13 -1 0 =21 3 -1 0 2] 1]1 3 -1 0 =2
0 2 -4 -1 -6/ |0 -4 -1 -6/ |0 2 -4 -1 -6
1. -2 -6 2 3 9(=(0 0 0 3 5/=0 0 o0 3 5|=
37 -3 =700 22 0 8 -1l |0 0 4 7 -7
35 5 2 7110 4 8 2 13100 0 o ]
1 3 -1 0 =2

0 2 -4 -1 -6

-0 0 4 7 -7|=—(-24)=24

00 0 3 5

00 0 0

14. First use a row replacement to create zeros in the third column, and then expand down the third column:

-3 -2 1 -4} |-3 =2 1 -4

130 3 |27
b3 03 N
-3 4 =2 8| |- 3 4 4
3 4 0 4 3 4 0
Now expand along the second row:
1 3 -3 3 3
-9 0 0 =1(—(—9))'_4 4‘=(l)(9)(0)=0
3 4 4
3.2 « Solutions 169
a+d b+e c+ ya a b ¢
20. | 4 e fo|=ld e fl=7
g h i g h i
32 =2 0
. -6 -1 0
26. Since = .
% 0 3 o 0, the columns of the matrix form a linearly dependent set.
4 7 0 -3 )

28. a. True. See Theorem 3.
b. False. See the paragraphs following Example 2.
¢. False. See Example 3.
d. False. See Theorem 5.

30. Suppose the two rows of a square matrix 4 are equal. By swapping these two rows, the matrix 4 is not

changed so its determinant should not change. But since swapping rows changes the sign of the
determinant, det 4 = — det A. This is only possible if det 4 = 0. The same may be proven true for columns

by applying the above result to 4" and using Theorem 5.

34. By Theorem 6 and Exercise 31,
det(PAP™") = (det P)(det A)(det P™') = (det P)(det P~")(det 4)

1
=(det P)| —— |(det 4) =1det 4
(de )[detpj( )
=det4

36. By Theorem 6 det 4* =(det 4)*. Since det 4* =0, then (det 4)* = 0. Thus det 4 = 0, and 4 is not
invertible by Theorem 4.




40.

. By Theorem 6, det 4B = (det A)(det B) =—1 x2=-2.
. By Theorem 6, det B® =(det B)® =2° =32.
. By Exercise 32, det24=2*det A=16x-1=-16.

. By Theorems 5 and 6, det A7 4 = (det A7 )(det 4) = (det A)(det A) =~1x—-1=1.
. By Theorem 6 and Exercise 31,

det B 4B = (det B~ )(det A)(det B) = (1/ det B)(det A)(det B) = det A =~1.




x
2. a Ifu= rJ is in W, then the vector cu= CL J = [CXJ is in W because (cx)(cy)=c(xy)=0

y y cy

since xy 2 0.

2
b. Example: If u ={ 7} and v =[3} ,thenu and v are in Wbutu + visnotin .

5. Yes. Since the set is Span {t*}, the set is a subspace by Theorem 1.

6. No. The zero vector is not in the set.

3

and v= ik Thus W is a subspace of % by Theorem 1.

12. The set W = Span {u, v}, where u=

O N = =

4

14. The augmented matrix is found as in Exercise 13c. Since
1 2 4 8 1 0 0 0
0 1 2 4/~/0 1 2 o
-1 3 6 7 0 0 0 1

the equation x,v, + x,v, + x;v; =w has no solution, and w is not in the subspace spanned by
{Vi,v2,v3).

16. Since the zero vector is not in #, W is not a vector space.

20. a. The following facts about continuous functions must be shown.
1. The constant function f(¢) = 0 is continuous.
2. The sum of two continuous functions is continuous.
3. A constant multiple of a continuous function is continuous.

b. Let H= {fin Cla, b]: f(a) = (b)}.
1. Let g(r) = 0 for all ¢ in [a, b]. Then g(a) =g(b) =0, so g is in A.
2. Let g and h be in H. Then g(a) = g(b) and h(a) = h(b), and (g + h)(@) = g(a) + h(a) =
g(b) + h(b) = (g + h)(b),sog+hisinH.
3. Let g be in H. Then g(a) = g(b), and (cg)(a) = cg(a) = cg(b) = (cg)(b), so cg is in H.
Thus H is a subspace of C[a, b].

32. Both H and K contain the zero vector of ¥ because they are subspaces of V. Thus the zero vector of V' is
inHNK.Letuandvbein K. Then u and v are in H. Since H is a subspace u + v is in H. Likewise
u and v are in XK. Since K isa subspaceu+visinK. Thusu +visin H N K. Letube in H m K. Then u
is in A. Since H is a subspace cu is in H. Likewise v is in K. Since K is a subspace cu is in K. Thus cu is
in H N K for any scalar ¢, and A M X is a subspace of V.

The union of two subspaces is not in general a subspace. For an example in > let H be the x-axis and let
K be the y-axis. Then both A and X are subspaces of 2 but H U K is not closed under vector addition.
The subset H U K is thus not a subspace of *




33. a. Given subspaces /1 and K of a vector space ¥, the zero vector of ¥ belongs to H + K, because 0 is in

both / and X (since they are subspaces) and 0 = 0 + 0. Next, take two vectors in / + K, say
w, =u,+v, and w, =u, +v, where u, and u, are in /1, and v, and v, are in K. Then

W, +W, = +V, +U, +V, = (U +uy)+ (v, +v,)
because vector addition in ¥ is commutative and associative. Now u, +u, isin Hand v, +v, isinK
because H and K are subspaces. This shows that w, + w, is in H + K. Thus H + K is closed under
addition of vectors. Finally, for any scalar c,

cew, =c(u; +v)=cu, tev, .
The vector cu, belongs to 4 and cv, belongs to K, because / and K are subspaces. Thus, cw,

belongs to H + K, so H + K is closed under multiplication by scalars. These arguments show that
H + K satisfies all three conditions necessary to be a subspace of V.

b. Certainly H is a subset of H + K because every vector u in A may be written as u + 0, where the zero
vector 0 is in K (and also in H, of course). Since H contains the zero vector of H + K, and H is closed
under vector addition and multiplication by scalars (because H is a subspace of V'), H is a subspace of
H + K. The same argument applies when A is replaced by K, so K is also a subspace of H + K.



6. First find the general solution of Ax = 0

1 0 6
[4 0]~]0 1 -
00 0

the ion is x, = —
general solution is x; = —6x, + 8xy = x5, X, =2x,

in terms of the free variables. Since

— Xy, wWith x;, x,, and x, free. So

X -6 8 -1
X, 2 -1 0
X=1x |=x30 li+x)| Ol+x 0],
X, 0 1 0
Xs 0 0 1
and a spanning set for Nul A is
-6 8][-1
20|-1]] 0
1, 0,/ 0
0 1/ 0
0/ 0 1

10. The set W is the set of all solutions to the homogeneous system of equations a+3b—c =0
3 -1 0 ’

atb+c—-d=0. Thus W =1Nul 4, where A=[1
1 1 I -1

J. Thus W is a subspace of * by
Theorem 2, and is a vector Space.
12. The set W is a subset of . If W were a vector space (under the standard operatlons in

be a subspace of . But Wis not a subspace of
vector space.

) then it would
* since the zero vector is not in . Thus W is not a

16. An element in this set may be written as

1 -1 0 1 -1 0 5
2 1 1 2 1 1
bl [+c +d = c
0 5 —4 0 5 -4 4
0 1 0 0 1
1 -1 0
. 2 1 1
where b, ¢ and d are any real numbers. So the set is Col 4 where 4= 0o 5 —al
0 0 1

28. Let A4 be the coefficient matrix of the given systems of equations. Since the first system has a solution,

0
the constant vector b=| 1 | is in ColA4. Since Col 4 is a subspace of 3 it is closed under scalar
9
0
multiplication. Thus 5b=( 5| is also in Col 4, and the second system of equations must thus have a
45

solution.

30. Since 7(0,)=0, , the zero vector 0, of W is in the range of 7. Let 7(x) and 7(w) be typical elements in
the range of 7. Then since T(x)+7T(w)=7T(x+Ww),7(x)+ T'(w) is in the range of 7 and the range of T'is

closed under vector addition. Let ¢ be any scalar. Then since ¢T(x)=T(cx),cT(x) is in the range of T
' Ve sl nntian Hanea the rance af T ic a ennhaenace of W




J4. ANy quaaratic polynomial ¢ tor which g(U) =U will be 1n the kernel ot 7. The polynomial q must then

be q=at+bt>. Thus the polynomials p,(r)=¢ and p,(t) = t span the kernel of 7. If a vector is in the

a
range of 7, it must be of the form [ } If a vector is of this form, it is the image of the polynomial
a

p(t)=a in ;. Thus the range of T'is { {a} ‘a real}.
a



