1 Some multilinear algebra.

Let F be a field and let V' be a vector space over F. Let T(V) be the tensor
algebra on V. In other words, T'(V') is the direct sum of the vector spaces ®" V
and the multiplication is given by juxtaposition. That is,

(11 Q0@ Qui) QW1 @u2 Q- Qui) =

11 Q1R QuiQui Qu2 Q-+ Q.

Let j: V — T(V) be themap v — v € ®" V. Then this algebra is characterized
up to automorphism by the universal mapping property: If p : V — A is an
F-linear map of V into the associative algebra (not necessarily commutative)
with unit, A,over F' then there is a unique algebra homomorphism (taking the
identity to the identity), p : T(V) — A such that poj = p. We now consider
the quotient algebra

AV =T(V)/> TV @vT(V).

veV

Let A"V be the image of @" V in this quotient. We write for u,v € AV the
quotient algebra multiplication as u A v. We define a map of the k-fold product

o VxVx-xVo AV

by o(vi,...,vx) = vi A--- Avg. Here we identify j(v) + > o T(V)v @vT(V)
with v for v € V. Let W be a vector space over F. We say that a map
A: VXV x--xV — W (here the product is k-fold) is k-multilinear if for each
fixed choice of vy, ...,v5—1 and 1 <17 < k, the map

UV )\(’Ul, ey Vi—1,0,V;5, ..., Uk)

is F-linear in v. Then the universal mapping property of T(V) can be inter-
preted as follows: If A is a k-multilinear map of V' X V x --- x V to W then
there exists a unique linear map A : ®kV — W such that A(vy,...,vx) =

A1 Q2 Q- @)
We say that a k-multilinear map A: V x V x -+ x V — W is alternating if
A(v1, ..., v;) = 0 whenever v; = v;11 for some 1 < ¢ < k. This implies that

0 = A(V1, .oy Vi + Vig1, Vi + Vig1, .0y Vk) =

AV1, ooy V3, Vs ooy U) + A(V1,5 ey 03 Vig 1y oeny U )+
A(v1, ey Vi1, Vg eeny vg) + A(v1, ..oy Vi+1,Vi+1, oy V) =
)\(Ul, ey Vg Vit 1, ...,’Uk) + )\(1}1, veey Vit 1,04, ...7’Uk).

Thus, if s € Si (the group of permutations in k letters) then

AMVs1y ooey Vsk) = sgn(s)A(v1, .., UK).



Here sgn is the usual sign of a permutation. This is a consequence of the
fact that S, is generated by the transpositions (i,7 + 1). We see that A*V
has the universal mapping property:If A is an alternating k-multilinear map of
VxV x--+xV toW then there exists a unique linear map A : /\k VW

such that A(vy, ..., vx) = Movr Ava A -+ A ve)-

Lemma 1 Ifv;, i € I (a totally ordered set) is a basis of V' over F then the
elements vy, Nvi, \ -+ Nvi,, forin < ... <iy form a basis of NV

Proof. Let \;,i € I be the dual elements to v;,¢ € I (that is, A\;(v;) = J;5).
Define for i1 < ... < i} the element
/\111k (wl, ,wk) = det P\“ (wl)]lﬁ.%lﬁk .

—~—

The universal mapping property implies that there exist linear maps A;; . i,
AV — W such that if iy < ... < iy and I < ... < I,

—_~—

k
>‘111k (Uh /\vlz /\ T /\vlk) = H 5imlm'
m=1

P

Evaluating A;, .., with I3 < ... <l on an identity

> v Avis A Avig =0
11 <...<tg
yields ay,...;,, = 0. This the elements are linearly independent. Since they span
they must be a basis. =

Corollary 2 IfdimV =n < co then dim /\k V= (Z) In particular, dim AV =
A

We note that if W C V is a subspace then the injection i : W — V C
AV (i(w) = w) induces an algebra homomorphism of AW into AV. The
previous lemma implies that the map is injective. Thus we can think of A W
as a subalgebra of A V.

Lemma 3 Let W be a k-dimensional subspace of V.. Set u = /\k W thenv eV
is an element of W if and only if v Au = 0.

Proof. The necessity is obvious since /\’(”'+1 W = 0. Let wq,...,wg be a basis
of W extend to an ordered basis {wy,...,wp} U{ v;|i € I} of V. If v € V then
v= Zle a;w; + > bjv; a finite sum. Now Fu = AW = Fuy Nwa A\ -+ \wp

vAu= (—1)k2bjw1/\w2/\~-~/\wk/\vj.

Since the previous lemma implies that the elements wy A wa A - -+ A wi \ v; are
linearly independent the lemma follows. m
The next result is useful in several contexts.



Lemma 4 Let v # 0, v € V and let e(v) : AV — AV be given by e(v)u =
v Au. Then the sequence

e(v) g(v) g(v) e(v)
0—>F—>V—>/\2V—>...—>/\kV—>

18 exact.

Proof. We can think of v as the first element of a basis of V' then Lemma 1
implies the assertion. m
If A € V*(the space of linear maps of V to F) then we define

[’()‘)(Ula ...,Uk) = Z(*l)iH)\(vi)vl /\’Ug /\ .. /\{)\1 /\ N /\Uk

then this defines an alternating k-multilinear map to /\ki1 V. Hence induces a
linear map t(A) : A"V — A"V

Lemma 5 An element u € N*V is of the form u = vy Nva \--- N v with
v; € V if and only if for every choice of Ay,...,\p_1 € V*

(e(A1) - t(Mg—1)u) Au=0.

Proof. Set L(u) = Spanp{(t(A1) - t(Ap—1)w)| A1, .., g1 € Vo Ifu =
v Av2 A+ Avg and w # 0 then L(u) = Spang{v;|i = 1,..,k}. So the necessity
follows from Lemma 3. Suppose that the condition is satisfied. We assume that
u # 0. Then it is easy to see that dim L(u) > k and that u € A" L(u). The
previous lemma implies that if v € L(u), v # 0 then since v A u = 0 we have
u = vAu for some v/ € A* "' L(u). Let vy,vs,... be a basis of L(u). Then
u=1wv; \uy with uy € /\k_1 Spang{vs,...}. Thus since

O0=va Au=va Avi Aus = —v1 Ava Aug

Lemma 1 implies that va A u3 = 0. Souy = vy A\ uz with us € /\k_2 Spang{vs,...}.
Continuing in this way k steps we find that v = vy Ava A--- A vk A up with
up € /\O Spanp{vii1,...} =F. ®

2 The Grassmann varieties.

Let V be an n-dimensional vector space over F. We set Gry(V) = {W|W
a k-dimensional subspace of V}. If V' = F" then we write Gry,, = Gri(V).
Obviously, a choice of basis induces a bijection between Gry(V) and Gry,y, if
dimV =n. If W € Gry,, then we have a linear isomorphism z : FF W c F™.
We can think of z as an n x k matrix. Since dim W = k we see that rank(z) =
k. Conversely if = is an n x k matrix of rank k then dimaF* = k. Let for
1<id1 <9 < ... <1 <n, X . i bethespace of n x k matrices such that the



i; row is [0,0,...,0,1,0,...,0] with the 1 in the j-th position. Thus X2 j is the
set of all matrices of the form
I
o

with I the k x k identity matrix and z is an arbitrary n — k x k matrix.

Lemma 6 Let 1 <143 < iy < .. <1t <n. The map ®;, ;
given by ®;, ,;, (z) = xF* is injective. Furthermore,

Grk’,n == U ¢11’Lk (Xlllk)'

i1<...<ik

1 X — Grin

Proof. Let eq,...,e, be the standard basis of F". We will prove the first
assertion for the case when ¢; = j, for j = 1,...,k. The general case will follow
by observing that if o is a permutation in S, acting on F'™ by permuting the
coordinates then if sj = i; then s®15_ (s~ 'z) = ®;, ;. (x). Set & = &y,

X = X1 Then if
@{I]CI){ I}
z w

then we must have for each j = 1, ..., k the relation e;+) .., wje; = Zle bji(e+
> isp 21iei). This implies that bj; = 05 and wj; = zj;.

As for the second assertion we note that if W € Gy, , then W = xF* with
x an n X k matrix of rank k. This implies that there exist 1 <i; < ... <ip <n
such that if z; is the j-th row of x then the matrix

is invertible. We then have zz~! € Xi,..i,- Clearly 2z YFk = ¢Fk. m

We define for 1 < iy < ... <ip <n, Tj .y, : Mp_gk(F) — X;,...;, by putting
the element e; in as the i; row and shifting everyting up one unit. Then putting
ez in as the i3 row and shifting,... Then if we set Uj,...;, = @i, 5, (X4,..4,) and
if we write \I/“Zk = (pil. Tlllk then

Uiyt Mp_p 1 (F) = Uiy,

k

is bijective. We note that M, _ ;(F) is an (n — k)k dimensional vector space

over F. Thus we can endow it with the Zariski topology and consider it to be
Ak(n—k)'

Lemma 7 The set \P;Ilk(Ullzk nU; ) is open in My_j 1 (F).

T

Proof. This set can be desctibed as follows. Take x € M,,_j x(F). Then inset
the e;, 4 =1, ..,k in the indicated positions to get an element of X;,...;, and let
f be the minor of this matrix which is the determinant of the matri consisting



of the rows ji, ..., jx. Then f is a polynomial on M, _ (F) and the indicated
set is the set of all elements y with f(y) #0. =

This lemma allows us to define a topology on Gy, by taking the open
sets to be unions of images under the U;,..; of open sets in M,_j ,(F). If
U C Gry,y, is open then we set Ogr, ,, (U) equal to the set of all functions such
that for each i1 < ... < iy then

-1
fo ‘I’i1~~-ik|‘l’fll...ik(UﬁUil--»ik) < OMn—k=,k(F) (\Illl'bk(U n Uil"'ik)'

One checks that with this definition (G7y,,, Ocr, ) is a space with functions (in
the sense of Kempf). Since (Uil“'ik7OGT‘k,nlUil-wik) is isomorphic with A=)k
as a space with functions we see that with this struction Gry ., is a variety (in
the sense of Kempf).

Our next task is to show that it is projective. We note that if £k = 1 then
Gim = P"~!(as a set). Furthermore, the spaces U; i = 1,...,n in this case are
just the spaces IP’?:ll in our discussion of projective space. Thus the equation is
also as a variety). We will thus consider Gr1(V') to be isomorphic as a variety
with P*~! for V an n-dimensional space of F

We set V = F™ and define a map I' : Gry,, — P(N"V) = p(i)-1 (this
involves choosing bases) by I'(W) = /\k W (note that this is a one dimensional
subspace of /\k V. We now have the main result.

Theorem 8 We have I'(Gry, ) is closed in P( /\k V) and the map T defines an
isomorphism of Gry, , with the projective variety I'(Gry ).

Proof. Lemma 3 implies that I' is one to one. In the notation of Lemma 5 we
define

Do) = p((eAr) - - eAk-1)u) Au)

P R S (N V)* and u € AV, Then fa,. e you(u) is
a homogenious polynomial of degree 2 in u and the set of joint zeros of the
Far,odw_1;u is the image of I'. thus the image is closed. We will now show
that F|Ui1mik is an isomorphism onto its image for each i; < ... < 7. Up to
permuting the coordinates of F™ it is enought to prove this for i; = j. In
this case we consider « € M,,_j 1 to be k column vectors in F" that are linear
combinations of eg41, ..., e,. Then we have

LWy k(2)) = [(ex +x1) Alez +x2) A= Alew + )]

(here, as usual, [z] is the line containing the nonzero vector z). This implies
that the map is regular and we have

(e1 +z1) Nlea+z2) N~ Alew +zx) =er Aea A - New+
k

S~V uAer Aea A AG A Aew + o

i=1



If we choose as a basis of A V the elements e;, A ei, A -+ A €, withiy < ... < iy
and we order the indices as 0,1, ..., (Z) — 1 with the 0-th basis element being

e1 Aea \--- A ek then the formula implies that I'(U;...,) C ]I”((J"")_1 and the map
is an ismorphism onto its image. =



