonzero entries. So every row of L−1 also has at most (2d)2d nonzero entries. Since the
entries lij of L are independent of n, there exists a positive constant M = M(d) such that

∣∣L−1
ij

∣∣ ≤ M(d), ∀ 1 ≤ j ≤ i ≤ K.

Thus all entries of L−1 are bounded by M(d). So we get

‖L−1‖F =
√ ∑

1≤j≤i≤K

∣∣L−1
ij

∣∣2 ≤
√

K · (2d)2d ·M(d)2 = (2d)d ·M(d) ·K1/2,

which then implies

σmin(L) ≥ 1
‖L−1‖F

≥ 1
(2d)dM(d)

K−1/2.

If we set ω(d) =
(
(2d)dM(d)

)−2, the proof is completed.
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Proposition 2.5. For every polynomial f(x) ∈ R[x]≤2d, it holds that

‖f(x)‖L2([−1,1]n) ≥
√

ω(d)
(

n + d

d

)−1/2

· ‖f‖2,

where the constant ω(d) is given in Lemma 2.4.

Proof. For every f(x) ∈ R[x]≤2d, we can write it uniquely as

f(x) =
∑

γ∈Sfr(N≤2d)

xγ ·
(
(f (γ))T [x]2r(γ),even

)

for some vectors f (γ). Each fT
γ [x]2r(γ),even has even degree in every xi, and

‖f(x)‖2
L2([−1,1]n) =

1
2n

∫

[−1,1]n
f(x)2dx, ‖f‖2

2 =
∑

γ∈Sfr(N≤2d)

‖f (γ)‖2
2.

For any two different α, β ∈ Sfr(N≤2d), it must hold
∫

[−1,1]n

(
xα(f (α))T [x]2r(α),even

)(
xβ(f (β))T [x]2r(β),even

)
dx = 0.

Thus we have
∫

[−1,1]n
f(x)2dx =

∑

γ∈Sfr(N≤2d)

∫

[−1,1]n

(
xγ

(
(f (γ))T [x]2r(γ),even

))2
dx.

Lemma 2.4 implies

1
2n

∫

[−1,1]n

(
xγ(f (γ))T [x]2r(γ),even

)2
dx

=(f (γ))T

(
1
2n

∫

[−1,1]n
x2γ [x]2r(γ),even[x]T2r(γ),evendx

)
f (γ)

≥ω(d) ·
(

n + r(γ)
r(γ)

)−1

‖f (γ)‖2
2.

Therefore, from the above, we get

‖f(x)‖2
L2([−1,1]n) ≥

∑

γ∈Sfr(N≤2d)

ω(d) ·
(

n + r(γ)
r(γ)

)−1

‖f (γ)‖2
2

≥ ω(d)

(
min

γ∈Sfr(N≤2d)

(
n + r(γ)

r(γ)

)−1
) ∑

γ∈Sfr(N≤2d)

‖f (γ)‖2
2

≥ ω(d)
(

n + d

d

)−1

‖f‖2
2,

which completes the proof.
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3 Some general bounds for Lasserre’s relaxation

This section analyzes the approximation bound of Lasserre’s relaxation (1.2). We assume
deg(g) ≤ 2d and S is a nonempty compact set. Thus, for every polynomial f(x), it has a
minimum fmin and a maximum fmax on S.

As we mentioned in Introduction, to make Lasserre’s relaxations converge, we need assume
g1, . . . , gm satisfy AC. However, even when AC holds, (1.2) may not have a feasible solution,
i.e., fsos > −∞ is finite, for a fixed relaxation order d, though an arbitrarily good lower
bound can be obtained when d goes to infinity. To guarantee (1.2) is always feasible and
fsos > −∞ for all f(x) ∈ R[x]≤2d, we need the following assumption.

Assumption 3.1. There exist a symmetric positive definite matrix E Â 0 and SOS polyno-
mials σ1(x), . . . , σm(x) such that each deg(σigi) ≤ 2d and

σ1(x)g1(x) + · · ·+ σm(x)gm(x) = 1− [x]Td E[x]d.

The following proposition shows Assumption 3.1 is sufficient and necessary to guarantee
fsos > −∞ for all f(x) ∈ R[x]≤2d.

Proposition 3.2. Lasserre’s relaxation (1.2) is feasible and fsos > −∞ for all f(x) ∈ R[x]≤2d

if and only if Assumption 3.1 holds.

Proof. “ ⇐ ” Every f(x) ∈ R[x]≤2d can be written as f(x) = [x]Td F [x]d for some symmetric
matrix F . Since E is positive definite, we can choose λ > 0 big enough such that

σ0(x) := f(x) + λ[x]Td E[x]d = [x]Td (F + λE)[x]d

is SOS. Then choose γ = −λ, and we get the identity

f(x)− γ = σ0(x) + λσ1(x)g1(x) + · · ·+ λσm(x)gm(x).

Therefore (1.2) has a feasible solution and fsos > −∞.
“ ⇒ ” Consider the special polynomial f̂(x) = −[x]Td [x]d. Since (1.2) is feasible, there

exist γ̂ and SOS polynomials σ̂0(x), σ̂1(x), . . . , σ̂m(x) such that each deg(σ̂igi) ≤ 2d and

−[x]Td [x]d − γ̂ = σ̂1(x)g1(x) + · · ·+ σ̂m(x)gm(x) + σ̂0(x).

For any u ∈ S, the right hand side above must be nonnegative. So −γ̂ ≥ [u]Td [u]d > 0 and

1
−γ̂

(
σ̂1(x)g1(x) + · · ·+ σ̂m(x)gm(x)

)
= 1− 1

−γ̂

(
[x]Td [x]d + σ̂0(x)

)
.

Therefore, Assumption 3.1 holds.

In Assumption 3.1, the choice of SOS polynomials σ1(x), . . . , σm(x) and positive definite
matrix E may not be unique. In our later approximation analysis, the bigger λmin(E) is,
the better the obtained approximation bound would be. So we want σ1(x), . . . , σm(x) and E
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such that λmin(E) is as large as possible. Fortunately, the best choice σ∗1(x), . . . , σ∗m(x) and
E∗ can be found by solving the following SOS program:

max
σ1(x),...,σm(x),E

λmin(E)

s.t. σ1(x)g1(x) + · · ·+ σm(x)gm(x) = 1− [x]Td E[x]d,
σ1(x), . . . , σm(x) are SOS,
deg(σ1g1), . . . ,deg(σmgm) ≤ 2d.

(3.1)

Note (3.1) is equivalent to an SDP problem, and can be solved efficiently by numerical
methods. Throughout this section, assume σ∗1(x), . . . , σ∗m(x) and E∗ are optimal for (3.1).
Assumption 3.1 holds if and only if λmin(E∗) > 0, so it is checkable by solving (3.1).

Let F be a subspace of R[x]≤2d. Define a constant associated with F and S

χ(F , S) := max
p∈F

{
‖p‖G : |p(x)| ≤ 1 ∀x ∈ S

}
. (3.2)

When S has nonempty interior, χ(F , S) < ∞. When S has empty interior, χ(F , S) might
be infinite for some F . For instance, if S is the unit sphere Sn−1 and F = R[x]≤2d, then

χ(R[x]≤2d, Sn−1) = ∞.

This is because for polynomials pk(x) = k(1− ‖x‖2
2) it holds

‖pk(x)‖G →∞ as k →∞, |pk(x)| ≤ 1 ∀x ∈ Sn−1.

So, if S has empty interior, to make χ(F , S) < ∞, F should not intersect the subspace

V(S) =
{

p(x) ∈ R[x] : p(x) = 0 ∀x ∈ S
}

except at the zero polynomial. In this case, if we minimize nonzero polynomials from F over
S, F should be chosen to be a subspace of the modulo space R[x]/V(S). Obviously, if S has
nonempty interior, V(S) = {0} is the singleton of the identically zero polynomial.

Theorem 3.3. Suppose F is a subspace of R[x]≤2d containing 1, χ(F , S) < ∞, Assump-
tion 3.1 holds, and the tuple (σ∗1(x), . . . , σ∗m(x), E∗) is optimal for (3.1). Let f(x) ∈ F , and
fmin (resp. fmax) be its minimum (resp. maximum) on S. If fsos is the optimal value of
Lasserre’s relaxation (1.2), then it holds

1 ≤ fmax − fsos

fmax − fmin
≤ χ(F , S)

λmin(E∗)
.

Proof. Define the median of f(x) on S as

med(f) =
1
2
(fmin + fmax) ∈ [fmin, fmax].

Without loss of generality, assume fmin < med(f) < fmax, because otherwise if fmin = fmax,
then f(x) is constant and the theorem is obviously true. Let

f̃(x) =
f(x)−med(f)
med(f)− fmin

∈ F .
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Then |f̃(x)| ≤ 1 for all x ∈ S and
∥∥∥f̃(x)

∥∥∥
G
≤ χ(F , S) by definition (3.2). Now set

θ∗ =
χ(F , S)

λmin(E∗)
> 0, γ∗ = med(f)− θ∗

(
med(f)− fmin

)
. (3.3)

Thus we have ∥∥∥∥
1
θ∗

f̃(x)
∥∥∥∥

G

≤ λmin(E∗).

So, by Lemma 2.1, there exists a Gram matrix W such that

1
θ∗

f̃(x) = [x]Td W [x]d, ‖W‖F ≤ λmin(E∗),

1
θ∗

f̃(x) + [x]Td E∗[x]d = [x]Td (W + E∗)[x]d.

Since ‖W‖2 ≤ ‖W‖F ≤ λmin(E), we know W + E º 0. Hence the polynomial

σ0(x) := (med(f)− fmin)
(
f̃(x) + θ∗[x]Td E∗[x]d

)

must be SOS. Let σi(x) = (med(f)− fmin)θ∗σ∗i (x) for each i, which are all SOS. From

σ∗1(x)g1(x) + · · ·+ σ∗m(x)gm(x) = 1− [x]Td E∗[x]d,

we have the identity

f(x)− γ∗ = σ0(x) + σ1(x)g1(x) + · · ·+ σm(x)gm(x).

So σ0(x), σ1(x), . . . , σm(x) and γ∗ are feasible in (1.2). By optimality of fsos, we have fsos ≥
γ∗. By the choice of γ∗ in (3.3), it holds

med(f)− fsos

med(f)− fmin
≤ χ(F , S)

λmin(E∗)
.

Since med(f) ∈ [fmin, fmax] and fsos ≤ fmin, the above implies the theorem.

Theorem 3.3 can be applied to get an approximation bound if we can estimate χ(F , S)
for given F and S. Define a constant associated to the set S

κ2d(S) = min
p∈R[x]≤2d

{‖p(x)‖L2(S) : ‖p(x)‖2 = 1
}

. (3.4)

If we write p(x) = pT [x]2d, then ‖p(x)‖2
L2(S) = pT

(∫
S [x]2d[x]T2ddµ(x)

)
p, where µ(·) is the

uniform probability measure on S. So it holds

κ2d(S) =

√
λmin

(∫

S
[x]2d[x]T2ddµ(x)

)
.

The constant κ2d(S) can be evaluated numerically by methods like in [6].
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Proposition 3.4. If int
(
S

) 6= ∅, then κ2d(S) > 0 and

χ(R[x]≤2d, S) ≤ 1
κ2d(S)

.

Proof. Since int
(
S

) 6= ∅, for any nonzero polynomial p(x), ‖p(x)‖L2(S) > 0. So κ2d(S) is the
minimum of a positive continuous function defined on a compact set. Thus κ2d(S) > 0.

Now we prove the second part. Suppose p(x) ∈ R[x]≤2d is such that |p(x)| ≤ 1 for all
x ∈ S. Then ‖p(x)‖L2(S) ≤ 1 and (3.4) implies 1 ≥ κ2d(S)‖p(x)‖2. Therefore, we get

‖p(x)‖G ≤ ‖p(x)‖2 ≤ 1
κ2d(S)

,

which completes the proof.

Obviously Theorem 3.3 and Proposition 3.4 imply the following theorem.

Theorem 3.5. Suppose int
(
S

) 6= ∅, Assumption 3.1 holds, and σ∗1(x), . . . , σ∗m(x), E∗ are op-
timal for (3.1). Let f(x) ∈ R[x]≤2d, and fmin (resp. fmax) be its minimum (resp. maximum)
on S. If fsos is the optimal value of Lasserre’s relaxation (1.2), then

1 ≤ fmax − fsos

fmax − fmin
≤ 1

κ2d(S)λmin(E∗)
.

Sometimes it would be quite difficult to estimate κ2d(S) for given S. So we need other
kind of estimates for χ(R[x]≤2d, S).

Proposition 3.6. Assume n ≥ 2d. If 0 ∈ int
(
S

)
, then

χ(R[x]≤2d, S) ≤ 1
η2d(S)

√(
n

2d

)
.

Proof. Suppose p(x) ∈ R[x]≤2d and |p(x)| ≤ 1 for all x ∈ S. Since 0 ∈ int
(
S

)
, the restrictions

p∆(x∆) of p(x) must satisfy
|p∆(x∆)| ≤ 1 ∀x∆ ∈ S∆.

By definition of the marginal L2(S)-norm, we have

‖p(x)‖2
L2(S),mg =

∑

∆∈Ω2d

∫

S∆

p∆(x∆)2dµ∆(x∆) ≤
∑

∆∈Ω2d

1 =
(

n

2d

)
. (3.5)

Since int
(
S

) 6= ∅, Lemma 2.2 implies η2d(S) > 0. Therefore, by Lemma 2.3, we get

‖p(x)‖G ≤ 1
η2d(S)

‖p(x)‖L2(S),mg

which results in the proposition by applying (3.5).

The following is then implied by Theorem 3.3 and Proposition 3.6.
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Theorem 3.7. Suppose n ≥ 2d, 0 ∈ int
(
S

)
, Assumption 3.1 holds, and σ∗1(x), . . . , σ∗m(x), E∗

are optimal for (3.1). Let f(x) ∈ R[x]≤2d, and fmin (resp. fmax) be its minimum (resp.
maximum) on S. If fsos is the optimal value of Lasserre’s relaxation (1.2), then

1 ≤ fmax − fsos

fmax − fmin
≤ 1

η2d(S)λmin(E∗)

√(
n

2d

)
,

where η2d(S) is given by (2.13).

Remark 3.8. We would like to mention that the λmin(E∗) in Theorem 3.7 is closely related
to the “radius” of the set S. Let R be the radius of S, that is, R = maxx∈S ‖x‖2. From

‖x‖2k
2 = (x2

1 + · · ·+ x2
n)k =

∑

α∈N(k)

x2α k!
α1! · · ·αn!

≤ k!
∑

α∈N(k)

x2α = k!‖[xk]‖2
2

where N(k) = {α ∈ Nn : |α| = k}, we get 1 + ‖x‖2
2 + · · ·+ ‖x‖2d

2 ≤ d!‖[x]d‖2
2. Since

1 ≥ [x]Td E∗[x]d ≥ λmin(E∗)‖[x]d‖2
2 ∀x ∈ S,

it holds
λmin(E∗) ≤ 1

1 + R2 + · · ·+ R2d
.

Therefore, we can see that

1
λmin(E∗)

≥ 1 + R2 + · · ·+ R2d.

So the approximation bound given by Theorem 3.7 is at least

(1 + R2 + · · ·+ R2d)η2d(S)−1

√(
n

2d

)
. (3.6)

The polynomial 1− (1 + R2 + · · ·+ R2d)−1[x]Td [x]d is nonnegative on S. If fortunately there
exist SOS polynomials s0(x), s1(x), . . . , sm(x) such that every deg(sigi) ≤ 2d and

1− (1 + R2 + · · ·+ R2d)−1[x]Td [x]d = s0(x) + s1(x)g1(x) + · · ·+ sm(x)gm(x),

then there exists a symmetric matrix Ê be such that

[x]Td Ê[x]d = (1 + R2 + · · ·+ R2d)−1[x]Td I[x]d + s0(x),

1− [x]Td Ê[x]d = s1(x)g1(x) + · · ·+ sm(x)gm(x).

Since s0(x) is SOS, we know

1
λmin(E∗)

≤ 1
λmin(Ê)

≤ 1 + R2 + · · ·+ R2d.

In this case, λmin(E∗) = 1 + R2 + · · ·+ R2d. The assumption on the existence of above si(x)
is nontrivial. However, if R is known in advance, we can add the redundant constraint

1− (1 + R2 + · · ·+ R2d)−1[x]Td [x]d ≥ 0

to (1.1), and then have λmin(E∗) = 1 + R2 + · · ·+ R2d.
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4 Bounds for some special optimization problems

Theorems 3.3, 3.5 and 3.7 give approximation bounds for Lasserre’s relaxation (1.2) in terms
of different constants. Given a specific problem (1.1), we need estimate λmin(E∗) and one of
χ(F , S), κ2d(S) and η2d(S) to get an explicit bound. In this section, we show how to do this
for some special problems.

4.1 Optimizing polynomials over unit balls

Consider polynomial optimization over the unit ball B(0, 1) = {x ∈ Rn : ‖x‖2 ≤ 1}

min
x∈B(0,1)

f(x). (4.1)

When f(x) ∈ R[x]≤2d has degree 2d, the d-th Lasserre’s relaxation is

max γ
s.t. f(x)− γ = σ0(x) + σ1(x)(1− ‖x‖2

2),
deg(σ0) ≤ 2d, deg(σ1) ≤ 2d− 2,
σ0(x), σ1(x) are SOS.

(4.2)

Let g(x) = 1 − ‖x‖2
2. We are going to get an approximation bound for (4.2) by applying

Theorem 3.7. So η2d

(
B(0, 1)

)
and λmin(E∗) in (3.1) need to be estimated.

First, we estimate η2d

(
B(0, 1)

)
. By definition (2.13), η2d

(
B(0, 1)

)
=

√
λmin

(
Θ∆

(
B(0, 1)

))

for any ∆ ∈ Ω2d because of symmetry. So we just choose ∆ = {1, . . . , 2d}. Then

Θ∆

(
B(0, 1)

)
=

∫

‖x∆‖2≤1
[x∆]G,2d[x∆]TG,2ddµ∆(x∆),

where µ∆(·) is the uniform probability measure on {x∆ : ‖x∆‖2 ≤ 1}. Thus

Θ∆

(
B(0, 1)

)
=

1
V ol(‖x∆‖2 ≤ 1)

∫

‖x∆‖2≤1
[x∆]G,2d[x∆]TG,2ddx∆

where dx∆ is the standard Lebesgue measure. For α = (α1, . . . , α2d), if one αi is odd, then∫
‖x∆‖2≤1 xα

∆dx∆ = 0. If α is an even vector, then

∫

‖x∆‖2≤1
xα

∆dx∆ = Area(S2d−1) ·
∫

‖x∆‖2=1
xα

∆dν∆(x∆) ·
∫ 1

0
r|α|+2d−1dr.

In the above, Area(S2d−1) is area of the unit sphere S2d−1, and ν∆(·) is the uniform probability
measure on S2d−1. Note the formulae

Area(S2d−1) =
2πd

Γ(d)
, V ol(‖x∆‖2 ≤ 1) =

πd

Γ(1 + d)
,

∫

‖x∆‖2=1
xα

∆dν∆(x∆) =
Γ(d)

∏2d
i=1 Γ(βi + 1/2)

πdΓ(|β|+ d)
.

18



2d 2 4 6 8
η2d

(
B(0, 1)

)
0.19204 0.01670 0.00161 0.00004

Table 1: A list of η2d

(
B(0, 1)

)
for 2d = 2, 4, 6, 8.

Here Γ(·) is the standard Gamma function. So, if α = 2β = 2(β1, . . . , β2d) is even, we get

∫

‖x∆‖2≤1
xα

∆dµ∆(x∆) =
Γ(1 + d)

∏2d
i=1 Γ(βi + 1/2)

πd(|β|+ d)Γ(|β|+ d)
.

The entries of Θ∆

(
B(0, 1)

)
can be found explicitly, and η2d

(
B(0, 1)

)
is a constant depending

only on d. A list of typical values of η2d

(
B(0, 1)

)
is in Table 1.

Second, we estimate λmin(E∗) in (3.1). For any integer k ≥ 1, it holds

(1 + t + · · ·+ tk−1)(1− t) = 1− tk.

Let sd(t) = 1
d+1

∑d
k=1

∑k−1
j=0 tj . Then we get the identity

sd(t)(1− t) = 1− 1
d + 1

(
1 + t + · · ·+ td

)
.

Plugging t by ‖x‖2
2 in the above, we get

sd(‖x‖2
2)(1− ‖x‖2

2) = 1− 1
d + 1

(
1 + ‖x‖2

2 + · · ·+ ‖x‖2d
2

)
.

Since sd(‖x‖2
2) is SOS and has degree 2d− 2, there exists a symmetric E such that

1
d + 1

(
1 + ‖x‖2

2 + · · ·+ ‖x‖2d
2

)
= [x]Td E[x]d, λmin(E) ≥ 1

d + 1
.

So Assumption 3.1 holds for g(x) = 1 − ‖x‖2
2, and the optimal λmin(E∗) ≥ 1

d+1 . Therefore
Theorem 3.7 implies the following.

Theorem 4.1. Assume n ≥ 2d. Let f(x) ∈ R[x]≤2d, and fmin (resp., fmax) be its minimum
(resp., maximum) on B(0, 1). If fsos is the optimal value of SOS relaxation (4.2), then

1 ≤ fmax − fsos

fmax − fmin
≤ d + 1

η2d

(
B(0, 1)

)
√(

n

2d

)
.

So fsos is an O(nd)-approximation of fmin.

4.2 Optimizing polynomials over hypercubes

Consider polynomial optimization over the hypercube [−1, 1]n

min
x∈Rn

f(x)

s.t. 1− x2
1 ≥ 0, . . . , 1− x2

n ≥ 0.
(4.3)
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When f(x) has degree 2d, the d-th Lasserre’s relaxation for the above is

max γ
s.t. f(x)− γ = σ0(x) + σ1(x)(1− x2

1) + · · ·+ σn(x)(1− x2
n),

deg(σ0) ≤ 2d, deg(σ1), . . . , deg(σn) ≤ 2d− 2,
σ0(x), σ1(x), . . . , σn(x) are SOS.

(4.4)

Let g1(x) = 1−x2
1, . . . , gn(x) = 1−x2

n. To get an approximation bound for (4.4) by applying
Theorem 3.5, we need estimate κ2d([−1, 1]n) and λmin(E∗) in (3.1).

First, we estimate κ2d([−1, 1]n). For any p(x) ∈ R[x]≤2d, Proposition 2.5 implies

‖p(x)‖2
L2([−1,1]n) ≥ ω(d)

(
n + d

d

)−1

· ‖p‖2
2

where the constant ω(d) is given in Lemma 2.4. By definition (3.4), it then holds

κ2d([−1, 1]n) ≥
√

ω(d)
(

n + d

d

)−1/2

.

Second, we estimate λmin(E∗). Note all points in [−1, 1]n satisfy

1
n

n∑

i=1

(1− x2
i ) = 1− 1

n
‖x‖2

2 ≥ 0.

For polynomial sd(t) = 1
d+1

∑d
k=1

∑k−1
j=0 tj , it holds

sd(t)(1− t) = 1− 1
d + 1

(
1 + t + · · ·+ td

)
.

Plugging t by 1
n‖x‖2

2 in the above, we get

sd

(
1
n
‖x‖2

2

)(
1− 1

n
‖x‖2

2

)
= 1− 1

d + 1

(
1 +

1
n
‖x‖2

2 + · · ·+ 1
nd
‖x‖2d

2

)
.

There exists E such that

1
d + 1

(
1 +

1
n
‖x‖2

2 + · · ·+ 1
nd
‖x‖2d

2

)
= [x]Td E[x]d, λmin(E) ≥ 1

d + 1
n−d.

So we get

1
n

sd

(
1
n
‖x‖2

2

)(
n∑

i=1

(1− x2
i )

)
= 1− [x]Td E[x]d, λmin(E) ≥ 1

d + 1
n−d.

Note 1
nsd

(
1
n‖x‖2

2

)
is SOS. So Assumption 3.1 holds and the optimal E∗ in (3.1) satisfies

λmin(E∗) ≥ 1
d + 1

n−d.

The following then follows Theorem 3.5 immediately.
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Theorem 4.2. Let f(x) ∈ R[x]≤2d, and fmin (resp., fmax) be its minimum (resp., maximum)
on [−1, 1]n. If fsos is the optimal value of SOS relaxation (4.4), then it holds

1 ≤ fmax − fsos

fmax − fmin
≤ d + 1√

ω(d)

(
n + d

d

)1/2

nd

where ω(d) is given by Lemma 2.4. So fsos is an O(n
3d
2 )-approximation of fmin.

Using Theorem 3.7 as in subsection 4.1, we can get an approximation bound O(n2d) for
(4.4), which is worse than the bound O(n

3d
2 ) given by Theorem 4.2.

4.3 Optimizing square free polynomials over hypercubes

Consider problem (4.3) for the special case that f(x) there is square free, that is,

f(x) =
∑

γ∈Sfr(N≤2d)

fγxγ , where Sfr(N≤2d) = N≤2d ∩ {0, 1}n.

Denote by Sfr[x]≤k the space of all square free polynomials having degrees at most k.

Lemma 4.3. It holds that
χ(Sfr[x]≤k, [−1, 1]n) ≤

√
3

k
.

Proof. Let p(x) ∈ Sfr[x]≤k be such that |p(x)| ≤ 1 for all x ∈ [−1, 1]n. Write p(x) as

p(x) =
∑

γ∈Sfr(N≤k)

pγxγ .

Simple integration shows that

1 ≥ 1
2n

∫

[−1,1]n
p(x)2dx =

∑

γ∈Sfr(N≤k)

p2
α

1
2n

∫

[−1,1]n
x2γdx =

∑

γ∈Sfr(N≤k)

p2
α3−|γ| ≥ 3−k‖p‖2

2.

Therefore, we have
‖p(x)‖G ≤ ‖p(x)‖2 ≤

√
3

k
.

By definition (3.2), the lemma follows immediately.

So Lemma 4.3 implies
χ(Sfr[x]≤2d, [−1, 1]n) ≤ 3d.

From subsection 4.2, we know λmin(E∗) ≥ 1
d+1n−d for the hypercube [−1, 1]n. Thus the

following theorem follows Theorem 3.3.

Theorem 4.4. Let f(x) ∈ Sfr[x]≤2d be a square free polynomial, and fmin (resp., fmax) be
its minimum (resp., maximum) on [−1, 1]n. If fsos is the optimal value of (4.4), then

fmax − fmin ≤ fmax − fsos ≤ (d + 1) · (3n)d(fmax − fmin).
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4.4 Optimizing polynomials over ±1 and 0/1 sets

Consider the problem of optimizing polynomials over the discrete set {±1}n:

min f(x) s.t. x2
i = 1, i = 1, . . . , n. (4.5)

The constraints of (4.5) are equivalent to

gi(x) := 1− x2
i ≥ 0, gn+i(x) := −1 + x2

i ≥ 0, i = 1, . . . , n.

When f(x) has degree 2d, the d-th Lasserre’s relaxation for (4.5) is equivalent to

max γ
s.t. f(x)− γ = σ(x) + φ1(x)(1− x2

1) + · · ·+ φn(x)(1− x2
n),

deg(σ) ≤ 2d, deg(φ1), . . . , deg(φn) ≤ 2d− 2,
σ(x) is SOS.

(4.6)

The approximation bound of (4.6) is summarized as follows.

Theorem 4.5. Let f(x) ∈ R[x]≤2d, and fmin (resp., fmax) be its minimum (resp., maximum)
on {±1}n. If fsos is the optimal value of (4.6), then

fmax − fmin ≤ fmax − fsos ≤ (d + 1)nd(fmax − fmin).

Proof. From subsection 4.2, we know there exists an SOS polynomial s(x) such that

s(x)(g1(x) + · · ·+ gn(x)) = 1− [x]Td E[x]d, λmin(E) ≥ 1
d + 1

n−d.

So the optimal E∗ in (3.1) for the set {±1}n must satisfy λmin(E∗) ≥ 1
d+1n−d.

First, assume f(x) is a square free polynomial, i.e., f(x) ∈ Sfr[x]≤2d. We claim that

χ(Sfr[x]≤2d, {±1}n) ≤ 1. (4.7)

To see this, suppose p(x) ∈ Sfr[x]≤2d and |p(x)| ≤ 1 for all x ∈ {±1}n. Write p(x) as

p(x) =
∑

γ∈Sfr(N≤2d)

pγxγ .

Then we have

1 ≥ 1
2n

∑

u∈{±1}n

p(u)2 =
∑

γ∈Sfr(N≤2d)

p2
γ ·

1
2n

∑

u∈{±1}n

u2γ =
∑

γ∈Sfr(N≤2d)

p2
γ = ‖p‖2

2.

Hence, ‖p(x)‖G ≤ ‖p‖2 ≤ 1, and (4.7) is true by definition (3.2). So Theorem 3.3 implies
fmax − fsos ≤ (d + 1)nd(fmax − fmin) when f(x) is a square free polynomial.

Second, if f(x) is general, there exists a square free f̂(x) ∈ Sfr[x]≤2d such that

f(x) = f̂(x) ∀x ∈ {±1}n.

By the previous argument, we also have fmax−fsos ≤ (d+1)nd(fmax−fmin). Since fsos ≤ fmin

is always true, the theorem is proven.

After a linear coordinate transformation, the approximation bound in Theorem 4.5 also
holds if we optimize polynomials over {0, 1}n via Lasserre’s relaxation. So we get

Theorem 4.6. Let f(x) ∈ R[x]≤2d, and fmin (resp., fmax) be its minimum (resp., maximum)
on {0, 1}n. If fsos is the lower bound given by the d-th Lasserre’s relaxation, then

fmax − fmin ≤ fmax − fsos ≤ (d + 1)nd(fmax − fmin).
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4.5 Optimizing polynomials over quadratically constrained sets

A quite interesting problem is to minimize polynomials over quadratic constraints, i.e., every
gi(x) = [x]T1 Qi[x]1 is a quadratic polynomial. Problem (1.1) then becomes

min
x∈Rn

f(x)

s.t. [x]T1 Qi[x]1 ≥ 0, i = 1, . . . , m.
(4.8)

If Assumption 3.1 holds, Theorem 3.7 can be applied to get an approximation bound. To
estimate λmin(E∗) in (3.1), there exist simpler methods than solving (3.1) directly.

If we choose d = 1, then (3.1) becomes

max
λ=(λ1,...,λm),A

λmin(A)

s.t. λ1 · [x]T1 Q1[x]1 + · · ·+ λm · [x]T1 Qm[x]1 = 1− [x]T1 A[x]1,
λ1, . . . , λm ≥ 0,

(4.9)

which is then equivalent to the SDP

max
λ=(λ1,...,λm),A

λmin(A)

s.t. λ1Q1 + · · ·+ λmQm + A =
[
1 0
0 0

]
,

λ1, . . . , λm ≥ 0.

In the above, each 0 denotes a zero block of proper dimensions. Generally, (4.9) is much
easier to solve than (3.1) does. Let (λ∗, A∗) be an optimal solution of (4.9).

In the sequel, we will prove that if A∗ Â 0, then Assumption 3.1 holds. Let s(t) =
1
d

∑d
k=1

∑k−1
j=0 tj , then

s(t)(1− t) = 1− 1
d

(
t + · · ·+ td

)
.

Plugging t by [x]T1 A∗[x]1 in the above, we get

s
(
[x]T1 A∗[x]1

)
(1− [x]T1 A∗[x]1) = 1− 1

d

(
[x]T1 A∗[x]1 + · · ·+ ([x]T1 A∗[x]1)d

)
.

From (4.9), we know 1− [x]1A∗[x]1 ≥ 0 for all x ∈ S and

1 ≥ [x]1A∗[x]1 ≥ λmin(A∗)(1 + ‖x‖2
2).

So there exists a symmetric E such that

1
d

(
[x]T1 A∗[x]1 + · · ·+ ([x]T1 A∗[x]1)d

)
= [x]Td E[x]d, λmin(E) ≥ 1

d

(
λmin(A∗)

)d
.

Let σi(x) = λ∗i s
(
[x]T1 A∗[x]1

)
for each i, which are all SOS. Then we get

σ1(x)g1(x) + · · ·+ σm(x)gm(x) = 1− [x]Td E[x]d.

So Assumption 3.1 holds. The optimal E∗ in (3.1) for optimization (4.8) satisfies

λmin(E∗) ≥ 1
d

(
λmin(A∗)

)d
.

Therefore, the following is implied by Theorem 3.7.
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Theorem 4.7. Assume every gi(x) = [x]T1 Qi[x]1 is quadratic and the optimal A∗ in (4.9)
is positive definite. Let f(x) ∈ R[x]≤2d, and fmin (resp., fmax) be the minimum (resp.,
maximum) objective value of (4.8). If fsos is the optimal value of the d-th Lasserre’s relaxation
for (4.8), then

1 ≤ fmax − fsos

fmax − fmin
≤ d

η2d(S)
(
λmin(A∗)

)d

√(
n

2d

)
.

Remark 4.8. In the special case that every gi(x) = [x]T1 Qi[x]1 is concave, that is, the
quadratic homogeneous part of gi(x) is negative semidefinite., we can get λmin(A∗) exactly.
Let R = maxx∈S ‖x‖2 be the radius of S. Then 1 ≥ [x]T1 A∗[x]1 for all x ∈ S and

1 ≥ λmin(A∗)(1 + ‖x‖2
2) ∀x ∈ S.

So we get λmin(A∗) ≤ (1 + R2)−1. On the other hand, the concave function 1 − (1 +
R2)−1[x]T1 [x]1 is nonnegative on the convex set S. If int

(
S

) 6= ∅, there exist λ̂1 ≥ 0, . . . , λ̂m ≥
0 such that

1− 1
1 + R2

[x]T1 [x]1 = λ̂1[x]T1 Q1[x]1 + · · ·+ λ̂m[x]T1 Qm[x]1. (4.10)

Thus (λ̂1, . . . , λ̂m, 1
1+R2 In+1) is feasible for (4.9) and λmin(A∗) ≥ (1 + R2)−1. So

λmin(A∗) = (1 + R2)−1.

Therefore, if every gi(x) is concave, the bound in Theorem 4.7 becomes

d · η2d(S)−1(1 + R2)d

√(
n

2d

)
.

If some gi(x) = [x]T1 Qi[x]1 are not concave, then it would be quite difficult to estimate
λmin(A∗) in (4.9). This is because there might not exist nonnegative scalars λ̂1, . . . , λ̂m such
that (4.10) holds. However, if we know R in advance, a redundant quadratic constraint

1− (1 + R2)−1[x]T1 [x]1 ≥ 0

can be added to (4.8), and then we have λmin(A∗) = (1 + R2)−1.

Let us end this section with an example.

Example 4.9 (Multi-unit balls). Suppose x = (x(1), . . . , x(m)) where each x(i) is an ni-
dimensional vector and n1 + · · ·+ nm = n, each gi(x) = 1− ‖x(i)‖2

2, and every ni ≥ 2d. The
set S is a so-called multi-unit ball. Note the identity

1
m + 1

(g1(x) + · · ·+ gm(x)) =
1

m + 1
(m− ‖x‖2

2) = 1− [x]T1
In+1

m + 1
[x]1.

So we know the optimal A∗ of (4.9) satisfies λmin(A∗) ≥ 1
m+1 . Obviously η2d(S) is a positive

constant depending only on d. Then Theorem 4.7 implies an approximation bound O((mn)d)
holds for Lasserre’s relaxation (1.2) if we minimize polynomials over a multi-unit ball.
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5 Homogeneous polynomial optimization

Let f(x), h1(x), . . . , hm(x) ∈ R[x]2d be forms of degree 2d. Consider the optimization

min
x∈Rn

f(x)

s.t. h1(x) ≤ 1, . . . , hm(x) ≤ 1.
(5.1)

Denote the tuple h(x) = (h1(x), . . . , hm(x)). The feasible set in the above is a polysoid

P(h) = {x ∈ Rn : h1(x) ≤ 1, . . . , hm(x) ≤ 1}.

Since every hi(x) is homogeneous, 0 ∈ int
(P(h)

)
. If we set g(x) =

(
1−h1(x), . . . , 1−hm(x)

)
,

then Lemma 2.2 implies η2d

(P(h)
)

> 0 (see definition (2.13)).
The d-th Lasserre’s relaxation for (5.1) is

max γ
s.t. f(x)− γ − s1 · (1− h1(x))− · · · − sm · (1− hm(x)) is SOS,

s1 ≥ 0, . . . , sm ≥ 0.
(5.2)

Since all f(x) and hi(x) are forms of degree 2d, (5.2) is equivalent to

max −(s1 + · · ·+ sm)
s.t. f(x) + s1h1(x) + · · ·+ smhm(x) is SOS,

s1 ≥ 0, . . . , sm ≥ 0.
(5.3)

Problem (5.3) is equivalent to an SDP problem, and hence can be solved efficiently.
Since (5.1) is a special case of (1.1), we would think of applying Theorem 3.3, 3.5, or 3.7

to get an approximation bound for (5.2). However, since every hi(x) is a form of degree 2d,
Assumption 3.1 does not hold for polynomials 1− h1(x), . . . , 1− hm(x). This is because for
any s1 ≥ 0, . . . , sm ≥ 0, the polynomial s1(1 − h1(x)) − · · · − sm(1 − hm(x)) does not have
monomials of degrees between 1 and 2d− 1. So there is no positive definite E such that

s1

(
1− h1(x)

)− · · · − sm

(
1− gm(x)

)
= 1− [x]Td E[x]d.

However, in view of (5.3), Assumption 3.1 can be slightly modified as follows.

Assumption 5.1. There exist λ = (λ1, . . . , λm) ≥ 0 and a symmetric matrix E such that

λ1h1(x) + · · ·+ λmhm(x) = [xd]T E[xd], λ1 + · · ·+ λm = 1, λmin(E) > 0.

Denote by fsos the optimal value of (5.2). To guarantee (5.2) is feasible and fsos > −∞
for every form f(x) of degree 2d, Assumption 5.1 is sufficient and necessary.

Proposition 5.2. Lasserre’s relaxation (5.2) is feasible and fsos > −∞ for every form
f(x) ∈ R[x]2d of degree 2d if and only if Assumption 5.1 holds.

Proposition 5.2 can be proved by almost the same argument as for Proposition 3.2. So
we leave it for interested readers as an exercise.
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In Assumption 5.2, the choice of λ and E might not be unique. To get better approxima-
tion bounds, we want an E whose λmin(E) is as large as possible. Similar to (3.1), the best
λ∗ and E∗ can be found by solving the following SOS program:

max
λ1,...,λm,E

λmin(E)

s.t. λ1h1(x) + · · ·+ λmhm(x) = [xd]T E[xd],
λ1 + · · ·+ λm = 1, λ1 ≥ 0, . . . , λm ≥ 0.

(5.4)

The SOS program (5.4) is equivalent to an SDP problem, and can be solved efficiently by
numerical methods. Let (λ∗, E∗) be an optimal solution of (5.4). Assumption 5.1 holds if
and only if λmin(E∗) > 0, so it is verifiable by solving (5.4).

Let R[x]0,2d be the space of constant polynomials and forms of degree 2d, and F ⊆ R[x]0,2d

be a subspace. Recall that

χ(F ,P(h)) = max
p∈F

{‖p(x)‖G : |p(x)| ≤ 1 ∀x ∈ P(h)} .

Theorem 5.3. Suppose Assumption 5.1 holds, (λ∗, E∗) is optimal for (5.4), and F is a
subspace of R[x]0,2d containing 1. Let f(x) ∈ F , and fmin (resp. fmax) be its minimum
(resp. maximum) on the polysoid P(h). If fsos is the optimal value of (5.2), then

1 ≤ fmax − fsos

fmax − fmin
≤

(
1 +

1
λmin(E∗)

)
χ(F ,P(h)).

Proof. The proof is almost the same as for Theorem 3.3. Here we follow the same approach
and only list the distinctive parts. Set

med(f) =
1
2
(fmin + fmax), f̃(x) =

f(x)−med(f)
med(f)− fmin

∈ F .

Then |f̃(x)| ≤ 1 for all x ∈ P(h), and it holds ‖f̃(x)‖G ≤ χ(F ,P(h)). Fix two constants

θ∗ =
χ(F ,P(h))
λmin(E∗)

> 0, γ∗ = med(f)− θ∗(1 + λmin(E∗)) · (med(f)− fmin).

Then
∥∥∥ 1

θ∗ f̃(x)
∥∥∥

G
≤ λmin(E∗) and f̃(x) ∈ R[x]0,2d. By Lemma 2.1, there exist τ and V such

that
1
θ∗

f̃(x) = τ + [xd]T V [xd],
√

τ2 + ‖V ‖2
F =

∥∥∥∥
1
θ∗

f̃(x)
∥∥∥∥

G

≤ λmin(E∗).

Thus we have λmin(V ) ≤ ‖V ‖F ≤ λmin(E∗), |τ | ≤ λmin(E∗), and

σ0(x) := (med(f)− fmin)
(
f̃(x) + θ∗

(
λmin(E∗) + [xd]T E∗[xd]

))

= (med(f)− fmin)θ∗
(
τ + λmin(E∗) + [xd]T (V + E∗)[xd]

)

must be SOS. Set si = (med(f)− fmin)θ∗λ∗i ≥ 0. From

λ∗1h1(x) + · · ·+ λ∗mhm(x) = [xd]T E∗[xd], λ∗1 + · · ·+ λ∗m = 1,
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we obtain the identity

f(x)− γ∗ = σ0(x) + s1 · (1− h1(x)) + · · ·+ sm · (1− hm(x)).

By optimality of fsos, we have fsos ≥ γ∗. Then the choice of γ∗ implies

med(f)− fsos

med(f)− fmin
≤

(
1 +

1
λmin(E∗)

)
χ(F ,P(h)).

Since med(f) ∈ [fmin, fmax] and fsos ≤ fmin, the theorem follows.

For any compact polysoid P(h), we can similarly define a constant like (3.4)

κ2d

(P(h)
)

= min
p∈R[x]0,2d

{‖p(x)‖L2(P(h)) : ‖p(x)‖2 = 1
}

. (5.5)

For a polynomial p(x) =
[
1 [xd]T

]T
p, it holds

‖p(x)‖2
L2(P(h)) = pT

(∫

P(h)

[
1

[xd]

] [
1

[xd]

]T

dµ(x)

)
p,

where µ(·) is the uniform probability measure on P(h). So

κ2d

(P(h)
)

=

√√√√λmin

(∫

P(h)

[
1

[xd]

] [
1

[xd]

]T

dµ(x)

)
,

and it can be evaluated by numerical methods like in [6]. Since the origin is in the interior
of P(h), we always have κ2d

(P(h)
)

> 0.

Proposition 5.4. Assume n ≥ 2d. For any compact polysoid P(h), it holds

χ(R[x]0,2d,P(h)) ≤ min

{
1

κ2d

(P(h)
) ,

1
η2d

(P(h)
)
√(

n

2d

)}
.

Proof. Let p(x) ∈ R[x]0,2d be such that |p(x)| ≤ 1 for all x ∈ P(h). First, obviously
‖p(x)‖L2(P(h)) ≤ 1 and 1 ≥ κ2d(P(h))‖p(x)‖2. So we get

‖p(x)‖G ≤ ‖p(x)‖2 ≤ 1
κ2d

(P(h)
) .

Second, for any ∆ ∈ Ω(2d), the restriction p∆(x∆) of p(x) must satisfy

|p∆(x∆)| ≤ 1 ∀x∆ ∈ S∆.

By definition of the marginal L2
(P(h)

)
-norm, we have

‖p(x)‖2

L2
(
P(h)

)
,mg

=
∑

∆∈Ω2d

∫

S∆

p∆(x∆)2dµ∆(x∆) ≤
∑

∆∈Ω2d

1 =
(

n

2d

)
.

Therefore, Lemma 2.3 implies

‖p(x)‖G ≤ 1
η2d

(P(h)
)‖p(x)‖

L2
(
P(h)

)
,mg

≤ 1
η2d

(P(h)
)
√(

n

2d

)
,

which completes the proof.
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Obviously Theorem 3.3 and Proposition 5.4 imply the following.

Theorem 5.5. Suppose n ≥ 2d, Assumption 5.1 holds and (λ∗, E∗) is optimal for (5.4). Let
f(x) be a form of degree 2d, and fmin (resp. fmax) be its minimum (resp. maximum) on the
polysoid P(h). If fsos is the optimal value of SOS relaxation (5.2), then it holds

1 ≤ fmax − fsos

fmax − fmin
≤

(
1 +

1
λmin(E∗)

)
·min

{
1

κ2d

(P(h)
) ,

1
η2d

(P(h)
)
√(

n

2d

)}
,

where η2d

(P(h)
)

is defined by (2.13).

Remark 5.6. Similar to Remark 3.8, we can estimate λmin(E∗) in Theorem 5.5 in terms of
the radius of the polysoid P(h). Let R = maxx∈P(h) ‖x‖2. From

1− [xd]E∗[xd] = λ∗1(1− h1(x)) + · · ·+ λ∗m(1− hm(x)) ≥ 0 ∀x ∈ P(h),

1 ≥ [xd]E∗[xd] ≥ λmin(E∗)‖[xd]‖2
2 ≥

λmin(E∗)
d!

‖x‖2d
2 ∀x ∈ P(h),

we know
λmin(E∗) ≤ d!

R2d
.

The polynomial 1 − d!
R2d ‖[xd]‖2

2 is nonnegative on P(h). If fortunately there exist scalars
λ̂1 ≥ 0, . . . , λ̂m ≥ 0 and an SOS polynomial s(x) such that

s(x) +
d!

R2d
‖[xd]‖2

2 = λ̂1h1(x) + · · ·+ λ̂mhm(x), λ̂1 + · · ·+ λ̂m = 1,

then λmin(E∗) ≥ d!
R2d . It is nontrivial to assume the existence of the above λi ≥ 0. However,

if R is known in advance, we can add the redundant constraint 1− d!
R2d ‖[xd]‖2

2 ≥ 0 to (5.1),
and then have λmin(E∗) = d!

R2d .

Example 5.7. Suppose x has a partition (x(1), . . . , x(m)), where each x(i) is ni-dimensional
and n1 + · · ·+ nm = n, and each hi(x) = ‖x(i)‖2d

2d. Thus each hi(x) ≤ 1 defines a unit ball in
the x(i)-space under the standard 2d-norm. It is shown in Example 5.4 of [26] that

n∑

i=1

x2d
i ≥ n

(
n + d− 1

d

)−1

‖[xd]‖2
2.

So we get

1
m

(h1(x) + · · ·+ hm(x)) =
1
m

n∑

i=1

x2d
i ≥ n

m

(
n + d− 1

d

)−1

‖[xd]‖2
2,

and the optimal E∗ of (5.4) satisfies

λmin(E∗) ≥ O(m−1n1−d).

The constant η2d(S) is also independent of n. So Theorem 5.5 implies (5.2) is an O(mn2d−1)
approximation for (5.1) in this special case.
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6 Sparse Lasserre’s relaxation

Due to the computational cost of Lasserre’s relaxation (1.2), it it important to exploit the
sparsity patterns of polynomials in practical applications. There has been a large amount of
work on sparse polynomial optimization. Much larger polynomial optimization problems can
be solved by exploiting sparsity, as shown by the work [8, 10, 25, 30, 35]. Under a certain
condition, Lasserre [12] proved the convergence of a sparse version of Lasserre’s relaxation
when its order goes to infinity. But there is very few work on analyzing the approximation
bound for a fixed relaxation order. This section will address this issue.

Suppose g1(x), . . . , gm(x) in (1.1) are sparse polynomials, that is, each |supp(gi)| ¿(
n+2d

2d

)
, and deg(g) ≤ 2d. A typical sparsity pattern is each gi involves only a few variables.

For an index set I ⊂ {1, . . . , n}, denote

xI =
(
xi : i ∈ I

)
,

that is, xI is a subvector of x whose indices belong to I. Denote by R[xI ] the subring of real
polynomials in xI , and set R[xI ]≤2d = R[xI ] ∩ R[x]≤2d. Suppose I1, . . . , Im ⊂ {1, . . . , n} are
index sets such that

g1(x) = g1(xI1), . . . , gm(x) = gm(xIm).

Throughout this section, we assume S is a nonempty compact set, and n ≥ 2d.
Let f(x) ∈ R[xI1 ]≤2d + · · ·+ R[xIm ]≤2d. Consider the sparse polynomial optimization

min
x∈Rn

f(x)

s.t. g1(xI1) ≥ 0, . . . , gm(xIm) ≥ 0.
(6.1)

A sparse version of the d-th Lasserre’s relaxation is

max γ

s.t. f(x)− γ =
m∑

i=1
σ0,i(xIi) +

m∑
i=1

σi(xIi)gi(xIi),

deg(σ0,i), deg(σigi) ≤ 2d, i = 1, . . . , m,
σ0,i, σi are SOS, i = 1, . . . , m.

(6.2)

For convenience, we still denote the above optimal value by fsos. Our goal is to estimate a
bound Q such that

fmax − fsos ≤ Q · (fmax − fmin).

To estimate Q above, we need define the marginal L2 type norm for sparse polynomials.
For p(x) ∈ R[xI1 ]≤2d + · · ·+R[xIm ]≤2d, we say a subset Φ ⊆ Ω2d is a cover of p(x) if for every
α ∈ supp(p), there exists ∆ ∈ Φ such that supp(α) ⊆ ∆. Let Ω(p) be a cover of p(x) whose
cardinality is the smallest, that is,

Ω(p) = argmin
Φ⊆Ω2d

{
|Φ| : Φ is a cover of p(x)

}
. (6.3)

Like (2.9), denote by p∆(x∆) the restriction of p(x) to x∆, and define S∆ by (2.11). If S∆ 6= ∅,
we can define

‖p∆(x∆)‖L2(S∆) =
(∫

S∆

p∆(x∆)2dµ∆(x∆)
)1/2

,
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where µ∆ is the uniform probability measure on S∆. If every int
(
S∆

) 6= ∅, a sparse marginal
L2-norm of p(x) can be defined as

‖p(x)‖L2(S),Ω(p) =


 ∑

∆∈Ω(p)

‖p∆(x∆)‖2
L2(S∆)




1/2

.

To guarantee the sparse Lasserre’s relaxation (6.2) is always feasible and fsos > −∞ for
every f(x) ∈ R[xI1 ]≤2d + · · ·+ R[xIm ]≤2d, we need the following assumption.

Assumption 6.1. There exist sparse SOS polynomials σ1(xI1), . . . , σm(xIm) and positive
definite matrices E1, . . . , Em such that every deg(σigi) ≤ 2d and

σ1(xI1)g1(xI1) + · · ·+ σm(xIm)gm(xIm) = 1−
m∑

i=1

[xIi ]
T
d Ei[xIi ]d.

Assumption 6.1 is sufficient and necessary for guaranteeing (6.2) is always feasible for all
certain sparse f(x), as shown by the following proposition.

Proposition 6.2. The sparse Lasserre’s relaxation (6.2) is feasible and fsos > −∞ for all
f(x) ∈ R[xI1 ]≤2d + · · ·+ R[xIm ]≤2d if and only if Assumption 6.1 holds.

Proof. “⇐” Every f(x) ∈ R[xI1 ]≤2d + · · ·+ R[xIm ]≤2d can be written as

f(x) = f1(xI1) + · · ·+ fm(xIm).

Because every Ei Â 0, there exists λ > 0 big enough such that all

σ0,i(xIi) := fi(xIi) + λ[xIi ]
T
d E[xIi ]d

are SOS. Letting γ = −λ, we get

f(x)− γ =
m∑

i=1

σ0,i(xIi) + λσ1(xI1)g1(xI1) + · · ·+ λσm(xIm)gm(xIm).

Thus (6.2) is feasible and fsos ≥ γ > −∞.
“⇒” Consider the special sparse polynomial

f̂(x) = −
m∑

i=1

[xIi ]
T
d [xIm ]d ∈ R[xI1 ]≤2d + · · ·+ R[xIm ]≤2d.

Since (6.2) is feasible, there exist γ̂ and σ̂0,i(xIi), σ̂i(xIi) feasible for (6.2) such that

−
m∑

i=1

[xIi ]
T
d [xIm ]d − γ̂ =

m∑

i=1

(
σ̂0,i(xIi) + σ̂i(xIi)gi(xIi)

)
.

For any point u ∈ S, it holds −γ̂ ≥ ∑m
i=1[uIi ]

T
d [uIm ]d > 0. So −γ̂ > 0 and

1
−γ̂

m∑

i=1

σ̂i(xIi)gi(xIi) = 1− 1
−γ̂

(
m∑

i=1

(
[xIi ]

T
d [xIi ]d + σ̂0,i(xIi)

))
.

Therefore, Assumption 6.1 holds.
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The sparse SOS polynomials and positive definite matrices Ei in Assumption 6.1 might
not be unique. We want all λmin(E1), . . . , λmin(Em) are as large as possible. Similar to (3.1),
the best σ∗i (xIi) and E∗

i can be found by solving the sparse SOS program:

max min{λmin(E1), . . . , λmin(Em)}
s.t.

m∑
i=1

σi(xIi)gi(xIi) = 1−
m∑

i=1
[xIi ]

T
d Ei[xIi ]d,

σ1(xI1), . . . , σm(xIm) are SOS,
deg(σ1g1), . . . ,deg(σmgm) ≤ 2d.

(6.4)

Note (6.4) is equivalent to an SDP problem, and can be solved efficiently by numerical
methods. Let σ∗1(xI1), . . . , σ

∗
m(xIm) and E∗

1 , . . . , E∗
m be optimal in (6.4). Assumption 6.1

holds if and only if min{λmin(E∗
1), . . . , λmin(E∗

m)} > 0, so it is checkable by solving (6.4).
As before, we still denote by pmax and pmin the maximum and minimum value of a

polynomial p(x) on S respectively. Define two sets of sparse polynomials

Zsp(g) =

{
p ∈

m∑

i=1

R[xIi ]≤2d : pmax + pmin = 0

}
,

TPsp(g) =

{
p ∈

m∑

i=1

R[xIi ]≤2d : p(x) + 1 ≥ 0 ∀x ∈ S

}
.

Lemma 6.3. Let p(x) ∈ ∑m
i=1R[xIi ]≤2d and Ω(p) be defined in (6.3). Suppose int

(
S∆

) 6= ∅
for all ∆ ∈ Ω(p).
(i) If p(x) ∈ TPsp(g) ∩ Zsp(g), then ‖p(x)‖L2(S),Ω(p) ≤

√
|Ω(p)|.

(ii) It holds that ‖p(x)‖L2(S),Ω(p) ≥ ηΩ(p)(S)‖p(x)‖G where

ηΩ(p)(S) :=
√

min
∆∈Ω(p)

λmin(Θ∆(S)) > 0. (6.5)

In the above Θ∆(S) is defined by (2.12).

Proof. (i) Fix an arbitrary p(x) ∈ TPsp(g) ∩ Zsp(g), then p(x) ≥ −1∀x ∈ S, which implies
(since pmax = −pmin) −1 ≤ p(x) ≤ 1∀x ∈ S. In particular, we get

−1 ≤ p∆(x∆) ≤ 1 ∀x∆ ∈ S∆.

So we can see that
‖p∆(x∆)‖2

L2(S∆) =
∫

S∆

p∆(x∆)2dµ∆(x∆) ≤ 1.

Therefore item (i) holds because

‖p(x)‖2
L2(S),Ω(p) =

∑

∆∈Ω(p)

‖p∆(x∆)‖2
L2(S∆) ≤ |Ω(p)|.

(ii) When all int
(
S∆

) 6= ∅, the matrices Θ∆(S) are all positive definite, as shown in the
proof of Lemma 2.2. So ηΩ(p)(S) > 0. For every ∆ ∈ Ω(p), it holds

‖p∆(x∆)‖2
L2(S∆) = pT

∆,GΘ∆(S)p∆,G ≥
(
ηΩ(p)(S)

)2 ‖p∆(x∆)‖2
G.
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Here p∆,G is the weighted coefficient vector of p(x) (see definition (2.6)). Then

‖p(x)‖2
L2(S),Ω(p) =

∑

∆∈Ω(p)

‖p∆(x∆)‖2
L2(S∆)

≥ (
ηΩ(p)(S)

)2
∑

∆∈Ω(p)

‖p∆(x∆)‖2
G ≥

(
ηΩ(p)(S)

)2 ‖p(x)‖2
G,

which implies item (ii).

The approximation bound for sparse Lasserre’s relaxation (6.2) is given as below.

Theorem 6.4. Suppose 0 ∈ int(S), Assumption 6.1 holds, and σ∗1(xI1), . . . , σ
∗
m(xIm) and

E∗
1 , . . . , E∗

m are optimal for (6.4). Let f(x) ∈ R[xI1 ]≤2d + · · · + R[xIm ]≤2d, and fmin (resp.,
fmax) be its minimum (resp., maximum) on S. If fsos is the optimal value of the sparse SOS
relaxation (6.2), then it holds

1 ≤ fmax − fsos

fmax − fmin
≤

√
|Ω(f)|

ηΩ(f)(S) · λ∗ ,

where ηΩ(f)(S) is defined in (6.5), Ω(f) is defined in (6.3), and

λ∗ = min{λmin(E∗
1), . . . , λmin(E∗

m)}.
Proof. We follow the same approach as in the proof of Theorem 3.3. Set

med(f) =
1
2
(fmin + fmax) ∈ [fmin, fmax], f̃(x) = f(x)−med(f) ∈ Zsp(g).

Then f̃(x) + (med(f)− fmin) ≥ 0 for all x ∈ S and

1
med(f)− fmin

f̃(x) + 1 ≥ 0 ∀x ∈ S.

By definition of TPsp(g), it must hold

1
med(f)− fmin

f̃(x) ∈ TPsp(g) ∩ Zsp(g).

Note f(x) and f̃(x) have the same cover set. Since the origin is in the interior of S, int
(
S∆

) 6=
∅ for all ∆ ∈ Ω(p). So Lemma 6.3 implies

∥∥∥∥
1

med(f)− fmin
f̃(x)

∥∥∥∥
L2(S),Ω(f)

≤
√

Ω(f̃) =
√

Ω(f). (6.6)

Now fix two constants

θ∗ = (med(f)− fmin) · 1
ηΩ(f)(S) · λ∗

√
Ω(f) > 0, γ∗ = med(f)− θ∗. (6.7)

Then (6.6) implies ∥∥∥∥
1
θ∗

f̃(x)
∥∥∥∥

L2(S),Ω(f)

≤ ηΩ(f)(S) · λ∗.

32



Lemma 6.3 and the above then imply
∥∥∥∥

1
θ∗

f̃(x)
∥∥∥∥

G

≤ (
ηΩ(f)(S)

)−1
∥∥∥∥

1
θ∗

f̃(x)
∥∥∥∥

L2(S),Ω(f)

≤ λ∗.

Since 1
θ∗ f̃(x) ∈ ∑m

i=1R[xIi ]≤2d, define polynomials f1(xI1), . . . , fm(xIm) as follows

f1(xI1) is the restriction of
1
θ∗

f̃(x) to xI1 ,

f2(xI2) is the restriction of
1
θ∗

f̃(x)− f1(xI1) to xI2 ,

...

fm(xIm) is the restriction of
1
θ∗

f̃(x)−
m−1∑

i=1

fi(xIi) to xIm .

Then we get
1
θ∗

f̃(x) = f1(xI1) + · · ·+ fm(xIm),

‖fi(xIi)‖G ≤
∥∥∥∥

1
θ∗

f̃(x)
∥∥∥∥

G

≤ λ∗ ∀ i = 1, . . . ,m.

By Lemma 2.1, there exist symmetric matrices Wi such that

fi(xIi) = [xIi ]
T
d Wi[xIi ]d, ‖Wi‖F ≤ λ∗.

Thus the polynomials

s0,i(xIi) := fi(xIi) + [xIi ]
T
d E∗

i [xIi ]d = [xIi ]
T
d (Wi + E∗

i )[xIi ]d

must be SOS, because ‖Wi‖2 ≤ ‖Wi‖F ≤ λ∗ ≤ λmin(E∗
i ). Let σ0,i(xIi) = θ∗s0,i(xIi) and

σi(xIi) = θ∗σ∗i (xIi) for each i. They are all sparse SOS polynomials. Since

1−
m∑

i=1

[xIi ]
T
d E∗

i [xIi ]d =
m∑

i=1

σ∗i (xIi)gi(xIi),

we can easily check the identity

f(x)− γ∗ =
m∑

i=1

σ0,i(xIi) +
m∑

i=1

σi(xIi)gi(xIi)

holds. So γ∗ is feasible in (6.2). By optimality of fsos, it holds fsos ≥ γ∗. The choice of γ∗ in
(6.7) implies

med(f)− fsos

med(f)− fmin
≤ 1

ηΩ(f)(S)λ∗
√

Ω(f).

The theorem now follows the fact that fmin ≤ med(f) ≤ fmax and fsos ≤ fmin.
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Example 6.5. Suppose I1, . . . , Im are elements of the set
{
{i, . . . , i + k − 1} : 1 ≤ i ≤ n− k + 1

}
.

Thus m = n − k + 1. For each 1 ≤ i ≤ n − k + 1 define gi(x) = 1 − x2
i − · · · − x2

i+k−1. The
feasible set S is a kind of multi-balls. Assume k ≥ 2d. Let f(x) ∈ R[xI1 ]≤2d + · · ·+R[xIm ]≤2d

be a sparse polynomial. Then |Ω(f)| ≤ (n − k + 1)
(

k
2d

)
. By definition (6.5), ηΩ(f)(S) is a

constant independent of n. Using the argument in subsection 4.1, for each gi(x), there exist
an SOS polynomial si(x) and a symmetric matrix Ei such that

si(x)gi(x) = 1− [x(i)]Td Ei[x(i)]d, λmin(Ei) ≥ 1
d + 1

.

Here each x(i) = (xi, . . . , xi+k−1). Therefore it holds

1
n− k + 1

(
s1(x)g1(x) + · · ·+ sm(x)gm(x)

)
= 1− 1

n− k + 1

n−k+1∑

i=1

[x(i)]Td Ei[x(i)]d.

So we can see that λ∗ ≥ 1
(d+1)(n−k+1) . As a result of Theorem 6.4, the sparse Lasserre’s

relaxation (6.2) has an approximation bound O
(
(d + 1)(n− k + 1)3/2

(
k
2d

)1/2
)
.
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