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Abstract

We study how to solve sum of squares (SOS) and Lasserre’s relaxations for large scale
polynomial optimization. When interior-point type methods are used, typically only small
or moderately large problems could be solved. This paper proposes the regularization
type methods which would solve significantly larger problems. We first describe these
methods for general conic semidefinite optimization, and then apply them to solve large
scale polynomial optimization. Their efficiency is demonstrated by extensive numerical
computations. In particular, a general dense quartic polynomial optimization with 100
variables would be solved on a regular computer, which is almost impossible by applying
prior existing SOS solvers.
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1 Introduction
Consider the polynomial optimization

min flz) st. zels (1.1)
where f(x) is a multivariate polynomial and S C R"™ is a semialgebraic set (defined by a
boolean combination of polynomial equalities or inequalities). Recently there has been much
work on solving (1.1) by various sum of squares (SOS) or Lasserre’s relaxations. The basic
idea is approximating nonnegative polynomials by SOS polynomials. One of their attracting
properties is they are equivalent to certain semidefinite programming (SDP) problems. Thus
they would be solved by SDP packages (like SDPT3 [36], SeDuMi [33], SDPA [7]). Numerical
experiments show they give good approximations for (1.1), which is NP-hard. For instance,
in minimizing a general class of polynomials, SOS relaxations work very well in finding their
global minimum [28]. Typically SOS and Lasserre’s relaxations are very successful in solving
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(1.1). We refer to [9, 13, 17, 23, 28, 27, 34] for the work in this area. However, their
applications are very limited in solving big problems. For instance, to minimize a quartic
polynomial, it is very difficult to solve its SOS relaxation on a regular computer when it has
more than 20 variables. So far, SOS relaxations can only be solved for small or moderately
large problems, which severely affects their practical applications. The motivation of this
paper is proposing cheaper numerical methods for solving big polynomial optimization.

A standard semidefinite programming problem is

min CeX
XesN (1.2)
st. AX)=b, X =0.

Here SV denotes the space of N x N real symmetric matrices, X > 0 (resp. X > 0) means X
is positive semidefinite (resp. definite), and e denotes the standard Frobenius inner product.
Denote by Siv the cone of positive semidefinite matrices in S™. The C' € S and b € R™ are
constant, and A : S — R™ is a linear operator. The dual of (1.2) is

max bly

st. A +Z=C, Z=0. (1.3)

Here A* is the adjoint of 4. An X is optimal for (1.2) and (y, Z) is optimal for (1.3) if the
triple (X, y, Z) satisfies the optimality condition

AX) =b
A +2Z =C . (1.4)
X, Z=0, XZ =0

There is much work on solving SDP by interior point type methods. Most of them generate
a sequence {(Xg, yr, Zx)} converging to an optimal solution. At each step, a search direction
(AX,Ay,AZ) need to be computed. To compute Ay, typically an m x m linear system
need to be solved. To compute AX and AZ, two linear matrix equations need to be solved.
Typically the cost for computing Ay is O(m?). When m = O(N), the cost for computing
Ay is O(N3). In this case, solving SDP is not very expensive if N is not big (like less than
1,000). However, when m = O(N?), the cost for computing Ay would be O(N), which is
very expensive even for moderately large N (like 500). In this case, the cost for computing
Ay is very big. It requires the storage of a matrix of dimension m x m and O(m?) arithmetic
operations. We refer to [35, 37, 39] for numerical methods solving SDP.

Unfortunately, SDP problems arising from polynomial optimization belong to the latter
case that m = O(N?), which is why the SDP packages based on interior point methods
have difficulty in solving big SOS relaxations (like degree 4 with 100 variables). Now let us
illustrate this. Let p(z) be a polynomial of degree 2d. Then p(z) is SOS if and only if there
exists a matrix X € S [27] such that p(z) = [z]} X[2]4, where [z]; denotes the column
vector of all monomials up to degree d in graded alphabetical ordering. Note the length of
[x]gis N = ("zlrd). If we write p(z) as

a
pl@)= Y paait-apr,
aeN":|a|<2d



n= 10 20 30 10 50
2d = 4 (66, 1001) (231, 10626) (496, 46376) (861, 135751) (1326, 316251)
n= 60 70 80 90 100
2d=4 | (1891, 635376) | (2556, 1150626) | (3321, 1929501) | (4186, 3049501) | (5151, 4598126)
n= 10 15 20 25 30
2d = (286, 8008) (816, 54264) (1771, 230230) | (3276, 736281) | (5456, 1947792)
n= 5 10 15 20 25
2d = (126, 1287) (1001, 43758) | (3876, 490314) | (10626,3108105) | (23751,13884156)
n= 5 8 9 10 15
2d =10 | (252, 3003) (1287,43758) (2002, 92378) | (3003, 184756) | (15504,3268760)

Table 1: A list of sizes of SDP (1.5). In each pair (N,m), N is the length of matrix and m is
the number of equality constraints.

then p(z) being SOS is equivalent to the existence of X satisfying

A0 X

Pa YaeN':|al <2d,
X 0.

(1.5)

Yl

Here A, are certain constant symmetric matrices. The number of equalities is m = (n;rjd).

For any fixed d, m = O(N?) = O(n??). The size of SDP (1.5) is huge for moderately large n
and d. Table 1 lists the size of SDP (1.5) for some typical values of (n,2d). As we can see,
when interior point methods are applied to solve (1.5), at each step we need to solve a linear
system of m variables and two matrix equations. To compute Ay, we need to store an m x m
matrix and do O(n5?) arithmetic operations. This is very expensive for even moderately
large n and d, and hence severely limits the applicability of SOS relaxations. On a regular
computer, to solve a quartic polynomial optimization, it is quite difficult to apply interior
point methods when there are more than 20 variables.

Recently there has been much work on designing efficient numerical methods on solv-
ing large scale SDPs. The so-called regularization methods are specially designed for solving
SDPs whose number of equality constraints m is significantly bigger than the matrix length
N. We refer to [19, 30, 40] for the work in this area. Their numerical experiments show
that these methods are practical and efficient in solving large scale SDPs. Currently, these
methods are only designed for standard SDPs of form (1.2) or its dual (1.3). However, the
SDPs arising from polynomial optimization are usually in the form of conic semidefinite op-
timization, that is, they have block structures. Therefore, we first propose the regularization
methods for solving general conic semidefinite optimization, and then apply them to solve
polynomial optimization. Our numerical experiments show that these new methods could
solve significantly bigger polynomial optimization problems efficiently.

This paper is organized as follows. Section 2 describes the regularization methods for solv-
ing general conic semidefinite optimization. Section 3 discusses how to solve unconstrained
polynomial optimization. Section 4 discusses how to solve homogeneous polynomial opti-
mization. Section 5 discusses how to solve constrained polynomial optimization. Section 6
concludes this paper with some discussions.

Notations. The symbol N (resp., R) denotes the set of nonnegative integers (resp., real
numbers). For any ¢ € R, [t] (resp., [t|) denotes the smallest integer not smaller (resp.,
the largest integer not bigger) than t. For x € R™, x; denotes the i-th component of x,



that is, * = (21,...,2,). The S*~! denotes the n — 1 dimensional unit sphere {x € R" :
22+ -+ 22 = 1}. For a € N", denote |a| = a3 + -+ + a,,. The symbol N<j, denotes the
set {a € N : |a| < k}, and N, denotes {« € N" : |a| = k}. For each i, e; denotes the i-th
standard unit vector. The 1 denotes the vector of all ones. For x € R"™ and a € N*, ¢
denotes (" ---xz4". The [z]; denotes the vector of all monomials having degrees at most d
in graded alphabetical ordering, that is,

[:L‘:IZZ g [1 :1:1 oo :I:TL x% :1:1'1;2 ...... :I:[li ;Uil_leQ ...... ':Ug ]’

and [z9] denotes the homogeneous part of [z]4 having degree d, that is,

= [xl f]:il_le ...... xd]

For a polynomial p(z), supp(p) denotes the support of p(z), i.e., the set of & € N such that
the monomial z® appears in p(x). For a finite set .S, |S| denotes its cardinality. For a matrix
A, AT denotes its transpose. The Iy denotes the N x N identity matrix. For any vector
u € RV, ||lull2 = Vulu denotes the standard Euclidean norm.

2 Regularization methods for conic semidefinite optimization

This section describes the regularization methods for solving conic semidefinite optimization
problems having block diagonal structures. They are natural generalizations of the regular-
izatioin methods introduced in [19, 30, 40] for solving standard SDP problems.

2.1 Conic semidefinite optimization

Let K be a cross product of semidefnite cones
IC:SfrVl X e xSiV‘.

It belongs to the space M = SM x --- x SV, Each X € M is a tuple X = (X1,..., X))
with every X; € SVi. So X could be thought of as a symmetric block diagonal matrix. Thus
X € K if and only if its every block X; = 0. The notation X >x 0 (resp. X >k 0) means
every block of X is positive semidefinite (resp. definite). For X = (Xy,...,Xy) € M and
Y = (Y1,...,Ys) € M, define their inner product as X ¢Y = X; Y] + - + X, e Y;. Denote
by || - || the norm in M induced by this inner product. Note K is a self-dual cone, that is,

Kr'={YeM:YeX >0 VX eK}=K.

For a symmetric matrix W, denote by (W) (resp. (W)_) the projection of W into the
positive (resp. negative) semidefinite cone, that is, if W has spectral decomposition

W = Z )\Z’LLZUZT + Z /\ZUZUZT,
Ai>0 Ai<0
then (W), and (W)_ are defined as

Ai>0 Ai<0



For X = (X,...,Xy) € M, its projections into K and —/C are given by
(X = (X0 (X)), (X)oi = (K1)-re s (X)),
The projection function (+)x is Lipschitz continuous, because for any X,Y € K
[ X — Yil> = [|X = Y[? +2(Xx o Yo + Yi o X ) — [ X _x — Yol < |IX =Y
The projection norm function ||(-)x|| is convex. To see this, note

X)i|l = min | X + F||.
(Xl gel;g\l + F|

Then, for any two X,Y € M, it holds

H(X;Y>K gHX;YJX)_;c—;(Y)_;c :H)(—()()—;c+1/—(1/)_,C
SHW *HW = HIel + 21 el

A general conic semidefinite optimization problem is

min CeX

st AX)=b, X € K. (2.1)
Here C € M, b e R™, and A: M — R™ is a linear operator. The dual of (2.1) is
T
max by (2.2)

st. A*(y)+Z=0C,Zek.
If A(X) is a summation like
AX) = Au(Xy) + - 4 Ag(X),
where every A; : S™Vi — R™ is a linear operator, then its adjoint A*(y) has the form

A (y) = (A1 (y), -, Al ()

2.2 Regularization methods

There are two typical regularizations for a standard SDP: Moreau- Yosida regularization for
the primal (1.2) and Augmented Lagrangian regularization for the dual (1.3). They would
be naturally generalized to conic semidefinite optimization (2.1) and its dual (2.2). The
Moreau-Yosida regularization for (2.1) is

min = CeX + | X —Y|>?

X,YeM (2.3)
st. AX)=0b, X ek.

Obviously (2.3) is equivalent to (2.1), because for each fixed feasible X € M the optimal
Y € M in (2.3) is equal to X. The Augmented Lagrangian regularization for (2.2) is

T, 7 * o Y — 2z * _ 2
yeRIE?ZXeM bly—(Z+A*(y)—C)e g2+ A*(y) — C (2.4)

st. Zek.



When K = S is a single semidefinite cone, it was shown (see Section 2 of [19]) that for every
fixed Y, (2.4) is the dual of the following optimization

1
in CeX+—[[X-Y|*—y"(AX)—b)—ZeX.
min CoX 4o |IX — Y|~y (A(X) 1)~ Zo
By fixing y € R™ and optimizing over Z > 0, Malick, Povh, Rendl, and Wiegele [19] further
showed that (2.4) can be reduced to
T o * 2 1 2

max Wy~ §(A°(y) — C+ Y/ouel* + V. (25)
Proposition 2.1. Assume there exists X = 0 such that A(X) = b. The following state-
ments are equivalent:

(i) (X,y,Z) is optimal for (2.3)-(2.4).
(ii) (X,y,Z) satisfies

{ AX)=b,X=0(Z+A*(y) - C)+Y,
XekK, Zek, XeZ=0.
(iii) (X,y,Z) satisfies
X =0 /o+ A*(y) — O)k,
Z=—=(Y/o+A(y) - C)x, (2.6)
AAy+ A(Z -C) = (b— AY))/o.

The proof of Proposition 2.6 in [19] would be naturally generalized from a single semidefinite
cone Sf to the cone IC of block diagonal positive semidefinite matrices. So we omit the proof
of Proposition 2.1.

In (2.6), AA* is a symmetric matrix defined in the way that

(AA YTz = A*(y) e A*(2) Vy,z € R™
The optimality condition (2.6) leads to the following algorithm for solving (2.1):

Algorithm 2.2. Choose parameters o > 0, € >0, Y € SV, set Z = 0. Do the loop:
While (|b— A(X)|| > ¢ or |[C —Z — A*(y)]| > ¢
Solve AAd*y = A(C —Z)+ (b— A(Y))/o for y.

Compute the projections
X=0Y/o+Ay) - Clx, Z=-(Y/o+A(y)—C)-x.
Set Y := X and update o.

When K = Siv is a single semidefinite cone, Algorithm 2.2 reduces to the famous Bound-
ary Point Method (BPM), which was originally proposed by Povh, Rendl, and Wiegele [30]
(also see [19]) for solving big SDPs. This method was proven surprisingly efficient in some
applications, as illustrated in [19, 30]. Algorithm 2.2 can be thought of as a natural gener-
alization of BPM to general conic semidefinite optimization (2.1). It is a specification of the
following general regularization algorithm:



Algorithm 2.3. Choose Y € SV, y € R™, and €, e, set Z = 0 and do the loop
Repeat until ||Z + A*(y) — C|| < € (outer loop):
Repeat until ||b — A(X)|| < €™ (inner loop):
Compute the projections
X=0Y/o+A(y) - C)x, Z=-(Y/o+ A*(y) - C)—x.
Set g =b— A(X).
Update y < y + 7W g with appropriate 7 and W.
end
Set Y := X and update o.
end

Algorithm 2.3 is also a natural generalization of the regularization framework proposed
by Malick, Povh, Rendl, and Wiegele [19, Algorithm 4.3] for solving large scale SDP when
K = S¥ is a single semidefinite cone. In that case, if W is chosen to be (A.A*)~! and 7 = 1 /0,
Algorithm 2.3 reduces to Algorithm 2.2, as shown in [19, Prop. 4.4]. Its convergence was
discussed in [19, Theorem 4.4].

For solving large scale SOS relaxations, Algorithm 2.2 might converge fast at the be-
ginning, but generally has slow convergence when we get close to optimal solutions. This
is because it is basically a gradient type method. To get faster convergence, we need bet-
ter solvers for the inner loop of Algorithm 2.3. Typically, Newton type methods have good
properties like local superlinear or quadratic convergence. This leads to another kind of regu-
larization methods called Newton-CG Augmented Lagrangian, which was proposed by Zhao,
Sun and Toh [40]. It gives surprisingly good numerical performance in solving big standard
SDP problems. In the rest of this section, we generalize this important method to solve
general conic semidefinite optimization (2.1).

Denote by ¢, (Y,y) the objective in (2.5). When K = S¥, ¢,(Y,y) is differentiable [19,
Proposition 3.2] and

Vipo (Y1) = b~ 0 A((A"() ~ O+ Y/o)c ).

The above is also true when K is a cross product of semidefnite cones. The inner loop of
Algorithm 2.3 is essentially solving the maximization problem

«(Ye, v). 2.7
max ¢ (Ye, y) (2.7)

Since ¢, is concave in y, a point ¢ is a maximizer of (2.7) if and only if
Vyeo(Yi, §) = 0.

The function ¢,(Y,y) is not twice differentiable, so the standard Newton’s method is not
applicable. However, the function ¢, (Y, y) is semismooth, and semismooth Newton’s method
could be applied to get local superliner or quadratic convergence, as pointed out by Zhao,
Sun and Toh [40, Section 3.2]. So we need to compute the generalized Hessian of ¢,. If

A*(y) = (A1), .-, Ai(y), C=(C,....Co),
then for Y = (Y1,...,Y;) e M

A(y) = C+Y/o = (Aily) — C1+ Yi/0, ..., Aily) = Co+ Vo).

7



So we get o, (Y,y) = 0Ty + |V — 6, 05 (Y,y), where
O- *
eP(V,y) = 5 I(AR(y) = Ci + Yi/o)+ |- (2.8)
This implies the formula
Vies(Y,y) Z Vel (v,

A numerical method for evaluating Vygog )(Y, y) was given in [40, Section 3.2]. This can be

done by computing eigenvalue decompositions. Let
Ai(y) = C + Y /o = QuA™ QF,

where Q) € RN»*Ne ig orthogonal and A*) = diag()\gk), .. .,)\5\12) is diagonal with /\gk) >
/\gk) > 0> Ag\l;). Denote index sets

' —f1<i<nNe: A >0p W =p<i<n AP <o

Then define a symmetric matrix Q*) € RNe*Nk as follows:

1 ifi,j5 € I‘(k)
A (k ) (k)
Q(k)(z' i) - pee ifiel'y’, jel’,
’ oy ifier® jerd,
0 otherwise.

It was shown [40, Section 3.2] that
V2B (V) - 2 = oAk (Qu(Q o (QF A (2)Q0) QF ).

where o denotes Hadamard product. Now we define a matrix Ly, € R™*™ gatisfying

¢
T =0 > Ax(Qu(2%) 0 (QFAL(2)Q1) QT ).
k=1

It was shown [40, Prop. 3.2] that we always have L{. = 0. Furthermore, LY. > 0 if some
nondegeneracy condition holds. In either case, an approximate semismooth Newton direction
dpew for (2.7) can be determined by the linear system

(cg’/,y Ye. [N> pew = Vo (2.9)

Here € > 0 is a tiny number ensuring the positive definiteness of the above linear system.
When m is huge, it is usually not practical to solve (2.9) by direct methods like Cholesky
factorization. To avoid this difficulty, Zhao, Sun and Toh [40] proposed applying conjugate
gradient (CG) iterations to solve (2.9) approximately. To fasten the convergence of CG,
a good preconditioner for (2.9) is (AA*)~!, as mentioned in [40]. In SOS relaxations for



unconstrained and homogeneous polynomial optimization, there is a nice property that the
resulting (AA*)~! has explicit neat formulae, as will be shown in Sections 3 and 4. So
we use (AA*)~! as a preconditioner in this situation. However, in Lasserre’s relaxation for
constrained polynomial optimization, typically there is no explicit expression for (AA*)~!,
and usually computing (AA*)~! is quite difficult. In this case, we just use (diag(AA*))_l
as a preconditioner, as suggested in [40]. In either case, we set a cap K on the maximum
number of CG iterations to insure solving (2.9) do not take too much time. A standard
preconditioned CG algorithm (like Algorithm 6.12 in [4]) can be applied to solve (2.9). The
numerical experiments in [40] show that this method is surprisingly powerful in solving some
big standard SDPs when K = Siv is a single semidefinite cone.

Now we present the Newton-CG Augmented Lagrangian regularization method for solving
general conic semidefinite optimization (2.1)-(2.2).

Algorithm 2.4. Choose €, ¢ € (0,1), € >0, 5 € (0,1), p > 1, Omax, K € N.
Initialization: Choose X, Zg € SV, yo € R™, 0o and set k = 0.
While (||Zy, + A*(y)r — C|| < e°!) (outer loop):
Set Yk = Xk.
Set j = 0 and yi ; = Y.
While (||Vy@o, Vi, yrj)|| < €™) (inner loop):
Set gj = Vy@o, (Y, Uk j)-
Compute dyey from (2.9) by applying preconditioned CG at most K steps.
Find the smallest integer v > 0 such that

Poy, (Yk7 Yk,j + - dnew) > Poy, (Yka yk,j) + [ .ngdnew- (210)

Set Ykj+1 ‘= Yk,j T+ 0% - dpew-
Compute the projections into the cone /C:
Xy =0(Yi/o+ A" (yr,j+1) — O, Zk = —(Yi/o + A™(yk,j+1) — C)—k.
Set j =45+ 1.
end (inner loop)
Set Yr+1 = Yrk,j
If 0}, < Omax, set Ok41 = PO
Set k:=k+ 1.
end (outer loop)

When I = Sf is a single semidefinite cone, the convergence of Algorithm 2.4 has been
discussed in [40, Theorems 3.5, 4.1,4.2]. These results could be generalized naturally to the
cone [C of block diagonal positive semidefinite matrices. The specifics about the convergence
are beyond the scope of this paper. We refer to [19, 31, 32, 40].

Algorithm 2.2 and 2.4 are basically specifications of Algorithm 2.3. Generally Algo-
rithm 2.2 has slower convergence than Algorithm 2.4 does, because it is a gradient type
method while the latter is a Newton type method. They have similar performance when
computing eigenvalue decompositions is not expensive. However, when eigenvalue decompo-
sitions are expensive to compute, Algorithm 2.2 usually takes more time because it requires
computing more eigenvalue decompositions. In large scale polynomial optimization, the ma-
trices often have big dimension, and hence Algorithm 2.4 is more suitable. So in later sections,
the numerical experiments are mainly based on using Algorithm 2.4.



3 Unconstrained polynomial optimization

Consider unconstrained optimization problem

e, = min  f(x) (3.1)
zeR”

where f(z) is a multivariate polynomial of degree 2d. Here f!° denotes the global minimum

of f(x) over R™. Problem (3.1) is NP-hard when deg(f) > 4, as shown in [21]. There has

much recent work on solving (3.1) via SOS relaxations, like [9, 13, 15, 23, 27, 28]. The

standard SOS relaxation for (3.1) is

uc

S0S8 ‘= max ’7

s.t. f(x)—~is SOS. (3:2)

Obviously the above optimal value fls, satisfies the relation fo. < f% . Though it is

possible that fU¢ < fuc it was observed in [28, 27] that (3.1) works very well in practice.

man?
Typically (3.2) gives a reasonably well approximation for (3.1), which is good enough in
many applications. SOS relaxations are usually very expensive to solve when interior-point
methods are used. In this section, we show how to apply regularization methods described
in Section 2 to solve (3.2). We begin with the SDP formulation of (3.2).

Note f(x) — v is SOS if and only if there exists X € s satisfying
f@) =7y = [2]] X[ela = X o ([elae]]), X = 0.

Here (";d) is the total number of monomials in x of degrees up to d. Define 0/1 constant
symmetric matrices C' and A, in the way that

[Zlalelf =C+ ) Aaa™ (3.3)
aeNm:0<|a|<2d

Denote Uy, = {a € N" : 0 < |o < 2d}. If f(2) = fo+ Y epn, fax®, then 7 is feasible for
(3.2) if and only if X satisfies

CeX 4+~ = o
AOC.X = fO! VaEUgd,
X = 0.

Let b = (fa)angd be a vector of dimension m = ("gjd) — 1. Define A and K as

(7L+d)
A(X):(AQ.X)angda ]C:S+d .
Then SOS relaxation (3.2) is equivalent to

;jp =min CeX
st. AX)=0b, X € K.

The dual of the above is
max bly

st. A(y)+Z=0C,ZeK.
Here the adjoint A*(y) = Zangd YaAa-

10



Theorem 3.1. For notations defined above, it holds fYS = —fu + fo < frc . If SOS

sos sdp min®
relazation (3.2) is exact, then fu¢, = —fui + fo.

Proof. As we have seen in the above, optimization problems (3.2) and (3.4) are equivalent.
Their objectives satisfy the relation

CeX =—v+fo

Maximizing « in (3.2) is equivalent to minimizing C' @ X in (3.4). The feasible sets of (3.2)

and (3.4) are the same. Hence we have f5, = —fii + fo. Furthermore, fii < fi, is obvious
because (3.2) is a relaxation of (3.1).
If SOS relaxation (3.2) is exact, Le., fi, = fi5,, then obviously fif, = —fu + fo. O

Now we turn to finding (AA*)~!. Sine A, defined in (3.3) are orthogonal to each other,
the matrix AA* is diagonal. So we get the formula

(AA")™! = diag(a), where a=((1TA4,1)7":acUL). (3.6)

Here 1 is the vector of all ones.

Algorithm 2.4 can be applied to solve the SDP (3.4)-(3.5). We use (AA*)~! via the
formula (3.6) as a preconditioner. Suppose (X*, y*, Z*) is optimal for (3.4)-(3.5). Then
—fedp T fo is a lower bound for the minimum f*¢ . Furthermore, if Z* has rank one, then

min’
ue — fu¢ and a global minimizer for (3.1) can be obtained easily. This can be illustrated

as follows. When rank(Z*) = 1, the constraint in (3.5) implies Z* = [2*]4[z*]} for some
x* € R, and hence y* = —[2*]34. Then, for any x € R",
—f@)=—fo+ by > —fot+ Y —baa® =—f(a).
aclUy,

The inequality above follows the optimality of y* and the fact that Z = [z]y[z]} is always
feasible for (3.5). So x* is a global minimizer.

When rank(Z*) > 1, several global minimizers for (3.1) could be obtained if a so called flat
extension condition (FEC) holds. We refer to Curto and Fialkow [3] for FEC, and Henrion
and Lasserre [8] for how to extract global minimizers from Z*. Typically, FEC fails if there
are a lot of global minimizers or the SOS relaxation is not exact.

3.1 Numerical experiments

Now we show some numerical examples of applying Algorithm 2.4 to solve the SDP (3.4)-
(3.5) which is equivalent to SOS relaxation (3.2). The computation is implemented on a
Linux Desktop of 3.8GB memory and 2.8GHz CPU frequency. Algorithm 2.4 is implemented
in Matlab, and its parameters are: €” = €t = 1076, p =5, 09 = 1, Oppae = 10%, § = %,
K = 500. The inverse (AA*)~! via the formula (3.6) is used as a preconditioner. Its inner
loop is terminated if it does not converge within 25 steps, and the outer loop is terminated if
it does not converge within 20 steps. If the optimal Z* satisfies FEC, we extract one or several
global minimizers z* by using the method in [8]; otherwise, we just set 2* = Z*(2 : n+ 1, 1).
In either case, the relative error of z* is measured as

P (G Bt 17

- max{L, [f(z*)[}’
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Since fue, < fre < f(x*), err =0 if and only if 2* is a global minimizer. So the smaller err

is, the better the obtained solution is.

Example 3.2. Minimize the quartic polynomial (22)7 Az? — 27 Bx. Here x? denotes the
component-wise square of x, and A, B are symmetric matrices given as

[ n n—-1 n-—-2 ... 2 1 ] 11 1 - 1 1]
n—1 n 0 0 2 11 0 . 01
A—|n—=2 0 n 0 3 | g=|(10 1 Do
2 0 0 n n-—1 10 - 0 11

1 2 o nm=2 n-1 n | 11 -+ 1 1 1]

When n = 50, the size of the resulting SDP (3.4)-(3.5) is (N, m) = (1326,316250). Solving
(3.4)-(3.5) takes about 10 hours. The computed lower bound f& = —1.2919 (only four

S0Ss
decimal digits are shown). The optimal Z* has rank two and satisfies FEC. So we get two

solutions from Z* (only four decimal digits are shown):
+(0.0000, 0.1504, 0.1480, 0.1456,0.1432, . .. ,0.0584, 0.0572, 0.0560, 0.0548, 0.2188).
The relative error is about 10~®. So they are global minimizers up to a tiny numerical error.

Example 3.3. Solve the quartic polynomial optimization
1
: 2 212
1<i<j,j+1<k<n
When n = 50, the resulting SDP (3.4)-(3.5) has size (N,m) = (1326,316250). Solving it
takes about 1.5 hours. We get f% = —0.1246 (only four decimal digits are shown) and

S0S
rank(Z*) = 1. The solution extracted (only four decimal digits are shown) is

—(0.1127,0.1127,0.1126,0.1125,0.1124, . . ., 0.1086, 0.1085, 0.1085, 0.1082, 0.1128).
Its relative error is about 2-10~7. So it is a global minimizer up to a small numerical error.

Example 3.4. Minimize the following least squares polynomial

<le — 1) + <sz — 1) + (fo’ — 1) +Z (x?_l —i—a:? +x?+1 —a:f — 1)2
i=1 i=1 i=1 i=1

where zyp = 2,41 = 0. For n = 16, the resulting SDP (3.4)-(3.5) has size (N,m) =
(969,74612). Solving (3.4)-(3.5) takes about 12 hours. The computed lower bound f¥¢ =
7.5586 (only four decimal digits are shown). The optimal Z* has rank two and FEC holds.
Two extracted solutions (only four decimal digits are shown) are

(0.0039, 0.6285, 0.5370, 0.0259, —0.4324, —0.4266, 0.1540, —0.5108, 0.2172, —0.4029
0.4400, —0.4307,0.0230, 0.5378, 0.6285, 0.0039),

(0.0039, 0.6285, 0.5378, 0.0230, —0.4307, 0.4400, —0.4029, 0.2172 — 0.5108, 0.1540
—0.4266, —0.4324, 0.0259, 0.5370, 0.6285, 0.0039).

The relative error is around 1078. So they are global minimizers up to a tiny numerical error.
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Example 3.5. Solve the least square problem

. 2 2
n i n

Z 1—2(3:]-—1—3:?) + 1—Z(mj—l—x§?)

=1 j=1 J=i

min
rER”

For n = 15, the resulting SDP (3.4)-(3.5) has size (N, m) = (816, 54263). Solving (3.4)-(3.5)
takes about 4 hours. The computed lower bound f% = 2.1011 (only four decimal digits are

shown). Since rank(Z*) = 1, we get a solution (only four decimal digits are shown)

(0.5233,0.2429,0.0802,0.0011, —0.0003, 0.0001, —0.0000, 0.0000, —0.0000,
0.0001, —0.0005, 0.0020, —0.0088,0.0361, 0.6011).

Its relative error is around 1079, So it is a global minimizer up to a tiny numerical error.

Example 3.6 (Random polynomials). We test the performance of Algorithm 2.4 in solving
SOS relaxations for minimizing randomly generated polynomials. To insure the polynomials
have finite global minimum, we generate f(x) randomly as follows

f(z) = fTlaloar + 2] FTFla),

n+2d—1

o n+d71)x(n+d71)

where f € R( ) is a random vector of Gaussian distribution and F € R(""a d

is a random matrix of Gaussian distribution. Here [27] denotes the vector of monomials
of degree equaling d. The generated f(x) almost always has a finite global minimum. The
computational results are listed in Tables 2-5. The first column is the number of variables; the
second column is the size of the resulting SDP (3.4)-(3.5); the third column is the number
of instances generated; the fourth column is the maximum, median, and minimum time
consumed by the computer; and the last column is the maximum, median, and minimum
relative errors of obtained solutions.

n (N,m) # inst time (min, med, max) err (min, med, max)
20 (231, 10625) 20 0:00:45 0:01:07 0:01:59 (5e-9, 7e-8, 2¢-8)
30 (496, 46375) 20 0:10:45 0:11:44 0:12:43 (6e-9, He-8, 1e-8)
40 (861, 135750) 10 0:28:42 1:02:36 1:22:24 (3e-9, 3e-8, 9e-8)
50 || (1326, 316250) 5 2:04:43 3:33:31 4:15:38 (6e-8, 4e-T, 9e-T)
60 || (1891, 635375) 5 5:17:42 8:03:04 | 15:23:23 (Te-8, 1e-7, 5e-T)
70 || (2556, 1150625) 5 10:25:07 | 13:06:38 | 20:44:31 (2e-9, Te-8, 3e-8)
80 || (3321, 1929500) 3 30:09:34 | 32:17:43 | 33:30:12 (6e-8, 8e-8, le-T)
90 || (4186, 3049500) 1 63:55:41 | 63:55:41 | 63:55:41 (4e-7, 4e-7, 4e-T)

100 || (5151, 4598125) 1 199:49:33 | 199:49:33 | 199:49:33 (6e-7, Ge-7, 6Ge-T)

Table 2: Computational results for random (3.1) of degree 4

When f(x) has degree 4 (d = 2), the computational results are in Table 2. As we can see,

SOS relaxation (3.2) is solved quite well. For n = 20 ~ 30, solving (3.4)-(3.5) takes a couple
of minutes; for n = 40 ~ 50, it takes a couple of hours; for n = 60 ~ 80, it takes about five
to thirty hours; for n = 90, it takes about sixty hours; for n = 100, it takes about one week.
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n (N,m) # inst time (min, med, max) err (min, med, max)
10 (286, 8007) 20 0:01:45 0:00:54 0:03:16 || (9e-10, 4e-8, 6e-7)
15 (816, 54263) 10 0:39:05 1:07:42 1:33:51 (3e-8, 6e-7, 2e-6)
20 || (1771, 230229) 3 11:47:23 | 21:35:17 | 25:36:08 (9e-8, 7e-8, 1e-6)
25 || (3276, 736280) 1 104:41:36 | 104:41:36 | 104:41:36 (6,e-7, 6e-7, 6e-T7)

Table 3: Computational results for random (3.1) of degree 6

n (N,m) # inst time (min, med, max) err (min, med, max)

8 || (495, 12869) 20 0:03:44 0:07:37 0:19:42 (1e-8, 3e-7, 8e-6)
10 || (1001, 43757) 10 1:14:48 1:40:58 2:20:22 (9e-9, 3e-8, 4e-6)
12 || (1820, 125969) 13:04:06 | 13:11:35 | 13:34:40 (8¢-8, 1e7, 6e-7)
15 || (3876, 490313) 1 217:46:12 | 217:46:12 | 217:46:12 (9e-8, 9e-8, 9e-8)

Table 4: Computational results for random (3.1) of degree 8

When f(z) has degree 6 (d = 3), the computational results are in Table 3. For n = 15,
solving (3.4)-(3.5) takes about forty to ninety minutes; for n = 20, it takes about ten to
twenty five hours; for n = 25, it takes about one hundred hours.

When f(x) has degree 8 (d = 4), the computational results are in Table 4. For n = 10,
solving (3.4)-(3.5) takes about one or two hours; for n = 12, it takes about thirteen hours;
for n = 25, it takes about two hundred hours.

When f(z) has degree 10 (d = 5), the computational results are in Table 5. For n = 6,
solving (3.4)-(3.5) takes a couple of minutes; for n = 8, it takes about a couple of hours; for
n =9, it takes about ten to twenty hours; for n = 10, it takes about seventy hours.

For polynomials generated in this example, SOS relaxation (3.2) is very successful in
solving (3.1) globally. For all the generated instances, the optimal Z*s have rank one, and
highly accurate global optimal solutions with tiny errors are found. This is consistent with
the computational results shown in [28]. The computational results demonstrate that Algo-
rithm 2.4 is very efficient in solving SOS relaxations for large scale polynomial optimization.
Significantly bigger problems would be solved very well. A quartic polynomial optimization
with 100 variables would be solved on a regular computer. This is almost impossible by
applying prior existing SOS solvers using interior point type methods.

n (N,m) # inst time (min, med, max) err (min, med, max)
6 (462, 8007) 20 0:03:18 | 0:05:19 | 0:06:22 (2e-8, 1le-7, 2e-7)
8 || (1287, 43757) 10 1:561:38 | 3:47:52 | 6:53:22 (5e-8, 3e-7, 4e-6)
9 || (2002, 92377) 9:18:17 | 12:09:07 | 20:52:36 (2e-8, 2e-7, 3e-6)
10 || (3003, 184755) 1 72:40:36 | 72:40:36 | 72:40:36 (9e-6, 9e-6, 9e-6)

Table 5: Computational results for random (3.1)of degree 10
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4 Homogeneous polynomial optimization

A frequently encountered polynomial optimization is

hmg .
Junin, = min - f(2) (4.1)
st |alla=1

where f(z) is a form (homogeneous polynomial). Assume its degree deg(f) = 2d is even, i.e.,
f(z) is an even form. The case that deg(f) is odd can be transformed to minimizing an even
form over the unit sphere "' = {z € R" : ||z||y = 1}, as will be shown later. In (4.1), "9
denotes the minimum objective value. Problem (4.1) is NP-hard when d > 1.

The standard SOS relaxation for (4.1) is

hmg

sos” = max -y
4.2

st. f(x) =~ (xTz)? is SOS. (42)

Let [29] be the vector of monomials having degree d ordered lexicographically, i.e.,

_ d d—1 d—1 d—1 d
—[a;l Ty T2 Ty X3 . Tp—-1Ty xn]

Denote Ny = {av € N" : |a| = d}. For each a € Ny, define D, = af!?-z!n!‘ Let D = diag(D,)
be a diagonal matrix. It holds the relation

(@"e)! = ) Daai™ -2y = 29 Da] = ([2"][z"]") o D. (4.3)
aeNy

Define 0/1 matrices H, such that

[29[z4)T = Z Hox(t - apr. (4.4)

a€ENyy
Then f(x) — v - (z72)? being SOS is equivalent to the existence of X satisfying

fa=7Daj2 =HoeX Vae2Ny,
fo =Hy,eX Vac Ngd\QNd,
X =0.

Letting o = 2de; in the above, we get

v = fade; — Hoge, ® X.

Denote Hj; = Nag\{2de1 }, and set r = (rq)achsy, as

D if 2N\ {2d
ro = { Doz M€ 2Mar{2der}, (1.5
0 if a € Ngd\{QNd}.
Define matrices C, A, and scalars b, as
C = H2dely Ay =H, — raH2dela bo = fo — 'r'af2del Va e Hgd' (4'6)
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Let b= (ba)ae]}]lgd. Define linear operators H, A : SNal — R34l and a cone K as

H(X) = (Ho 0 X)aery,, AX) = (Ag o X)acny,, K =8
Then SOS relaxation (4.2) is equivalent to

fshdrzg =min CeX (4.7)
st. AX)=0b, X € K. ’

The dual of (4.7) is

max bly (4.8)
st. A*(y)+Z2=C,ZeK. ’
Here A*(y) = EaeHgd YaAe 1s the adjoint of A.
Theorem 4.1. For notations defined above, it holds fﬁ?g = — Shdrzg + fode, < fﬁ%g. If SOS
relazation (3.2) is exact, then f:l%g = — fdr;g + fode, -

Its proof is the same as for Theorem 3.1, and hence is omitted. A general error bound for
(4.2) approximating (4.1) is given in [24].

Now we turn to finding (AA*)~!. Note the matrices H, defined in (4.4) are orthogonal
to each other. Thus HH* is diagonal, and

(HH*) ™! = diag((1T Hal) ™'+ o € HY).
Here 1 is the vector of all ones. Thus, we have for all «, 8 € HY,

Ap e Ag = (Hy —1aHage,) ® (Hg — 75H24e, )
= Ha o Hﬁ - H2d61 o (TOCHﬁ + T,BHa) + TOLT,BH2d61 L4 H2del
= H, e Hg+ryrg,
that is, AA* = HH* + rrT. By Sherman-Morrison formula, we have

(HH*) et (HH*) ™!
1+ TT(H'H*)_IT

(AA) ™ = (HH*) ™! -
Setting vectors
h=(1TH1) " o ey, p=(1+rTdiag(h)r) " diag(h)r,
we get a neat formula
(AA") ™! = diag(h) — pp”. (4.9)

Algorithm 2.4 can be applied to solve (4.7)-(4.8). We use (AA*)~! via the formula (4.9)

as a preconditioner. Let (X*,y*, Z*) be optimal for (4.7)-(4.8). Then —fshdrgg + fode, 1s a

lower bound for the minimum f:;%g . We would also get global minimizers from Z* when

FEC holds. Note that (4.3) and (4.6) imply

Ay D=0 VYaeH), and Z eD=Hy, D=1 (4.10)
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So Z*(dei,de;) (Z is indexed by integer vectors in N™) can not vanish for every i, because
otherwise we would get Z* = 0 contradicting (4.10). Up to a permutation of z, we can assume
Z*(dey,dey) # 0, and normalize Z* as 7% = Z*|Z*(dey,dey). Then Z* would be thought of
as a moment matrix of order d in n — 1 variables (see [3]). If Z* satisfies FEC, using the
method in [8], we can get v() ... v(") € R"~! such that

Z5 = MO + -+ A o™ g™

1

for some scalars \; > 0. Setting 2 = (1 + Hv(i)Hg)_l/z [v(i)

} € S" 1, we get

z* = @) T@)TT + -+ (@) ) T

for some scalars v; > 0. Then the relations (4.3) and (4.10) imply v + --- + v, = 1. Since
every Z() = [(z)4)[(z)4T is feasible for (4.8), the optimality of Z* implies every () is a
global minimizer for (4.1).

In particular, if rank(Z*) = 1, then 7* satisfies FEC automatically. When FEC fails, it
is not clear how to extract a minimizer from Z*. This happens usually because there are a
lot of global minimizers or SOS relaxation (4.2) is not exact (fiard < fim9)

main /*

4.1 Numerical experiments

Now we present some numerical examples of applying Algorithm 2.4 to solve the SDP (4.7)-
(4.8) which is equivalent to SOS relaxation (4.2). As in Section 3.1, the computation is
implemented in Matlab on the same machine. The parameters and stopping criteria in
Algorithm 2.4 are also the same as there. The inverse (AA*)~! via the formula (4.9) is used as
a preconditioner. If the optimal Z* satisfies FEC, we apply the preceding procedure to extract
one or several global minimizers x*; otherwise, we just choose z* to be the normalization of
Z*(1:n,1). The relative error of z* is measured as

@) — 1)
max{L, | f(z*)[}’

Since flm9 < fhma < f(x*), err = 0 if and only if 2* is a global minimizer of (4.1).

man

err

Example 4.2. Minimize the following square free quartic form over S"~!
Z (=i —j+k+Ozxjop,.
1<i<j<k<t<n

For n = 50, the resulting SDP (4.7)-(4.8) has size (N,m) = (1275,292824). Solving (4.7)-
(4.8) takes about 3.5 hours. The computed lower bound fﬁ‘ng = —140.4051 (only four decimal
digits are shown). The optimal Z* has rank two and FEC holds. There are 2 solutions (only
four decimal digits are shown) extracted from Z*:

(0.6393,0.1217,0.0827,0.0575,0.0401, . . ., —0.1653, —0.1619, —0.1581, —0.1541, —0.1499),
(0.1499, 0.1541, 0.1581, 0.1619, 0.1653, . .., —0.0401, —0.0575, —0.0827, —0.1217, —0.6393).

The error is around 3 - 1079, So they are global minimizers up to a tiny numerical error.
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Example 4.3. Minimize the following tridiagonal sexitic form over S"~!

_ T - o _
z} 1 1 0 - 0][a3
3 3
2 11 1 .o | "
6 3.3 T3 . T3
Z z; + Z 2w = | 0 1 1 ;
1<i<n 1<i<n—1 N oL N
Lp—1 : - - R Lp—1
i ;pi ] o o0 - 1 1] ;pi ]

For n = 20, the size of the resulting SDP (4.7)-(4.8) is (N,m) = (1540,177099). Solving
(4.7)-(4.8) takes about 10 hours, and the computed lower bound fhmo — 3 446 - 1075 (only
four leading digits are shown). So this form is positive definite, which is contrast to the fact
that the associated tridiagonal matrix is not positive semidefinite. The optimal Z* has rank
one, and the extracted solution (only four decimal digits are shown) is

(0.1474,—0.1811,0.2024, —0.2176, 0.2290, —0.2375, 0.2439, —0.2484, 0.2514, —0.2528,
0.2528, —0.2514, 0.2484, —0.2439, 0.2375, —0.2290, 0.2176, —0.2024, 0.1811, —0.1474).

Its relative error is around 8- 107!, So it is a global minimizer up to a tiny numerical error.
Example 4.4. Minimize the following sexitic form over S*~!

E xfa:zznz + :E?l‘?ﬂ?k + :E?:E?l’k + ajlx;’:nz

J
1<i<j<k<n
For n = 20, the resulting SDP (4.7)-(4.8) has size (N, m) = (1540,177099). Solving (4.7)-
(4.8) takes about 11 hours. The computed lower bound fgng = —0.3827 (only four decimal

digits are shown). The optimal Z* has rank one, and the extracted solution (only four decimal
digits are shown) is

—(—0.6551, —0.6286,0.1109,0.1089,0.1071,0.1054, 0.1038,0.1023, 0.1009, 0.0996,
0.0983,0.0971, 0.0960, 0.0949, 0.0939, 0.0929, 0.0920, 0.0911, 0.0902, 0.0894).

Its relative error is around 6- 107, So it is a global minimizer up to a tiny numerical error.

An important application of homogenous polynomial optimization (4.1) is estimating
stability numbers of graphs, as shown below.

Example 4.5 (Stability number of graphs). Let G = (V, E) be a graph with |V| = n. The
stability number a(G) is the cardinality of the biggest stable subset(s) (their vertices are not
connected by any edges) of V. It was shown in Motzkin and Straus [20] (also see De Klerk
and Pasechnik [6]) that

a(G)7t = miAn T (A+ 1)z,
TEAR

where A,, is the standard simplex in R™ and A is the adjacency matrix associated with G. If
replacing every x; > 0 by 22, we get

n
-1 4 22
a(G)T = ”iﬂzn;l E x; +2 E ;T (4.11)

=1 (i.j)ek
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n (N,m) # inst time (min, med, max)

20 (210, 8854) 20 0:00:22 | 0:03:04 | 0:06:25
30 || (465, 40919) 10 0:04:12 | 0:39:58 | 1:33:47
40 || (820, 123409) 10 0:20:52 | 1:21:01 | 5:24:12
50 || (1275, 292824) 3 23:50:02 | 26:27:12 | 27:15:46
60 || (1830, 595664 ) 1 75:46:58 | 75:46:58 | 75:46:58

Table 6: Computational results for stability number of random graphs

This is a quartic homogeneous polynomial optimization. When a lower bound ffo?g for (4.11)

—1
via its SOS relaxation (4.2) is computed, we round ( ffo?g ) to the nearest integer which

will be used as an estimate for a(G).

We generate random graphs G, and solve the SDP (4.7)-(4.8) which is equivalent to its
SOS relaxation by applying Algorithm 2.4. The generation of random graphs is in the similar
way as in Bomze and De Klerk [2, Section 6]. For n = 20, 30,40, 50, 60, we generate random
graphs G = (V, E) with |V| = n. Select a random subset M C V with |M|= n/2. The edges
eij({i,7} ¢ M) are generated with probability % The computational results are in Table
6. The first column is the number of vertices, the second column is the size of the resulting
SDP (4.7)-(4.8), the third column is the number of generated instances, and the last column
is the minimum, median and maximum time consumed by the computer.

As we can see from Table 6, for n = 20, solving (4.7)-(4.8) takes a couple of minutes; for
n = 30, it takes about four to ninety minutes; for n = 40, it takes about twenty minutes to
five hours; for n = 50, it takes about twenty five hours; for n = 60, it takes about seventy five
hours. In all the instances, we get correct stability numbers via solving the SOS relaxation
of (4.11).

Example 4.6 (Random forms). We test the performance of Algorithm 2.4 in solving SOS
relaxation (4.2) for random forms. Generate a form f(z) randomly as

f(l‘) = Z foexaa

aeN":|a|=2d

where the coefficients f, are Gaussian random variables. We apply Algorithm 2.4 to solve the
SDP (4.7)-(4.8) which is equivalent to the corresponding SOS relaxation (4.2). The random
forms of degrees 4,6,8,10 are tested. The computational results are in Tables 7-10. The
meaning of their columns are the same as in Tables 2-5.

When f(x) has degree 4 (d = 2), the computational results are in Table 7. For n = 30,
solving (4.7)-(4.8) takes a couple of minutes; for n = 40, it takes about thirty to forty minutes;
for n = 50, it takes a few hours; for n = 60, it takes about six to nineteen hours; for n = 70,
it takes about fifteen to thirty four hours; for n = 80, it takes about one hundred hours. In
all the instances, the optimal Z* has rank one and FEC holds. The obtained solutions have
tiny relative errors.

When f(x) has degree 6 (d = 3), the computational results are in Table 8. For n = 15,
solving (4.7)-(4.8) takes around seventeen to twenty six minutes; for n = 20, it takes a couple
of hours; for n = 25, it takes about fifty hours. The optimal Z* now does not always satisfy
FEC. When n = 10 or 15, there are some instances that their errors are relatively bigger than
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others. When n = 20, there are a few instances that their relative errors are significantly
much bigger. This is probably due to the inexactness of their SOS relaxations. For n = 25,
we have generated only one instance since its computation takes more than two days, and
luckily a solution of high accuracy was found. But we should not expect this generally.

n (N,m) # inst time (min, med, max) err (min, med, max)
20 (210, 8854) 20 0:00:26 | 0:00:31 | 0:00:39 (2e-9, 9e-9, 3e-8)
30 (465, 40919) 20 0:06:04 | 0:06:38 | 0:08:41 (4e-9, 8e-9, 2e-8)
40 (820, 123409) 10 0:35:54 | 0:36:03 | 0:41:01 (4e-10, 7e-9, 3e-8)
50 || (1275, 292824) 10 2:29:23 | 2:35:09 | 3:58:45 (5e-8, Te-7, 3e-T)
60 || (1830, 595664) 3 6:31:22 | 0:02:36 | 19:07:32 | (9e-9, 5e-8, Le-8)
70 || (2485, 1088429) 3 15:48:39 | 24:57:13 | 34:03:29 (1e-10, 6e-9, 1e-9)
80 || (3240, 1837619) 1 99:26:20 | 99:26:20 | 99:26:20 (Te-8, 2e-8, 9e-7)

Table 7: Computational results for random (4.1) of degree 4

n (N,m) # inst time (min, med, max) err (min, med, max)
10 (220, 5004) 20 0:00:21 | 0:00:25 | 0:00:30 (1le-9,4e-7,5e-5)
15 (680, 38759) 20 0:17:02 | 0:18:24 | 0:26:27 (6€-9,9¢e-7,3e-4)
20 || (1540, 177099) ) 5:49:08 | 5:51:44 | 6:12:59 (5e-11,5€-9,3.63)
25 || (2925, 593774) 1 51:05:51 | 51:05:51 | 51:05:51 (4e-9, 4e-9, 4e-9)

Table 8: Computational results for random (4.1) of degree 6

n (N,m) # inst time (min, med, max) err (min, med, max)
8 (330, 6434) 20 0:01:56 0:02:28 0:03:11 (4e-9,0.85, 2.08)
10 (715, 24309) 20 0:29:18 0:33:55 0:40:24 (5e-11,0.02,2.84)
13 || (1820, 125969) 3 10:36:40 16:35:53 18:14:41 (1.64, 1.91, 3.26)
15 || (3060, 319769) 1 104:41:59 | 104:41:59 | 104:41:59 (1.24, 1.24, 1.24)

Table 9: Computational results for random (4.1) of degree 8

When f(x) has degree 8 (d = 4), the computational results are in Table 9. For n = 8,
solving (4.7)-(4.8) takes a few minutes; for n = 10, it takes about thirty to forty minutes;
for n = 13, it takes about ten to eighteen hours; for n = 15, it takes about one hundred
hours. The optimal Z* usually does not satisfy FEC, and the solutions obtained have very
low accuracy. For a few instances, very accurate solutions are found. However, for most
instances, the obtained solutions have big errors. This phenomena is probably due to the
inexactness of their SOS relaxations.

When f(x) has degree 10 (d = 5), the computational results are in Table 10. For n = 8,
solving (4.7)-(4.8) takes about thirty to ninety minutes; for n = 10, it takes about twenty five
to thirty hours; for n = 11, it takes about one hundred hours. Similar to the case of degree
8, the optimal Z* usually does not satisfy FEC. For most instances, the solutions obtained
have big errors. This is probably because of the inexactness of their SOS relaxations.

From the above, for randomly generated forms, we know SOS relaxation (4.2) is very
successful when deg(f) = 4 and also works well when deg(f) = 6. However, when deg(f) =8
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n (N,m) # inst time (min, med, max) err (min, med, max)
6 (252, 3002) 20 0:00:43 0:00:57 0:01:16 (3e-9,0.98, 2.24)
8 || (792, 19447) 10 0:36:26 0:59:51 1:28:46 (0.14, 1.67, 2.15)
10 || (2002, 92377) 3 25:58:15 | 29:30:35 | 30:37:08 (3e-3, 0.87, 2.51)
11 || (3003, 184755) 1 110:48:52 | 110:48:52 | 110:48:52 (1.27, 1.27, 1.27)

Table 10: Computational results for random (4.1) of degree 10

or 10, SOS relaxation (4.2) usually fails to find the true global minimum. This observation
is consistent with the discovery of Blerkherman [1]. On a regular computer, Algorithm 2.4
would solve big homogeneous polynomial optimization problems which are not solvable by
prior existing SOS solvers. This is a big advantage of regularization type methods.

4.2 Minimizing odd forms over unit spheres

In some applications, we might need to optimize an odd form f(z) (deg(f) is odd) over S"~1.
This problem is usually also very difficult. Nesterov [22] proved that it is already NP-hard
when deg(f) = 3. For odd forms, SOS relaxation (4.2) can not be applied directly. However,
after a reformulation, this problem is equivalent to minimizing certain even forms.

Let f(x) be an odd form of degree 2d — 1, and fhmg be its minimum on S"~'. Let

min

f(x,t) = f(x)t be a new even form in (z,t). Consider homogeneous optimization

—

fime.—  min o f(x)t (4.12)
ll[I3+t=1
It was shown in [24] that
h o7 T 1\ ™ o
m, m,
fming =Vv2d—-1 <1 - ﬁ) fming'

Since the form f(x,t) = f(z)t is even, SOS relaxation (4.2) can be applied to get a lower

bound f?ng for fhmg . Then

min
1

—d _—
flma a1 <1 - ﬁ> o

is a lower bound for f:;%g . When a minimizer (,%) is obtained for (4.12), the normalization
of #/t is then a minimizer of f(z) over S*~L.
Example 4.7. Minimize the following cubic form over S"~!
flx) = Z (xix i) + w?wj — 2l + wjxi)
1<i<j<k<n

We first transform it to (4.12), and then solve its SOS relaxation by Algorithm 2.4. For
n = 49, the computation takes about four hours, and the lower bound found is —124.9645
(only four decimal digits are shown). The optimal Z* has rank one, and the extracted solution
(only four decimal digits are shown) is

—(0.0320, 0.0344, 0.0368, 0.0394, 0.0420, . . . ,0.2304, 0.2434, 0.2600, 0.2836, 0.3238).

Its relative error is about 1079, So it is a global minimizer up to a tiny numerical error.
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5 Constrained polynomial optimization

Consider general constrained polynomial optimization

con := min T
st. gi(x) >0,...,9,(x) >0,
where f(x) and g1(x), ..., g¢(z) are all multivariate polynomials and have degrees no greater

than 2d. Problem (5.1) is NP-hard, even when f(z) is quadratic and the feasible set is a
simplex. Lasserre’s relaxation is a typical approach for solving (5.1) approximately. We refer
to [5, 13, 16, 17, 34] for the work in this area.

The d-th Lasserre’s relaxation (d is also called the relaxation order) for (5.1) is

con

S0S8 ‘= max /7

st. f(x)—vy=o0o(x)+g(x)oi(x)+- -+ gi(z)o(z),
oo(z),01(x),...,00(x) are SOS,
deg(oyp), deg(o191), ..., deg(opge) < 2d.

(5.2)
Let N(k) = ("zk), d; = [deg(gi)/2] and go(x) = 1. Then 7 is feasible for (5.2) if and only if
there exists X () ¢ SN(d—di) (1 =0,1,...,¢) such that

¢ ] 4 )
fl@)—v= ;)gz-(@[x]?_diX D[a]g—q, = ,_ZOX(” o (gi(x)[]a—q, (2]} _4.);
X =0, xO =0, XxO 0.

Define constant symmetric matrices A,()? ), A(g), e ,A((f ) in the way that
gi(:E)[:E]d—di [x]g—di = Z Ag)xa7 = 07 17 cee ,E. (53)
aeN":|a|<2d

Denote A, = (A((XO),AS), .. ,A((f)), X=X xO . Xx®) and define
o = SN GN=dn) o gN (o)

Recall that U3, = {a € N" : 0 < |a| < 2d}. If f(z) = fo+ ZaeIUgd fax®, then ~ is feasible
for (5.2) if and only if there exists X satisfying

AO.X—F’Y = f07
AyeX = f, Yaecln,
X € K.

Now define A,b,C as
A(X) = (Ag ® X)acug,, b= (faacug, C=Ao. (5.4)
The vector b has dimension m = N(2d) — 1. Then SOS relaxation (5.2) is equivalent to

§§;‘ =min CeX
st AX)=b, X €. (5:5)
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The dual of (5.5) is

T

max b *y (5.6)

st. A(y)+Z=C,Z e K.
Here the adjoint A*(y) has the form

A*(y) = Z yaASxO)a Z yaA((yl)y---a Z yaAg)
acly, acly, acly,

Theorem 5.1. For notations defined above, it holds fiof = — sdp T fo < foon . If SOS
relazation (5.2) is exact, then fi7h = —fo? + fo.

The proof is the same as for Theorem 3.1, and hence is omitted. A general approximation
bound analysis for Lasserre’s relaxation is given in [25].

Algorithm 2.4 can be applied to solve the conic SDP (5.5)-(5.6). Unlike in Sections 3
and 4, there is usually no explicit formula for (AA*)~! in Lasserre’s relaxation, and it is
typically quite difficult to compute (AA*)~!. So we just simply use (diag(AA*))_l as a
preconditioner. Suppose (X*,y*, Z*) is optimal for (5.5)-(5.6). Then — <y + fo 1s a lower
bound for the minimum f°". The information for minimizers could be obtained from Z*.
Note Z* = (Z3, 25, ...,Z}). Since Z* € K, every Z; = 0. When Zj has rank one, foo" = for
and a global minimizer for (5.1) can be extracted. Actually, if rank(Zj) = 1, (5.3) implies
7 = [x*]a[z*]] for some z* € R™, and hence y, = —(z*)* for every o € U},. Furthermore,
the structures of Z* implies that Z* = g;(2*)[x*]|q—q, [:E*]g_di. Hence, every g;(z*) > 0 and x*

is feasible for (5.1). Then, for every z € R™ feasible in (5.1), we have

—fla)=—fo+ 0Ty = —fot+ Y —bax® =—f(a),

acly,
because y* is optimal and for every z feasible in (5.1)

Z = ([#lal=], 91(*)[#]a-a, [2]d—a, - - - - [2)a-d, [2]d—a,)

is feasible for (5.6). So z* is a global minimizer of (5.1).

When rank(Zg) > 1, if FEC holds, several global minimizers could be extracted, e.g., by
the method in [8]. Typically, FEC fails if there are a lot of global minimizers or Lasserre’s
relaxation (5.2) is not exact. If this happens, it is not clear how to get minimizers.

5.1 Numerical experiments

Now we present some numerical examples of applying Algorithm 2.4 to solve the conic SDP
(5.5)-(5.6) which is equivalent to Lasserre’s relaxation (5.2). As in Section 3.1, the computa-
tions are implemented in Matlab on the same machine. The parameters and stopping criteria
of Algorithm 2.4 are also the same as there. The (diag(.A.A*)) ~is used as a preconditioner.
If FEC holds, we use the method in [8] to get one or several global minimizers z*; otherwise,
just set x* = Z*(2:n+ 1,1). In either case, the relative error of x* is measured as
1fa) - e
max{L, |f(z*)[}
Note we always have f&o0 < feo | If the obtained z* is feasible for (5.1), then err = 0 if and

sos — Jmin-
only if x* is a global minimizer.

err
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Example 5.2. Minimize the polynomial

n n n n
g x; + g Tixj + E TiT;T + E TiTjT T
i=1 1<i<j<n 1<i<j<k<n 1<i<j<k<i<n

over the unit ball B(0,1) = {x € R™ : ||z|l2 < 1}. It has degree 4 and is a summation of
square free monomials. We apply the 2"¢ Lasserre’s relaxation (5.2) to solve this problem.
The resulting cone K has 2 blocks. When n = 50, solving (5.5)-(5.6) takes about 5 hours. The
computed lower bound f§97" = —1.5240 (only four decimal digits are shown). The optimal

Z* has rank 50 and FEC holds. There are 50 solutions extracted. One of them (only four
decimal digits are shown) is

(0.8852, —0.0665, —0.0665, ..., —0.0665 —0.0665).

It has unit norm, and hence is feasible. Its relative error is 7 - 1077. So it is a global
minimizer up to a tiny numerical error. Actually all its permutations are also solutions of
the same accuracy, since the objective polynomial is symmetric in z.

Example 5.3. Minimize the polynomial

2,2, ;.3 3
E TFXG 1T T4+ J T
1<i<j<n

over the hypercube [—1,1]" = {x € R" : 3:3 < 1}. It has degree 4. So we apply the 274
Lasserre’s relaxation (5.2) to solve this problem. The resulting cone I has n + 1 blocks.
When n = 40, solving (5.5)-(5.6) takes about 22 hours, and the computed lower bound
con = —2751.5 (only the first 5 digits are shown). The optimal Z* has rank two and FEC
holds. The two extracted solutions (only 4 decimal digits are shown) are:

+(1,1,1,1,1,1,1,0.9434, 0.8920, 0.8483, 0.8105, 0.7775, 0.7482, 0.7220, 0.6985, 0.6 771,
0.6576,0.6397, 0.6232, 0.6080, 0.5938, 0.5806, 0.5682, 0.5566, 0.5457, 0.5354, 0.5257,
0.5165,0.5077, —1,—1, -1, —1,—1,—-1,-1,—-1,—1,—1,—1).

They are obviously feasible solutions. The relative error is around 6-1077. So they are global
minimizers up to a small numerical error.

Example 5.4. Minimize the polynomial

3 3 2.2
E TiTj + Ty + T — Ty

1<i<j<n

over the hypercube [~1,1]" = {x € R" : 2? < 1}. The degree is 4. So we apply the ond
Lasserre’s relaxation (5.2). The resulting cone K has n+ 1 blocks. For n = 50, solving (5.5)-
(5.6) takes about 18 hours. The computed lower bound f$ = —3600 (rounded to integers).
The optimal Z* has rank one, and the solution extracted is (rounded to integers)

(-1

) _17 17 _17 _17 17 17 _17 -1 17 17 - 17 _17 _17 17 _17 17 17 _17 17 17 _17 _17
1,—1,-1,-1,1,-1,-1, —

1,1, -1
717 17 _17 _17 17 717 _17 _17 17 17 17 17 _17 _17 17 17 1)

It is clearly a feasible solution. Its relative error is zero, so it is a global minimizer.
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Example 5.5. Minimize the polynomial

n

Zix‘;’—l— Z (z+])3:§’:1:§’

i=1 1<i<j<n

over the unit ball B(0,1). It has degree 6. So we apply the 3¢ Lasserre’s relaxation (5.2).
The resulting cone K has 2 blocks. When n = 20, solving (5.5)-(5.6) takes about 57 hours.
The computed lower bound f£97" = —20 (rounded to integers). The optimal Z* has rank one,
and the solution extracted (rounded to integers) is

(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,—1).
It is feasible and has zero relative error. So it is a global minimizer.

Example 5.6. Consider the polynomial optimization

. o , 2.2 92
min Z (i + Jziwjzg + (§ + k)zjziry

1<i<j<k<n
4 4
st. xi+---+x, <L

The constraint is the unit ball defined by the standard 4-norm. The degree is 6. We apply
the 37 Lasserre’s relaxation (5.2) to solve this problem. The resulting cone X has 2 blocks.
When n = 15, solving (5.5)-(5.6) takes about 1.5 hours. The computed lower bound f& =

—575.5928 (only four decimal digits are shown). The optimal Z* has rank one, and the
solution extracted (only four decimal digits are shown) is

—(0.4034,0.4274, 0.4486, 0.4674, 0.4839, 0.4983, 0.5107, 0.5211, 0.5296, 0.5363,
0.5410, 0.5437,0.5444, 0.5430, 0.5393).

It has unit 4-norm, and hence is feasible. The relative error is around 4 - 1077. So it is a
global minimizer up to a small numerical error.

Example 5.7. Consider the polynomial optimization

min Z rizjop(l + z; + x5 + xp) +ixd + jx? + kal
zER™ =
1<i<j<k<n
s.t. 3:‘114—---—1—3:4%§1, 3:4%+1—|—---+:Ei§1

where n is an even integer. The degree is 6, and the constraint is a bi-unit ball under the
4-norm. We apply the 3"% Lasserre’s relaxation (5.2) to solve this problem. The resulting
cone K has 3 blocks. For n = 16, solving (5.5)-(5.6) takes about 19 hours, and the computed
lower bound f£"" = —1.1078 (only four decimal digits are shown). The optimal Z* has rank
one, and the extracted solution (only four decimal digits are shown) is

—(0.2418,0.2208,0.2085, 0.2000, 0.1934, 0.1882, 0.1838, 0.1800, 0.1767, 0.1738,
0.1712,0.1688, 0.1667, 0.1647, 0.1629, 0.1612).

It is a feasible solution, and the relative error is around 4 - 10, So it is a global minimizer
up to a tiny numerical error.
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Example 5.8. Consider the polynomial optimization

Inin E WT T + JT R4 By Tn g + KTTTpTn 4,00y 00
1<i<j<k<n/2

s.t. a;%+---+a:4% <1, x4%+1+-~+x;§§1

where n is even. Since the degree is 6, we apply the 37¢ Lasserre’s relaxation (5.2). The cone
K has 3 blocks. For n = 20, solving (5.5)-(5.6) takes about 32 hours. The computed lower
bound f&" = —153.6180 (only four decimal digits are shown). The optimal Z* has rank one,
and the solution extracted (only four decimal digits are shown) is

—(—0.3642,0.3955, 0.5042, 0.5589, 0.5892, 0.6049, 0.6109, 0.6104, 0.6057, 0.5991,
0.5828,0.5173,0.5193, 0.5306, 0.5459, 0.5619, 0.5763, 0.5869, 0.5919, 0.5896).

The first and second subvector both have unit 4-norm, so it is a feasible solution. Its relative
error is around 5- 1078, So it is a global minimizer up to a tiny numerical error.
5.2 Sparse SOS relaxation for constrained optimization

In many applications, polynomials in optimization are often sparse. It is important to exploit
sparsity for computational efficiency. We refer to [10, 12, 11, 14, 26, 29, 38].
Suppose each polynomial g; only involves a subvector z; = {x; :i € I} for an index set

I; € {1,2,...,n}. Consider the sparse polynomial optimization
min  f(z)
zERM (5.7)

s.t. gl(ajh) 207"'795('%'15) 20

The sparse generalized Lagrangian function (see Waki et al. [38]) for the above is

l
L(z,¢) = Z (1;)9i(z1;)

where ¢;(x7;) are SOS polynomials in zy,. Let {C1,...,C;} be the set of maximal cliques
of a chordal extension of correlative sparsity pattern (csp) matrix of L(z, ¢) (see Waki et al.
[38]). A sparse Lasserre’s relaxation of order d proposed in [38] for (5.7) is

max 7y

st f(x)— ; (c)+2¢](wlj)gg(ﬂflj)

J_
deg(a,) deg((b i) < 2d, 04, ¢ are SOS,
t=1,...,r,5=1,..., L.

(5.8)

Like the general dense case, (5.8) can also be formulated in the form of conic semidefinite
optimization (2.1). For convenience, we still use the same notations as before. Note 7~ is
feasible for (5.8) if and only if there exists X®) (i = 1,...,r + ¢) satisfying

f@)—~v= ;Zl[xci]gX(i)[xci]d + élgj( o)l ]i g, X e ]a-a;

XMW =0, X0 =0, X0+ =0,..., X0+ =0,
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Let W be the set of exponents of nonconstant monomials appearing in (5.8). For a € W,

(1) A+

define constant symmetric matrices A in the way that

e lalzc]l = X AVi=1,..n
ac{0}UW '
9i(@)[tla—g; [2]_g, = X ATt e 51,0,
ac{0}UW
It is obvious that
. ) . [1;]+d—d;
A9 e s oA e sUa™) s
Denote A, = (A((xl), . ,A&TM)), X=xW, ..., X)) and define
|C1]+d |Cr|+d [I1|+d—dq [Ig|+d—dp
]C:S_E_ld )X"'XSS_d )XSS_ d—dy )XX«SE_ dfdl)

If f(z) = fo+ > ,cw fax®, the constraint of (5.8) is equivalent to

A(].X‘i"}/ = f07
Ape X = fo YVaeW,
X € K.

Similar to (5.4), define A, b, C' as
A(X) = (Aa d X)OzEW? b= (fa)aeWa C = Ap.
The dimension of b is m = |W|, the cardinality of W. So (5.8) is equivalent to

min CeX
st. AX)=0b, X € K.

The dual of the above is
max bly

st. A*(y)+Z2=C,ZeK.
The adjoint A*(y) now takes the form

w00 = (3900 5 3 vt

aceW aceW aceW

(5.9)

(5.10)

(5.11)

(5.12)

The information about minimizers would be obtained from Z*. We refer to Laurent and

Mourrain [18].

Example 5.9. Consider the following sparse polynomial optimization

min > (witad)— 3

moo s
re ke{l,...,34} icJy i,jE€JRi<]
st. 1—|lzglli>0,k=1,...,34
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Here the index set Ji = {j : max(1,3k — 3) < j < min(n,3k + 2)}, and n = 100 is the
total number of variables. The degree is 6. We apply the sparse Lasserre’s relaxation (5.8)
of order 3. Since the csp matrix here is banded, its csp graph is chordal. So the set of
maximal cliques is {Jy, J2,..., 33} (note J3q4 C Js3). We apply Algorithm 2.4 to solve the
resulting conic SDP (5.11)-(5.12). It takes about 15 minutes, and the computed lower bound
is —194.8056 (only four decimal digits are shown). To get a minimizer, we just simply set
rj =y, fori=1,...,n, and get the solution (only four decimal digits are shown)

—(0.7066 * 2, (0.6394 * 3,0.6385 % 3) * 16,0.7076 * 2).

In the above, the product a * t means a is repeated for ¢ times in a row. The above solution
has relative error around 8 - 1079, so it is a global minimizer up to a tiny numerical error.

6 Conclusions and some discussions

This paper proposes regularization type methods for solving SOS and Lasserre’s relaxations
in large scale polynomial optimization. After a description of these methods for general conic
semidefinite optimization, we show how to apply them in solving unconstrained, homoge-
neous and constrained polynomial optimization. As demonstrated by extensive numerical
experiments, significantly larger problems would be solved efficiently by them. For a quartic
polynomial optimization problem with 100 variables, its SOS relaxation would be solved on
a regular computer, which is almost impossible by applying prior existing SOS solvers.

The proposed regularization methods for solving large scale polynomial optimization are
still in their very early stages. Much work need to be done for improving their practical
performance. From our experience, the following issues are important.

e The performance of Algorithm 2.4 depends very much on CG iterations for solving linear
system (2.9). In the inner loop, if (2.9) is solved efficiently by CG, then Algorithm 2.4
usually converges fast; otherwise, a lot of time would be spent on solving (2.9), which
finally makes Algorithm 2.4 run very slow. So the conditioning of (2.9) seriously affects
the performance. Generally, the accuracy parameters in Algorithm 2.4 can not be set
too small.

e For unconstrained and homogeneous polynomial optimization, there are explicit formu-
lae for the inverse (AA*)~! which is used as a preconditioner for solving (2.9) by CG. For
constrained polynomial optimization, there is no explicit formula for (AA*)~!, and we
just use (diag(.AA*))_l as a preconditioner. Generally, is there a better preconditioner
in polynomial optimization? This is not clear for us.

e It is critical to update o} in Algorithm 2.4. From our numerical experience, it is better
to choose relatively bigger p if (2.9) is solved accurately by CG; otherwise, we should
choose relatively small p. Generally, what is the best strategy for updating o?

e Algorithms 2.2 and 2.4 are basically special cases of Algorithm 2.3. Is there a more effi-
cient specification of Algorithm 2.3 for solving large scale SOS or Lasserre’s relaxations?
Or does polynomial optimization have any special features in applying Algorithm 2.3
or its specifications efficiently? This is not clear for us.
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The regularization methods in Section 3 are designed for solving general big conic semidef-
inite optimization (2.1). A big advantage of them is the low memory requirement for storing
matrices and vectors during the computation. Generally, the computer memory could be
used to a big extent for storing problem data and the computation does not require much
more extra memory. Therefore, if a big SDP fits the computer memory, we can always run
the algorithm while possibly waiting for a long time.

Acknowledgement The author would like very much to thank Bill Helton and Igor Klep
for fruitful discussions on this work.
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