ON THE COMPLEXITY OF PUTINAR'S POSITIVSTELLENSA  TZ

JIAWANG NIE AND MARKUS SCHWEIGHOFER

Abstra ct. Let S=fx 2 R" jgi(x), 0;:::;gm(x), Og be a basic closed
semialgebraic set de ned by real polynomials g;. Putinar's Positivstellensatz

says that, under a certain condition stronger than compactneg of S, every real
polynomial f positive on S posessesa representation f = im=o %gi where
0o := 1 and each ¥ is a sum of squares of polynomials. Such a representation

is a certi cate for the nonnegativit y of f on S. We give a bound on the degrees
of the terms %g; in this representation which depends on the description of
S, the degree of f and a measure of how closef is to having a zeroon S. As
a consequence, we get information about the convergence rate of Lasserre's
procedure for optimization of a polynomial subject to polynomial constraints.

1. Intr oduction

Always write N := f0;1;2;:::g and R for the sets of nhonnegative integers and
real numbers, respectively. Denote by R[X] the ring of polynomials in n , 1

p 2 R[X]g for the set of squaresand R[)ﬂ2 for the set of sums of squaresof
polynomialsin R[X ]. A subsetM p R[X ] is called a quadmtic module if it contains
1 and it is closedunder addition and under multiplication with squares,i.e.,

12M; M+MpM and RRXFMp M:

A subsetT p R[X ] is called a preordering if it contains all squaresin R[X] and it
is closedunder addition and multiplication, i.e.,

RXPuT, T+TuT and TTHT:

In other words, the preorderings are exactly the multiplicativ ely closed quadratic
modules.

g 2 R[X]. It will be conveniert to setgo := 12 R[X]. The quadratic module M (&)
generatedby § (i.e., the smallestquadraEic module containing ead) g;) is

X X X0 X
) M (8) = R = %gj%2 RRP
i=0 i=0
Using the notation
=gt iger
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the preordering T (8) generatedby § can be written as
8 9
<

X X X X =
@ T -= RIX 4" = | Yl | Ya 2 R[>%]2;;

+2f 0;1g™ T +2f 0;1gM

i.e., T(§) is the quadratic module generatedby the 2™ products of g;. It is obvious
that all polynomials lying in T(g) 1 M (§) are nonnegative on the set

Setsof this form areimportant in semialgebraicgeometry (see[BCR]) and are called
basic closel semialgebaic sets In 1991, Schmédgen [Smn| proved the following
\P ositivstellensatz" (a commonly usedGermanterm explained by the analogy with
Hilb ert's Nullstellensatz).

Theorem 1 (Schmidgen). Supmsethe basic closal semialgebaic set S(§) is com-
pact. Then for every polynomial f 2 R[X ],

f>00nS(E) =) f2T():

Under a certain extra property on M (§) which we will de ne now, this theorem
remains true with T(§) replacedby its subsetM (§). We introduce the notation

kX k2 = X X2 2 R[X]:

i=1
Denition 2. A quadratic module M p R[X ] is called archimedean if
Nij kXk?2 M for someN 2 N:

Note that this de nition appliesalsoto preorderingssinceevery preorderingis a
guadratic module. As a corollary from SchméAdgen's Theorem, we get the following
well-known characterization of archimedeanquadratic modules.

Corollary 3. For a quadmtic module M p R[X], the following are equivalent.

(i) M is archimedean.
(i) Thereis a polynomial p2 M suchthat S(p) = fp, Ogp R" is compact.
(i) There is a tuple § of polynomials suchthat S(§) is compact and M contains
the preordering T(8).
(iv) For all p2 R[X], thereis N 2 N suchthat N | p2 M.

Proof. Obsenethat (i) =) (i) =) (i) =) (iv) =) (i). All of theseimplications
are trivial except (iii) =) (iv) which follows from Theorem 1. o

In particular, we seethat S(g§) is compact if and only if T(g) is archimedean.
Unfortunately, S(§) might be compact without M (8§) being archimedean(see[PD,
Example 6.3.1]). What hasto be addedto compactnessof S(g) in order to ensure
that M (§) is archimedeanhas beenextensiwely investigated by Jacobi and Prestel
[JP, PD]. Now we can state the Positivstellensatz proved by Putinar [Put] in 1993.

Theorem 4 (Putinar) . Suppsethe quadmtic module M (g) is archimedean. Then
for everyf 2 R[X],

f>00nS®@E) =) f2M(8):
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Both the proofs of Schmidgen and Putinar use functional analysis and real
algebraicgeometry. They do not giveinformation how to construct a represertation
of f shawing that f liesin the preordering (an expressionlike in (2) involving 2™
sums of squares)or the quadratic module (a represertation like in (1) with m+ 1
sums of squares).

Based on an old theorem of P§lya [P#I], new proofs of both Schmédgen's and
Putinar's Positivstellensatz have beengivenin [Swl, Sw3 which are to someextent
constructive. By carefully analyzing a tame version of [Sw3 and using an e®ec-
tiv e version of Pflya's theorem [PR], upper bounds on the degreesof the sums of
squaresappearing in Schmédgen's preordering represertation have been obtained
in [SwZ. The aim of this article is to prove bounds on Putinar's quadratic module
represenation. They will depend on the samedata but will be worsethan the ones
known for Schmiédgen's theorem.

Sinceit will appearin our bound, we will needa conveniert measureof the size
of the coezcients of a polynomial. For ® 2 N", we intro duce the notation

j® = ® + ¢+ ®  and X ©®:= X eoex S

as well as the multinomial coezcient

VI | .
o _ ¢
® = ®l®,!
P
For a polynomial f = ; agX ® 2 R[X] with coetcients ap 2 R, we set
Ja®.
kf k := max ®J

This denes a norm on the real vector spaceR[X ] with conveniert properties il-
lustrated by Proposition 14 below. For any k 2 R o, we now de ne corvex cones
T(8; k) and M (§; k) in the "nite-dimensional vector spaceR[X]. « of polynomials
of degreeat most k (i.e., at most bkc) by setting

8 9
< X + . X 2 + -
T(EK) = %y j%2  RIXTded%) - k. p T\ RRX];
+2f 0;1gm ’
X + - X 2 + )
M (&:k) = %y %2  RX]deg%y) - k KM@\ RIX]

i=0
We now recall the previously proved bound for Schmiédgen's theorem.
Theorem 5 ([SwZ2]). For all § de ning a hasic closel semialgebaic set S(g) which
is non-empty and contained in the open hypercuke (j 1;1)", there is somec, 1
(depending on &) suchthat for all f 2 R[X ] of degree d with

f%:= minff (x)jx 2 S(g)g> 0;

we have u u u kfkﬂ ﬂﬂ
f27T ged 1+ dden

In this article, we will prove the following bound for Putinar's theorem.
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Theorem 6. For all § de ning an archimedean quadmtic module M (§) and a set
; 6 S(§ 1 (j L,1)", there is somec 2 R, (depending on §) such that for all
f 2 R[X] of degree d with

f% = minff(x)jx 2 S(§g> 0;

we have u UL o kﬂ KLl
f2M gcexp dzndf—u :

In both theoremsabove, there have beenmadeadditional assumptionscompared
to Schmidgen's and Putinar's original results. But these are not very serious
and have only been made to simplify the statemerts: For example, if S(g) = ;,
then j 1 2 T(#;k) for somek 2 N by Schmédgen's theorem. Therefore 4f =
(f + 1)2+ (f | 1)2(j 1) 2 T(y;2d+ k) for each f 2 R[X] of degreed , 0. The other
hypothesisthat S(§) be contained in the open hypercube (j 1;1)" is only a matter
of rescalingby alinear (or axne linear) transformation on R". For example,if r > 0
is such that S(g) u (j r;r)", then Theorem 5 remains true with kf k replaced by
kf (rX )k. Hereit isimportant to note that the property that M () be archimedean
is presened under atne linear coordinate changes. This is clear from Corollary 3.
Confer also the proof of Proposition 9 below.

In both Theorem 5 and 6, the bound dependson three parameters:

2 The description § of the basic closedsemialgebraicset,
2 the degreed of f and
2 a measureof how closef comesto have a zeroon S(g), namely kf k=f °.

The main di®erencebetweenthe two boundsis the exponertial function appearing
in the degreebound for the quadratic module represettation. It is an openreseart
problem whether this exponertial function can be avoided. It could even be pos-
sible that the samebound than for Schmédgen's theorem holds also for Putinar's
theorem. In view of the impact on the corvergencerate of Lasserre'soptimization
procedure (see Section 2 below), this question seemsvery interesting for applica-
tions. Whereasthe bound for the preordering represenation cannot be improved
signi cantly (see[Ste]), this seemspossiblefor the quadratic module represertation.

The dependanceon the third parameter kf k=f ° is consistert with the fact that
the condition f® > 0 cannot be weakenedto f° | 0 in neither Schmédgen's nor
Putinar's theorem. Under certain conditions (e.g., on the derivatives of f), both
theorems can however be extended to nonnegative polynomials (see [Sch, Mr2]).
With the partially constructive approach from [Sw4] to represertation of nonneg-
ative polynomials with zeros, one might perhapsin the future gain bounds even
for the caseof nonnegative polynomials which depend however on further data (for
examplethe norm of the Hessianat the zeros).

In special casesPrestel had already proved the mere existenceof a degreebound
for Putinar's Theorem depending on the three parameters described above (see
[PD, Section 8.4] and [Pre]). He used model theory and valuation theory to get
the existenceof sudh a bound. But the only information about the bound he gets
(using GAdel's theorem on the completenessof rst order logic) is that the bound
is computable.

In cortrast to this, our more constructive approac yields information in what
way the above bound dependson the two parametersd and kf k=f °. The constart
¢ dependson the description § of the semialgebraicset, but no explicit formula is
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given. For a concretely given g, one could possibly determine a constart c like in
Theorems5 and 6 by a very (probably too) tedious analysis of the proofs (cf. [Sw2,
Remark 10]).

We conclude this introduction by consideringthe one variable case,i.e., n = 1.
Scheiderer showved in [Sch, Corollary 3.4] that, in this case,compactnessof S(§)
implies that M (§) = T(§) (and therefore M (§) is archimedean). Now the equality
M (8) = T(8) implies in particular that &* 2 M (@) for all £2 f0;1g™. As an easy
consequencewe get that Theorem 5 remains valid with T replacedby M in the
caseof univariate polynomials. The bound in Theorem 6 is thus far from being
sharp in the one variable case. As said above, in the multiv ariate caseit is not
known if the bound can be improved considerably

The rest of the paper is organized as follows. In the next section, we use our
result to investigate the accuracy of Lasserre's\sums of squaresrelaxations" for
optimization of polynomials. In Section 3, we give the proof of Theorem 6.

2. Conver gence rate of Lasserre’'s procedure

Consider the problem to compute (by a numerical procedure,i.e., up to some
prescribable error) the minimum

3) f% = minff (x) j x 2 S(8)g

of a polynomial f 2 R[)i] on a non-empty basic closed semialgebraic set S(8).
In other words, you want to minimize a polynomial under polynomial inequality
constraints. When all the polynomials involved are linear, i.e., of degree- 1, this
is a linear optimization problem (a linear program) and there are very ezxcient
algorithms to solve this problem. For general polynomials this problem gets very
hard. It is therefore a common approad to solve a much easierrelated problem, a
so called relaxation, namely to compute for k 2 N,

4) fe =supfa2 Rjf i a2 M(§k)g2 R[ filg

which is clearly a lower bound of f ©. The problem of ‘nding f,’ canbe written asa
semide nite program whosesizegetsbiggerwhenk grows (seethe referencedbelow).
Semide nite programming is a well-known generalization of linear programming for
which very excient algorithms exist (seefor example [Tod]). One can now solve
a sequenceof larger and larger semide nite programs in order to get tighter and
tighter lower bounds for f°. Lasserre[Las] was the rst to interpret Putinar's
theorem as a corvergenceresult.

Indeed, it is easyto seethat Putinar's theorem just says that the ascending
sequence(f J)k2n corvergesto f® under the condition that M (§) be archimedean.
In this section, we will interpret our bound for Putinar's Positivstellensatz as a
result about the speedof convergenceof this sequence.

For anintro duction to the interplay of semide nite programming, sumsof squares,
optimization of polynomials and results about positive polynomials, we refer to
[Las, Mr1, Sw]] (with specialregardto Putinar's Positivstellensatz) and [JL, NDP,
NDS, PS]. There are seweral software tools which translate the problem of com-
puting f,’ into a semide nite program and call a semide nite programming solver.
See[HL, KKW , LAf, SoS].

The following technical lemma will also be neededin Section 3.
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Lemma 7. For any polynomial f 2 R[X] of degreed, 1 andall x 2 [j 1;1]",
if (X)j - 2dn9kf k:
R N L v _ o
Proof. Writing f = gae ' X® (ag 2 R), we have kf k = maxg jaej and

TR | Z X VO |
¥ e - NG R
® Xt eeexEn . . jaej "o ixa

it (x)j= ap j© eeixn

@II*II

for all x 2 [j 1;1]". Using thBt jagj - kfk and jx;j - 1, the multinomial identity
now shaws that jf (x)j - kfk _o nk. (d+ 1)n%f k - 2dndkf k. a

Now we are ready to prove the main theorem of this section.

Theorem 8. For all polynomials & de ning an archimedean quadmtic module M (§)
and aset; 6 S(g§ u (j 1;1)", there is somec > 0 (depending on §) such that
for all f 2 R[X] of degree d with minimum f® on S and for all integers k >
cexp((2d?n9)°), we have
oy 603n29Kf k
fifH+ G———2M(§;k)
° log &
and hene

L. 6dnZkfk

° log ¥
where f ¢ is de ned asin (4).

Proof. Given §, we choosec > 0 like in Theorem 6. Now let f 2 R[X ] be of degree
d with minimum f* on S and

(5) k > cexp((2d®n?)°)
be an integer. The cased = 0 is trivial. We assumetherefored , 1. Note that
k > c and hencelog(k=c) > 0. Setting

6d3n29kf k
a= g—-;

’

(6)

c k
log ¢

all we haveto proveish:= f j f®+ a2 M (§; k) becausethe secondclaim follows
from this. By our choice of ¢ and the obsenation degh = degf = d, it is enough

to shaw that
M d@‘ﬂ T |
a

cexp dn k;

or equivalertly r

d’n%hk - a® Iog% = 6d°n29kf k:
Observing that khk - kf k+ jf °j + a, it sutcesto shaw that
kf k+ jf %+ a- 6dndkf k:
Lemma 7 tells us that jf °j - 2dn9kf k and we are thus reducedto verify that
a- (4dn%j 1)kfk
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which is by (6) equivalert to
r

6d®n2d . (4dn?; 1)° Iog%:

By (5), it is nally enoughto ched that 6d®n?d - (4dn?; 1)(2d?n9). a

As already said in the introduction, the hypothesisthat S(g) is contained in the
open unit hypercube is just a technicality to avoid that the bound gets even more
complicated. In fact, if onedoesnot insist on all the information givenin Theorem
8, onegetsa corollary which is easyto rementber and still givesthe mostimportant
part of information.

Corollary 9. SupmseM (&) is archimedean, S(g) 6 ; and f 2 R[X]. Thereis

2 a constant ¢ > 0 depending only on § and
2 a constant c°> 0 degending on g and f
suchthat for f* and f,' asde ned in (3) and (4),
0
0- % f¢- qL for all largek 2 N.
° log &

Proof. Without loss of generality, assumef 6 0. Setd := degf. Since M (§)
is archimedean, S(g) is compact. We can hence choose a rescaling factor r > 0
depending only on g such that S(§(rX)) p (j 1;1)". Here g(rX ) denotesthe tuple
of rescaledpolynomials g (r X ). Now Theorem 8 applied to g(r X ) instead of § yields
c> 0that will together with c®:= 6d3n2dkf (rX )k have the desired properties by
simple scaling argumerts. a

Remark 10. The bound on the di®erencef * i f/ presered in this sectionis much
worsethan the corresponding one presered in [Sw2, Section 2] which is basedon
preordering represettations (i.e., wheref ¢ would be de ned using T (g) instead of
M (8)). This raisesthe question whether it is after all not suc a bad thing to use
preordering (instead of quadratic module) represenations for optimization though
they involve the 2™ products &* letting the semide nite programs get huge when
m is not small. Howevwer, it is not known if Theorem 8 holds perhapseven with the
bound from [Sw2 Theorem 4]. Compare also [Sw2, Remark 5].

3. The proof

In this section, we give the proof of Theorem 6. The three main ingredients are

2 the bound for Sthm#idgen's theorem preseried in Theorem 5 above,

2 jdeasfrom the (to someextent constructive) proof of Putinar's theoremiin
[Sw3 Section 2] and

2 the Bojasiewicz inequality from semialgebraicgeometry.

We start with somesimple facts from calculus.
Lemma 11. If 06 f 2 R[X] hasdegree d, then

ifO01 f()i- ke ykd®n®
for all x;y 2 [ij 1;1]".

1P Ak k
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Proof. Denoting by Df the derivative of f , by the meanvalue theorem, it is enough
to show that
7 iDf (x)(e)j - d*n

forall x 2 [j 1;1]" and e 2 R" with kek = 1. A small computation (compare the
proof of Lemma 7) shows that

—@ (x)
@;

from which we concludefor all x 2 [j 1;1]" and e2 R" with kek = 1,

1P Akt k

= xd . xoo .
— kfk  k(jxqj + ¢+ jx,j)*i Y- kfk  knkil. kfkd?nd ?:
k=1 k=1

@II

I — X
@@F()i()e':. :%)i()—q:jelj - kfkd?ndil jej:

i=1
P _
Becausefor a vector e on the unit spherein R", =, jej can reach at most P n,
this implies (7). o

el
iDE(x)(e)j = —

i=1 i=1

Remark 12. For all k 2 N and y 2 [0; 1],

1
- 2ky, . :
Vi DTy 5y
The next lemmais a versionof [Sw3 Lemma 2.3] caring about complexity issues.
In [Sw3 Lemma 2.3], it is shawvn that, if C u R" is any compactset,gi - 1onC
for all i and f 2 R[X ] is a polynomial with f > 0 on S(g), then there exists, , 0
such that for all suxciently largek 2 N,

NG
®) fi, (ai1D*>0 onC.
i=1

The idea is that, if you want to showv that f 2 M (@), you rst subtract another
polynomial from f which lies obviously in M (8§) sud that the di®erencecan be
proved to lie in M (8) aswell. This other polynomial must necessarilybe nonneg-
ative on S(g) but it should take on only very small values on S(8§) so that the
di®erenceis still positive on S(§). On the region whereyou are outside and not too
far away from S(g), the polynomial you subtract should take large negative values
sothat the di®erencegets positive on this region outside of S(§) (where f itself
might be negative). The hope is that the di®erencesatis es an improved positivit y
condition which will help usto shaw that it liesin M (8§). To understand the lemma,
it is helpful to obsene that the pointwiselimit for k! 1 of this di®erencewhich
is the left hand side of (11), isf on S(§) and 1 outside of S(g).

Lemma 13. For all § suchthat S:= S(§)\ [ ;1" 6 ; andg - 1on|[j 1 1],
there are ¢p; ¢1; ¢, > 0 with the following property:
For all polynomials f 2 R[X ] of degree d with minimum f®> 0 on S, if we set

Kk

e T cd®n? Tk kL

(9) L := d?ndi

and if k 2 N satis es
(10) 2k+ 1, co(l+ L%);
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then the inequality
xn o

f
. (@i Vg, -
i=1 2

(11) fi
holdson [j 1;1]".

Proof. By the Bojasiewiczinequality for semialgebraicfunctions (Corollary 2.6.7in
[BCRY]), we can choosec;; ¢ > 0 sud that

(12) dist(x; S)* - j caminfgy(X);:::;dm(X);0g
for all x 2 [j 1;1]" wheredist(x; S) denotesthe distance of x to S. Set

(13) Cs = c3(4n)%2;
(14) C1 = 4ncy

and choosecy 2 N big enoughto guarartee that
(15) Co(1+ r®), 2(mj 1)car and
(16) Co(1+ r) , 4mcyre*t

for all r , 0. Now supposef 2 R[X ] is of degreed with minimum f® > O on S and
considerthe set 1 3,

A= x2[ L1]"jf(x) - %“

By Lemmall,wegetforallx2 Aandy2 S

f?' fly)i f(x)- kxj ykd?ndi 1P ikt k- kx i ykd?n9kf k:
Sincethis is valid for arbitrary y 2 S, it holds that
fe o
Ik dist(x; S)
for all x 2 A. We combine this now with (12) and get
Mo e
minfgi(x); i m (X9 | — Tmger
vrrrEm ¢ 4d2ndkf k

forx 2 A. Wehaveomitted the argumert 0in the minimum which is hereredundant
becauseof A\ S = ;. By setting

1

17 + = —
17 Lo

wherewe de ne L likein (9), and having a look at (13), we can rewrite this as
(18) minfgi(X); 1 gm(X)g - i £
De ne , andk likein (9) and (10). For later use,we note

(19) = glLCe*fe:

B
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We claim now that

(20) P TR
2 5 2 I 1 1
+ mjl
(1) 2- x+1 2nd
fe .m
(22) 4 2k+ 1

Let us prove theseclaims. If we choosein Lemma 11 for y a minimizer of f on
S, we obtain

if )i 5% diam(j 1;1]")d?n% 17 nkfk = 2" nd?ndi

for all x 2 [j 1;1]", noting that the diameter of [j 1;1]" is 2
obsene

1P p 1P

p

nkf k = 2d?n%kf k
n. In particular, we
f £ 20°n%fk % i 20?n%fk  on[j L;1]":

Togetherwith the equation
*
5= 2d?n9kf k;
which is clear from (9), (14) and (17), this yields (20). Using (10), (15) and (17),
we seethat
2k + 1), co(1+ L)+, 2(mj 1)cgL2t=2(mj 1)
which is nothing elsethan (21). Finally, we exploit (10), (16) and (19), to seethat
(2k+ f, o1+ L) dmcL%* £ = 4m;

i.e., (22) holds.
Now (20), (21) and (22) will enableusto show our claim (11). If x 2 A, then in
the sum

B

X
(23) (@) i D*a(x)

i=1
at most m j 1 summands are nonnegative. By Remark 12, these nonnegative
summandsadd up to at most (mj 1)=(2k + 1). At least one summandis negative,
even - j by (18). All in all, if we evaluate the left hand side of our claim (11) in
apoint x 2 A, then it is

1] 1
mi 1 + + mip 1" e
; + + N —
AN v ""[(X){Z 2 ’lz'fzk+1}> 2
, - by (20) . 0by (21)

When we ewaluate it in a point x 2 [j 1;1]" nA, all summands of the sum (23)
might happen to be nonnegative. Again by Remark 12, they add up to at most
m=(2k + 1). But at the sametime, the de nition of A givesus a good lower bound
on f (x) sothat the result is
3. 5. m f“+f“_ .m f2
2 v 2 A kv 2
122§

. 0 by (22)
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Prop osition 14. If p;q2 R[X] are both homayeneus (i.e., all of their respctive
monomials have the same degree), then kpak - kpkkgk. For arbitrary s 2 N and

kpy ¢¢epsk - (1 + degp;) ¢e¢¢(1 + degps)kp:ik ¢eekpsk:

Proof. The statemert for homogeneous and g can be found in [Sw2, Lgmma 8].
The secondclaim follows from this by writing ead p; asa sump = |, pix Of
homogeneouslegreek polynomials py . Multiply the p; by distributing out all such
sumsand apply the triangle inequality to the sum which arisesin this way. Then
use
kpik, €¢Cosk K - Kpik, K ¢¢ekpsi K - kpak ¢¢tkpsk:

Now factor out kp;k ¢¢¢kpsk and recombine the terms of the sum which now are all
constart 1. o

Lemma 15. For all ¢;;¢;c3 > 0, thereis ¢> 0 suchthat
cLexp(cr®) - cexp(r® forallr, O:

Proof. Chooseany ¢, c;exp(c;2%) sudc that ¢z - c=2 and ¢, - 22, Then for
r2[0;2],

Cy exp(cor®) - ¢y exp(c2%) - c- cexp(r)
and for r | 2 (observingthat ¢; - ©),

crexp(Cr®) - cexp(2°2r®?) . cexp(r):

o]

We resumethe discussionbefore Lemma 13. With regard to (11), we can for
the momert concerrate on polynomials positive on the hypercube [j 1;1]". If
this hypercube could be described by a single polynomial inequality, i.e., if we had
[i 1;1]" = S(p) for somep 2 R[X ], then the idea would be to apply the bound for
Sctmidgen's Positivstellensatz now. The clue is herethat p is a single polynomial
and hence preordering and quadratic module represerations are the same,i.e.,
T(p) = M (p). The following lemma works around the fact that [j 1;1]" = S(p) can
only happenwhenn = 1. We round the edgesof the hypercube.

Lemma 16. LetSp (j 1;1)" be compact. Then 1§ % (X29+ :::X2%) > 0 on
S for all suxciently larged 2 N.

Proof. Considerfor each 1- d 2 N the set
1/2 3/4

: 1
Ag:= x2Sjx3+ ¢ee+ x24 | 1 F
This gives a decreasingsequenceA; T Az 1 Az T ::: of compact sets whose
intersection\ J_; Aq is empty by calculus. By compactnessa hite subintersection
is empty, i.e., Aqg = ; for all larged 2 N. o

Note that in the proof of Putinar's theorem in [Sw3 Section 2] where we were
not interested in complexity, a di®erert approad has beentaken. Condition (8)
has beenestablishedfor a polyhedron C which is even bigger than the hypercube,
sobig that preordering represerations certifying nonnegativity on C canbe turned
into quadratic module represenations certifying nonnegativity on the hypercube.
The advantage wasthat we could usePlya's theorem [P§I] which is much more el-
emertary than Schmidgen'stheorem. Despite the existenceof the e®ectiwe version
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[PR] of that theorem of Pflya, it seemsthat establishing positivity on suc a big

polyhedron C is too expensiwe from the complexity point of view. Though it is not

sonice, we therefore work here with a rounded hypercube and Theorem 5 instead.
We nally attack the proof of Theorem 6.

Proof of Theorem 6. By a simple scaling argumert, we may assumethat kgik - 1
andg - 1onf[j 1;1]for all i. According to Lemma 16, we can choosedy 2 N suc
that

1
do
By Putinar's Theorem 4, we have p 2 M (8§) and therefore
(24) P2 M (§;dy)

for somed; 2 N. Choosed; 2 N suc that

(25) 1+ degg - d, foralli2f1;:::;mg.

Now we choosecy; C;; c; like in Lemma 13, de ne L and , like in (9) and choose
the smallestk 2 N satisfying (10). Then

(26) 2k+ 1- co(1+ L)+ 2

Let c3, 1 denotethe constart existing by Theorem 5 (which is there called c and
givesthe bound for preordering represettations of polynomials positive on S(g)).

p:=1j i (X294 ¢ee+ X 29) > 0on S(y):

Using Lemma 15, it is easyto seethat we can choosec,;Cs; Cs;C7; ¢, O satisfying
(27) C32%3r2*2 %l . ¢, (exp(car))

(28) 2r + 2cr@* gl T L o exp(r®)

(29) CseXp(2c4dor (1 + r + 3)) - cgexp(re)

(30) C5* C exp(Car® + r) - c7 exp(r®’)

(31) crexp(r¢) + d; - cexp(r

forall r | 0. Now let f 2 R[X] be a polynomial of degreed , 1 with
f%:= minff (x)jx 2 S(g)g> O:
We are going to apply Theorem 5 to

X 2k
. (@i DT

i=1

h:=1j

By Lemma 13, (11) holds for this polynomial, in particular

(32) h® := minfh(x) j x 2 S(p)g, %:

By Proposition 14 and the de nition of d, in (25),

(33) khk - kf k+ d 2k

(34) degh - maxfd;(2k + 1)dy; 1g =: dh:

By Theorem 5 (respectively the above choiceof c3 , 1), we get

H khi e
(35) h2 T(p;kn)  wherekp := cad? 1+ dZn% T

o



PUTINAR'S  POSITIVSTELLENSA Tz 13

Note that khk=h" | 1 since0 < h®" - h(0) - khk. We use this to simplify the
degreebound in (35). Obviously

l"l TICg

khk
(36) kp - cad? 2d2n% —

hn
U

i C3203 dﬁ+2 C3 nC3 dn

ﬂ C3 l‘l
- Caexp(Cadh)

Kk te

hD

khk
hD
by choice of ¢4 in (27). Moreover, we have

Kk
hD

kf k
f o}

2L+ 20,02 Lt = L 4 2 Lot g LI L o exp(L%)
by (33), (32), (26), (19) and by the choice of c5 in (28). It follows that

(37) é(kf k + ’d §k+1) =2 + 2C1d§k+1 ch+1

dy - d(2k + 2)d, (by (34))
- d(co(1+ L)+ 3)d, (by (26))
kf k
) 2,d  KIK co
2d,d°n 2dndkfk(C°(1+ L%) + 3)
5 qkfk .
- 2d,d“n = (co(L+ L*) + 3) (by Lemma 7)
. 2donL (co(1 + (nL)% + 3)) (by (9))
and therefore
(38) Cs €xp(Cadh) - Co €XP((NL)")
for the constart cg chosenin (29). We now get
moo e
khk "™
Kh - Ca eXp(Cadh) e (by (36))
- cgexp((nL)e)(cs exp(L™))* (by (38) and (37))
= cgceexp(cs(nL)® + (nL)%)
- ¢cyexp((nL)®) (by choice of ¢7 in (30)).

Combining this with (35) and (24), i.e.,
h 2 T(p;c; exp((nL)°7)) and p2 M(g;d;);
yields (by composing corresponding represertations)
h2 M (& cexp((nL)®))

accordingto the choice of cin (31). Finally, we have that

X0
f=h+, (gi 1)%™g 2M(&cexp((nL))
i=1
since
deg((gi i 1)*g) - dn- kn - crexp((nL)®) - cexp((nL)®)
by choiceof dy in (25), dy in (34), ks in (35) and cin (31). o
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