) cvrera . . . !
D. 10€ svstem is equivalent to 4X = b, where | =.

T
cAnd o= and the solution is x = 47y, T,

[ ol

— —

]
[

A

com ic is simpiified by keepine 1
pute this by nand. the arithmertic is simpiified OV Kecping e fraction 1,/det(.4)

o .. in front of the mairix
for 4™ (The Study Guide comments on this in its dis ' of the mairix

cussion of Exercise 7.) From Exercise 3

=4 L=5 =5 =9 1f-10] [ 2
x=4'p=—— _ 1 B
5[ ’ 8][11J— 5[ ZSJ_[__SJ'ThUle=2andxz=_5‘

10. a. False. The product matrix is invertible, but the product of inverses shoul
See Theorem 6(b).

b. True, by Theorem 6(a). ¢. True, by Theorem 4.
d. True, by Theorem 7.

d be in the reverse order.

e. False. The last part of Theorem 7 is misstated here.

16. LetC=4B. T nl= -l L 1 :
16, Lt : AB. Then C.u‘ JZ}B 30 (37 =] = 4, This shows that 4 s the vroduct of invertible
matrices and hence is invertible, by Theorem 6. A

Note: The Studv Guide warns against using the formula (4B) ' = B~

1 -1
A" here, b i
used only when both 4 and B are already known to be invertible. *€. pecause this formula can be

20. a. Left-multiply both sides of (4 — LX) =.X"'Bby .Y to see that B is invertible because it is the product
of invertible matrices.

b. Invert both sides of the original equation and use Theorem 6 about the inverse of a product (which
applies because .X"' and B are invertible):
A-AY=('B)' =B X' =BY
Then A = AY + B".Y= (4 = B")X. The product (4 - B'l)X is invertible because A is invertible. Since
X' is known to be invertible. so is the other factor, 4 — 5 ', by Exercise 16 or by an argument similar
to part (a). Finally,
A-~BY'd=Ud+B Y (d+BHY=X

Note: This exercise is difficult. The algebra is not trivial, and at this point in the course, most students will
not recognize the need to verify that a matrix is invertible.

22. Suppose 4 is invertible. By Theorem 5. the equation 4x = b has a solurion (in fact, a unique solution) for
each b. By Theorem 4 in Section 1.4, the columns of 4 span R".

28. When row 3 of 4 is replaced by rows(4) — 4.row (4), write the result as
( row, (4) ~| row, (/) A
[ row(A4) I= row,({)-4
Lrow3 (4)—4-row (4| |[row,([)-4~ 4-row,([)-4

oW ([ A 1 oW, (/) i

row, (1) 4 | ]' rows(1) | d=Ed
[rowgu)—Jr'rowl(I)]-AJ _row,(I)—4-row,(])

7
|
|

Here. E is obtained by replacing rows(/) by rows(/) —4-row,(/).




i | obviousiy has linearly denendent coiumns ibecause one column i3 zere . nd
~ >3 10 LNl s e eddl

so the matrix is not invertible (or singuiar) bv (e) in the IMT.

True. If statement (k) of the IMT is-true, then so is statement ()
True. If statement (e) of the IMT is true, then so is statement (h).
True. See the remark immediately following the proof of the IMT.

False. The first part of the statement is not part (i) of the IMT. In fact, if 4 is any nxn mat.ri.x, the
linear transformation X — AX maps "into ", yetnot every such matnx has n pivot positions.

e. True, by the IMT. If there is a bin ” such that the equation AX =D is inconsistept, then statement (g)
of the IMT is false, and hence statement (f) is also false. That is. the transformation X = AX cannot

a0 T B

be one-to-one.

s below for Exercises 13-30 refer mostly to the IMT. In many cases, however, part or all

1 : ti .
Note: The solution ults that were used to establish the IMT.

of an acceptable solution couid also be based on various I€s

14. If A is lower triangular with nonzero entries on the diagonal, then these # diagonal entries can be used as
pivots to produce zeros below the diagonal. Thus 4 has n pivots and so is invertible, by the IMT. If one
of the diagonal entries in 4 is zero, 4 will have fewer than » pivots and hence be singular.

Notes: For Exercise 14, another correct analysis of the case when A has nonzero diagonal entries is to apply
the IMT (or Exercise 13) to 4 T Then use Theorem 6 in Section 2.2 to conclude that since AT is invertible so is
its transpose, 4. You might mention this idea in class, but I recommend that vou not spend much time
discussing 4" and problems related to it. in order to keep trom making this section too lengthy. ( The transpose
is treated infrequently in the text until Chapter 6.)

If you do plan to ask a test question that involves AT and the IMT, then you should give the students som®
extra homework that develops skill using 4’ For instance. in Exercise 14 replace “columns” by “rows.”

A1s0. vou could ask students to explam wi L o

AlS0. you ¢ S s 1o explain winv an 72 %7 matrix with linearlv ind ~ : L

: . ! : ! < ; ependent COlUMNS MUst 2 -
linearly independent rows. : 13 TUST 2150 2ave

18. By (g) of the IMT, C is invertible. I i
Y 1T, tible. Hence, each equation Cx = v has a uniqu i 51
Section 2.2. This fact was pointed out in the paragraph following the prooqf (ft‘st(l)lleutlllf/lnf P¥ Theorem 3 in

24. No conclusion about the columns of Z mav be drawn, because no i

The equation Lx = 0 always has the trivial solution nformation about L has been given.

26. If the columns of 4 are linearly independent, then since A4 is square, A is invertible by the IMT. So 4~

which is the product of invertible matrices, is invertible. By the IMT, the columns of 4° span R”

6 -8
;'I, which is invertible because det 4 = 2 = 0. By Theorem 9, :
L _ o178

Tis invertible. and 77 (x) = Bx., where B =4 = —l—} 5 6J. Thus

34. The standard matrix of T'is 4 =[

‘ —

N

X 7 5 A
! :(_x1+4x«,—.\'l+3xﬁ |
w| o\2 72 ")

T'I(.‘cl,xﬁ):llr7 3
2S5 6




4. Expanding along the first row:

|

13 )
‘ po1 21 2l A .

EER R 31“33 4;:‘“2)“’(1”:“:"0

3420 )

Expanding along the second column:

. . | -

‘ L s L5 s 15 o
i +2 2~ i 1yt -1 +I.g =—)(1)+1(—1))—4(—9)=20

lz 1 1=(-D e 21‘+( 1 1) 2+( ) [2 1\

3 4 2
6. Expanding along the first row:

5 -2 4 . | - .

{ I 3 ®) O '_3‘ ) 0 S = A 10 4(_6)_—_1
3 -5/=5 —(=2) _i+4 =35+ 2(10)+
03 SS=s 717 ‘;2 7172 4
ER

10. First expand along the second row, then expand along either the third row or the second coiumn of the
remaining matrix.

1 2 5 2
Fo 0 3 oJ 12 2
[2 ) j =0T 32 -6 s

) L 5 0 4
iD 0 4 4 ‘
=(=3) (=15 - 2‘+( 1)+ 4‘ —2;\—(:) 5(2) +4(=2)) = =6
‘ k % s E _6Us 32+ 4(-2))=—
or
O
j_) ) i ) ___(_]):4-33,2 —6

2 -6 =7 3

i 5 0 4\
50 4 4

—(_1 _1 [+2 . _2 -
(3)[( PR )5

5 van L2y
L FEDT6) 5 =(-3)(2(-17) - 6(-=6)) = -6

26. Since the matrix is triangular, by Theorem 2 the determinant is the product of the diagonal entries:

(1 0 ol
! 0 1 =) =1
!k 0 1

28. Since the matrix is triangular, by Theorem 2 the determinant is the product of the diagonali entries:

1 0 0
0 k& O =(WkDH=k
|O 0 1

30. A cofactor expansion along row | gives

: ! 0 11
01 0=l j=—1
' bl 0\
‘L0 0] -

40. a. False. See Theorem |.
b. False. See Theorem 2.





