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Usually the intermediate steps are not displayed.

12. The equation

11 0 2] [-5
Y| =2 |+x,|5|+tx| 0= 11 (*)
2 5] 8 —7
T T T 1
a, a, a3 b

has the same solution set as the linear system whose augmented matrix is

10 2 -5
M=-2 5 0 11
' 2 5 8 -7
Row reduce M until the pivot positic;ns are visible:
1 0 2 =5] 0 2 -5

M~l0 5 4 1/~0® 4 1
0o 5 4 3 100 0 @

The linear system corresponding to. M has no solution, so the vector equation (*) has no solution, and
therefore b is ot a linear combination of a;, a2, and as.

16. Some likely choices are 0-v; + 0-v2 =0, and

| {3‘ -2
1v, +0v,= 0|, Ovi+1vy= 0
2] 3

1 5
1'V1+1'V3: 0 N 1'V1—1‘V2: 0

L..S_ -‘_1
s S T s .
18 [vi v» y]=| 0 1 =5|~10 1 -5 |~]0 (O -5 |.Thevectoryisin
-2 8 -3 0 2 -3+2h 0 0 74+2h

Span{v,, v»} when 7 + 24 is zero, that is, when /2 =-7/2.

22. Construct any 3x4 matrix in echelon form that corresponds to an inconsistent system. Perform sufficient
row operations on the matrix to eliminate all zero entries in the first three columns.

. ~ - - ~ . . - 4 ~N . IS DS [N,
2 0 6 10 1 0 3 3 (1 0 3 5 1 0 3 5
26. a.[a, a a3 b]=-1 8 5 3|~-1 8 5 3[~0 8 8 8/~ 0 8 8 8
1 -2 1 3] [ 1 2 13 Lo -2 -2 = 0 0 0 0]

Yes. b is a linear combination of the columns of 4. that is, b is in .
b. The third column of 4 is in W because a; = 0-a; + 0-a, + 1-as.
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6. On the left side of the matrix equation, use the entries in the vector x as the weights in a linear
combination of the columns of the matrix 4:

7 -3 1
2 1 -9
2. —5. =
9 -6 12
3l 2] |

10. The system has the same solution set as the vector equation
8] [-1] T4

X|5|+x,| 4]|=|1

|1 -3 2

and this equation has the same sol
8 -1 41

- [

5 4 [ =1

1 3"

- l_ 2

ution set as the matrix equation

L

13. The vector u is in the plane spanned by the columns of 4 if and only if u is a linear combination of the
columns of 4. This happens if and only if the equation 4X = u has a solution. (See the box preceding
Example 3 in Section 1.4.) To study this equation, reduce the augmented matrix [4 u]

o] [ 1 1 4 (1 o4l [0 o1 4
2 6 4(~0 & 12(~0 ® 12
4 |3 -5 0] 0 -8 -12] [0 0 O]

The equation Ax = u has a solution, so u is in the plane spanned by the columns of 4.
For your information: The unique solution of 4x = u is (5/2, 3/2).

(1 -3 -4 (ﬂ

16. Row reduce the augmented matrix [4 b]: A=l -3 2 6 ,b:{b2 .

5 -1 -3 by |
13 4 a1 3 4 bl}
-3 2 6 b ~|0 =T -6 b+3h
|5 -1 -8 @J 0 14 12 b -5 |

1 -3 -4 b (D -3 —4 o]
~10 =7 -6 - by +3h }= 0 1) -6 by +3b,

0 0 0 b=5p+2(6,+3b)| (0 0 0 b+ 2b, +by

The equation 4x = b is consistent if and onil}/ if by + 2b, + b3 = 0. The set of such b is a plane through the
origin in R, :




=)

22. Row reduce the matrix [v, v, ¥;]to determine whether it has a pivot in'each row.

(o 0 4 (—2\ 8 5]
0 -3 1|~ 0 53 ~1|
-2 38 =5/ Lo o @

AN

The matrix [v, v, v;]has a pivot in each row, so the columns of the matrix span R", by Theorem 4.
That 1s, {vy, v2, V3} spans R

26. The equation in x; and x, involves the vectors u, v, and w, and it may be viewed as
x|

[u V] L L J: w. By definition of a matrix-vector product, x,;u + x,v = w. The stated fact that
Xy

3u—5v —w =90 can be rewritten as 3u — 5v = w. So, a solution is x; = 3, x, = 5.

ms_sowins~so(13—5"1@040
| 4 -8 0|~j0 1 =3 0|~0 1 -3 J~O©—30
53 -7 90{02—60 0 0 0 0 0

— (. The variable x; is free, x; = —4x3, and x, = 3x3

O =0
‘”x,f [ —4x, [—4]
In parametric vector form, the general solution 1s x—rz -—[ 3, ;‘@L SJ.
X3 | Y, 1
o 1 =2 -9 5 oj@o -5 =7 o'@ - 5%, —7x, =0
'Lo 1 2 -6 0 Lo@ 2 -6 0 )+ 2x, — 6x, =

The basic variables are x; and x», with x3 and x4 free. Next, x; = 5x; + 7xa and x, = —2x3 + 6x4. The general
solution in parametric vector form is

xﬂ ( 5x,+7x, { 5x, | [T 5] f 71
e 2 ox | 2%, . 6x, . -2 iy, 6
X X, X3 0 il 1J 0
X, Xy L0 ] X 0 1
152—690@152—6900@508100"
L |00 1 T 4 80 001—740()'00@—7400‘
o0 0 0 10/ /0 0 0O 0 0 L O |0 0 0 0 o
0 0 0 0 00 |00 0 0 00 0 0 0 0 0 0 o
@+ 5x, + 8x, + X =0
@— Tx, + 4x, =0
0 =0

The basic Varlables are xi, X3, and xg; the free variables are x 02, X4, and xs. The general solution is

Xy = —=5x> — 8x4 — x5, X3 = Tx4 — 4xs, and x, = 0. In parametric vector form, the solution is
‘” 6 1 [ =5x, —8xy —xs T =5x, 1 | —8x, —is =5 -3 1
Xy X Xy | 0 | 0 1 0 0
x Tx, —4: 0 | 7x. t—dx ) 7 —4
X = 3 = /r4 41(:5 = + T + 3 =X, +x4 TJCS 0
LxXy Xy 0 X4 0 0 1
|
X5 s 0 0 X5 0 0 1
Xg 0 JL o] L N | 0] .0 L 0]




«Y. 1he lme through a parallel to b can be written as x = a + rb, where 7 represents a parameter:

v_f,ﬂ i 31 (—fr X, =3-7¢
X= =~ +17 , Or
:Cj i “‘4 8JI X\ = "‘4"‘8f

False. A nontrivial solution of 4x = 1 1s any nonzero X that satisiies the equation. See the
sentence before Example 2.
b. True. See Example 2 and the paragraph following it.

¢. True. If the zero vector is a solution, then b = 4x = 40 = 9.
d. True. See the paragraph following Example 3.
e. False. The statement is true only when the solution set of 4x = § is nonempty. Theorem 6 applies

only to a consistent system.

(Geometric argument using Theorem 6.) Since Ax = b is consistent, its solution set is obtained by
translating the solution set of 4x = 0, by Theorem 6. So the solution set of 4x = b is a single vector if
and only if the solution set of 4x = 0 is a single vector, and that happens if and only if 4x = 0 has only
the trivial solution. ‘

(Proof using free variables.) If Ax = b has a solution, then the solution is unique if and only if there
are no free variables in the corresponding system of equations, that is, if and only if every column of 4 is
a pivot column. This happens if and only if the equation 4x = 0 has only the trivial solution.
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