1 Monomial Orders.

In the polynomial algebra over F a field in one variable z, F[z], we can do
long division (sometimes incorrectly called the Euclidean algorithm). If f(z) =
ap + a1 + ... + apx™ € F[z] with a, # 0 then we write deg f(z) = n and
LC(f(x)) = am. If g(x) is another element of F[x] then we have

f(@) = hx)g(x) +r(z)

with h(z),r(z) € Flz] and degr[z] < m. This expression is unique. This result
can be varified by long division. As with all divisions we assume g(x) # 0.
Which we will recall as a pseudo code (such code terminates on a return) the
input being f, g and the output h and r:

Jo=fiho=0;k =0;m = degg;

Repeat:

If deg(fx(z) < deg(g(z) return hy(x), fr(x);n = deg fi.

frr1(@) = fulw) - EFLE an=m g (2)

Py () = ha(@) + gt

k=k+1;

Continue;

We note that this code terminates since at each step when there is no return
then the new value of the degree of f,(x) has strictly decreased.

The theory of Grobner bases is based on a generalization of this algorithm
to more than one variable. Unfortunately there is an immediate difficulty. The
degree of a polynomial does not determine the highest degree part of the poly-
nomial up to scalar multiple. But this is precisely what is needed. To fix this
problem one introduces what is known as a monomial order.

We say that a total order (i.e satisfies transitivity and tricotomy), >, on
Z%, is a monomial order if it satisfies the following conditions (Greek letters
will designate elements of Z2):

1. A # (0, ...,0) implies that A > 0.

2. If A> pthen A+ &> p+E&.

3. Any non-empty subset of ZZ, has a minimal element.

Exercise 1. Show that the only possible order on Zx( satsifying 1. and 2.
is the usual order.

Exercise 2. Show that condition 3 is equivalent with the condition: If
a1 > g > ag > -0 >y, > ---then there exists M such that «p = ayy for
kE>M.

We will now explain two of the main ways of getting monomial orders on
ZZ4? if we have monomial orders >1 on Z2 and > on Z%.

L Write A = (6,v), = (6,0) with £,6 € 7~ , and v,o € Z%, then the new
order is given as follows: A > p if € >; dorif € =9 and v >4 0.

IfA#0thenif A= ({,v)if£#0theng >3 050 A >0if £ =0thenif A#0
then v # 0 hence v >4 0 hence A > 0. If A > = (§,0) then writing o = (p, 7)
we see that if £ >y dthenE+p > d+pifE=dthen+p=d+pandv >3 7
which implies v + 7 >3 ¢ 4+ 7. Thus condition 2 is satsified. Condition 3 is



satsified since in such a sequence the first components are in decreasing order
thus must stabilize. Once they stabilize the second omponents are in decreasing
order.

II. Here there are three levels of tests. Let A = ({,v) and p = (6,0). If
[A| > |p| then A > p if |A\| = |u| and v <3 o then A > p (notice the reversal
here) If |\| = |u| and v = 0 and if € >4 0 then A > p.

We leave it to the reader to check that this defines a monomial order.

If we start with the only possible order on Zs( then use method I on Z2,
then method I. on Z3, = Z>¢ x Z2, and continue in this way to Z2, then we
get Lexicographic order or Lex order. That is, if A — u = (0,...,0,u,...) and
u > 0 then A > p. We write >, for this order.

The other standard order is Graded Reverse Lex or GrRevLex. Which is
gotten by an iteration of method II. Here the first test is on the norm. Next
we look at the last entry. If the last entry of A is strictly less than that of p
then A > p otherwise if one has equality and n > 2 we use the same test on the
second to last entry (if n = 2 and then at this stage we know A = p). If one
has equality in the next to last index and n > 3 then one goes to the next index
up and uses the same test, etc. We write >, rres for this order.

Exercise 3. If > is a total order on Z%, that satisfies 2. in the definition of
monomial order. Then we introduce a new version of the order by saying that
if |A| > |p| then A >¢, p and if |A| = |p] and if A > g then A >, p. Show that
>, defines a monomial order.

The order in exercise 3 is called the graded version of >. We denote by
GrLex the graded version of Lex and denote the order by >grres-

Exercise 4. Show that if n = 2 then GrLex is the same as GrRevLex.

If 2 and z* are monomials and if > is a monomial order we will write
o >t if A > p.

Fix a monomial order, >. (We will use it throught the rest of this section).
If f(x1,...,2,) # 0 is a polynomial we can write

flay,yxy) = arz™ + Z a,x”.

pn<A

We will call 2* the leading monomial of f(x1, ..., z,,) and denote it by LM (f(z1, ..., x,))
(we will also write A = LM (f(z1,...,z,)). We will call ay the leading coefficient
of f(x1,...,z,) and denote it LC(f(z1, ..., ).

If \,pn € Z%, then we say that A dominates p if A — p € Z%,. With
all of this in place we can set up the multivariate division algorithm. Here
f(xlv "'7xn)7g(x17 axn) € F[xla axn}

ho(z1, .o, @n) = 05 fo(x1, ooy ) = f(21, 0y @n); 0 = LM (g(x)); k = 0;

Repeat:

If LM(fx(x)) does not dominate p return hg(x1, ..., xn), fx(T1, ..., Tpn);
LC T1yeey Ty T1yeeeyTyp)—
fk:«i»](xl; ’gjn) = fk(x17 71-“) — %xLM(fk( LyeensTn) ,U'g(x)
LCO(fr(x1,...,xn L1yeeeyTy)—
i1 (@) = hy () + Lé{;(go1l7~--7xn))))xLM(fk( prn)
k = k 4 1;Continue;



The output of this algorithm is a pair of polynomials h(z1,...,z,) and
r(z1,...,T,) with

flx1,.yxn) = h(z1, ooy Zn)g(T1, ooy ) + 7(T1, 0y )

and the leading monomial of r(x1, ..., x,,) does not dominate that of g(z1, ..., z,).
We will call r(z1,...,z,) the reduction of f(x1,...,z,) relative to g(z1,...,z,)
relative to the given monomial order. We will denote r be remainder(f, g).

Exercises 5. Calculate h and r for f = z*y* + 2295 and g = 23y + 2293
using Lex and GrLex.

6. Show that if f = ug then the division algorthm outputs A = u and r = 0.

If we have a set of nonzero polynomials fi,..., f;, than will now describe
a procedure analogous to Gaussian elimination to put them in a convenient
“normal form”. In which we relace the polynomials by polynomials hq, ..., hy
generating the same ideal with the following properties:

1. If ¢ # j then LM (h;) does not domiante LM (h;).

2. LM (hy) < LM(hg) < ... < LM (h;).

We now give the normalize algorithm. Here we partially order polynomials
by their leading monomials using the monomial order that we have fixed. The
statement Break means that if one is doing operations 1,2, ... and the Break is
at 7 then one stops doing that operation immediately (it takes the ith step as
the last in the loop).

Fori=1,..m fio= fi; k=m;l = 0;

Repeat:

Remove all of the f;; that are 0. Relabel the rest so that they are in the
same order as before. Subtract the number of zeros deleted from k.

Order the fi4,..., fx,; in the first subindex (remember the partial order is
according to the order on the lead monomials).

TST = (—1,-1);

Fori= 1,4 < k—1If TST # (—1,—1) Break; For j =i+ 1,j < k if f;;
dominates f;; then T'ST = (i,5) = (T'STy, T'ST»);Break;

If TST = (—1,—1) then Return fi, ..., fi i

For s = 1,5 < TSTs, fsu+1 = fsu; frsm,+1 = remainder(frsr, 1, frsr, 1)
For s =TSTy + 1,8 <k, fs141 = fs15

l=1+1

Continue.

We must check that this algorithm terminates. Suppose not then at each
stage there must be a pair of indices such that a nontrivial division has taken
place. That is at each stage [ there is some i such that LM (f; ;) > LM (f;141)-
Since there are only m possible values of i there must be an infinite sequence
li < la,... such that LM (fi;,) > LM(fi. This contradicts 3. in the
definition of monomial order.

j+1)'

We will now give the reduction algorithm that will be important to our
development of Grobner bases. Let G = {g¢1, ..., gm } be a set of non-zero poly-



nomialsin a given order and let f be a polynomial. Here is the algorithm (see
the previous algorithm for the meaning of Break).

fOZf; ap =az=...=ay, = 0;k=0;

Repeat:

TST = —1;

For i =1 to m if LM (f)) dominates LM (g;) then T'ST = i and Break;

If TST == —1 return (ay, ..., am), fx;

Do division algorithm on f and grgp with output b, fir11;

a; = a; +b;

k=k+1;

Continue;

The output of this algorithm is (ai,...,an),r. With ra; € Flxy,..., 2],
f=a1g1 + ... + amgm +r and LM (r) does not dominate any of the LM (g;).
The polynomial r will be called the reduction of f with respect to the ordered
set g1, ..., Gm.

If LM(g;) # LM (g;) for i # j and LM (g;) < LM (g;41) fori=1,..,.m—1
then we will use the notation redg(f) for the output r of the above algorithm.

Exercise 7. Show that this algorithm terminates.

Exercise 8. Suppose that in the above algorithm we used a different order-
ing of the elements of G would we get the same r?

2 Grobner bases.

If I is an ideal in F[z4,...,x,] and if > is a monomial order then we define
LM (I) to be the ideal generated by {LM(f)|f # 0, f € I}. We call LM (I) the
monomial ideal associated with I and the order >.

If I is an ideal and if > is a monomial order then we set S(I) equal to the
set of monomials that do not dominate any element of {LM(f)|f #0, f € I}.

Lemma 1 Flzy,...,x,] = I @ SpanpS(I). Furthermore,S(I) is a linearly in-
dependent set.

Proof. The second assertion is obvious. That the sum in the asertion is direct is
also obvious (we leave this as an exercise with the hint that it is obvious). Let A
be the set of all f(z1,...,2,) ¢ I P SpanpS(I). We assume that A is nonempty.
Then the set {LM(f)|f € A} has a minimal element. Let f € A be such that
LM(f) is that element. We now assume that LC(f) = 1. If LM (f) ¢ S(I) then
LM(f) dominates LM (g) for some g € I. We may assume that LC(g) = 1.

Then LM(f — %g) < LM(f) and f — ﬁ%g’;gg € A. This is a contradiction.

If LM(f) € S(I) then LM(f — LM(f)) < LM(f) and we run into the same
contradiction. m

Corollary 2 The dimension of the variety defined by LM(I) is the same as
that defined by I.



Proof. The value of the Hilbert function, h(k), of F[z1,...,2,]/I equal to the
number of elements, A, of S(I) with |[A| < k. This is the same value as for
Flz1,...;xzy)/LM(I). m

One can see that the monomial ideal of I relative to the monomial order > is
an important computational tool. Our problem is to find a way to calculate it.
We will first introduce another concept that is also apparently non-algorithmic
and will (following Buchberger) find an algorithm to calculate it.

Lemma 3 Let > be a momomial order and let I be an ideal in Flx1,...,zy].
Let {g1,...,gm} be a set elements of I. Then the following are equivalent:

1. The set {LM(g1), ..., LM (gm)} generates LM (I).

2.0rder the g; arbitrarily. If f is a polynomial then f € I if and only if the
reduction of f with respect to gi, ..., gm s 0.

We will call a set of generators for I that satisfies the conditions of the
lemma for > a Grobner basis for I with respect to >. We note that 1. implies
that Grobner bases always exist since we can apply the Hilbert basis theorem to
LM(I) to get a finite generating set a*1,...,x#m for LM and choose g1, ..., gm
in I so that LM (g;) = a*i. We also note that 2. implies that a Grobner basis
is a generating set of 1.

We will now prove the result.

Assume that {g1, ..., gm } satisfies 1. Then if f € I we have LM (f) must
dominate some element of {LM(g1), ..., LM (gy,). Let LM(g;) be the one with
smallest index. If we apply the division algorithm to f and g; the remainder has
a lead monomial strictly less than that of f. So let A be the set of all f such
that 2. is not satisfied. Let f be an element of A with LM (f) minimal. Now
use the procedure just discribed derive a contradiction. Clearly if f reduces to
0 by repeated applications of the division algorithm then f € I.

We will now show that 2. implies 1. We must only show that if f € I,
f # 0 then LM(f) dominates LM (g;) for some 4. But this is obvious since it is
necessary in order to begin the reduction of f to 0 via the division algorithm.

As an immediate corollary we have:

Corollary 4 Let G = {¢1,...,gm} be such that LM(g; # LM/ (g;) for i # j.
Then G is a Grébner basis for (G) if and only if f € Flxy,...,xy,] is in (G) if
and only if redg(f) = 0.

Notice that if we have a Grobner basis of I with respect to > then we can
test whether f € I using the reduction algorthm. In fact, the algorithm shows
us how to write f in terms of the g;. However much more is true.

We say that a Grobner basis, {g1, ..., gm | for I relative to > is reduced if no
monomial of g; dominates LM (g;) for j # i.

Lemma 5 Given a monomial order > each ideal has a unique reduced Grobner
basis with leading all coeffiecients 1..



Proof. Let {g1,...,gm} be a Grobner basis for I with respect to the monomial
order >. We may assume that all of the leading coefficients of the g; are 1. We
note that if LM (g;) dominates LM (g;) for j # 4 then {g1, ..., gm} — {g:} is still
a Grobner basis. We can thus assume that no LM (g;) dominates LM (g;) for
i # j. We can now assume that this property is satisfied and that LM (g1) <
LM(gs) < ... < LM(gmm). We note that if 2* is a monomial with non-zero
coefficient in g; then X < LM (g;)thus A cannot dominate LM (g;) for j > i.
Thus no monomial of g; dominates LM (g;) for ¢« > 1. We now consider the
non-leading monomials of g,. Let

9i = Z aA,iJf’\
A
Let X3 = {A|ax,2 # 0, A dominates LM (g1)} replace g2 by

A—LM
g2— Y axaw (or)g.
AETs

Now no monomial of go dominates the lead monomial of g; for i # 2. We now
consider g3 we first do exactly the above procedure to g3 relative to go so that
the new g3 has no monomial that dominates LM (g2). Now do the same with
gs and g;. We next do the same thing with g4 relative to g;,7 = 1,2,3. When
we get to m we have a reduced Grobner basis. This shows that from a Grébner
basis we can always algorithmically construct a reduced Grébner basis.

Let {g1,...,9m} and {hq,..., h;} be reduced Grobner bases of I with respect
to > with leading coeffiecients 1.. We first assert that {LM (g1), ..., LM (gm)} =
{LM(h1),...,LM(h;)}. Indeed LM (g;) must dominate LM (h;) for some j and
LM (h;) must dominate LM (gi,) for some k. Thus LM (g;) dominates LM (gi)
so we must have k = 4. This implies LM(g;) = LM (h;). This proves the
assertion. Thus m = [ and we can reorder so that LM((g;) = LM (h;). We note
that if g; — h; # 0 then LM (g, —h;) < LM(g;). But LM (g; — h;) must dominate
some LM (g;) this implies that either g; or h; as a non-leading monomial that
domiates one of the LM (g;). This contradicts the definition of reduced. m

This result says that if we can effectively construct Groébner bases then we
have an effective test for whether two ideals are equal.

Exercises 1. Show that the procedure described in the first part of the
proof does produce a reduced Grobner basis.

2. Write pseudocode to convert a Grobner basis to a reduced Grobner basis.

3 Syzygies.

In this section we will give a test (due to Buchberger) as to when a generating
set for an ideal is a Grobner basis relative to a monomial order. Through this
section we keep a fixed monomial order >. If f g # 0 are polynomials then
let #* be the least common multiple of LM (f) and LM/(g). We note that if



LM(f) = x* and LM(g) = «¥ then A = (A, ..., \p) with \; = max(p,;,v;). If
E=A—pand d =\ — v then we set

S(f.9) = LC(g)z* f — LO(f)2°
Buchberger’s criterion is:

Theorem 6 Let I be an ideal. Let G = {q1,...,gm} be a generating set Then G
is a Grobner basis of I if and only if for alli, j we have S(gi,9;) = Y ) ijk (L1, o, Tn) gk
and LM (aijrgx) < LM(S(gi,9;))-

This condition is necessary since very element of I reduces to 0 relative to
a Grobner basis and the reduction process yields an expression with the above
property. In actual practice one mainly uses the following “weaker form” of the
criterion.

Corollary 7 Let I be an ideal. Let G = {g1,...,9m} be a generating set such
that LM (g;) # LM (g;) for i # j.Then G is a Grobner basis of I if and only if
for all i, j we have reda(S(g:,9;)) = 0.

Exercises:

1. Let I be the ideal in Fz1, ..., 2, ] generated by {zizn4; — Tj&ntilt < j}
Show that this is a Grobner basis relative to Lex.

2. In this exercise we will also use Lex for our order. Let I be the ideal
generated by e1(z1, ..., Zn), €2(T1, ey Tn)y ooy € (X1, ooe, Tpy) With ey (21, .00, 2) =
Zl§i1<---<im§n Ty Tiy -+ T, ....Use the identity

m m .
H — ;) Z e (T1, ey T )T,
j=1 s
to show that there is a generating set h1 = ey, ha,...,h, = 2} for I with

LM(h;) = a:; (Hint: The displayed formula says that

xm - - (71)m7jem—j(x1a ey L ):rgn

Use €;(21,...; Tmt1) = €j(T1,...;Tm) + €j-1(Z1, ..., T ) Tm41 to show that the

leading term of
m—1
— 1) ey i (@1, ey T )T,
j=0
is 27.) Prove that {hy,..., h,} is a Grobner basis for I with respect to Lex. For
this you may want to use the next exercise.
3. Let 0 # f,g € Flx1,...,x,] be such that LM (f) and LM (g) are relatively
prime. Then S(f,g9) = af + bg with LM(f,g) < LM (af) and LM(f,g) <
LM (bg). (Hint: Assume LC(f) = LC(g) = 1. Then f = LM(f) + u and



g=LM(g)+v. Thus S(f,g9) = LM(g)f — LM(f)g = vf — ug. Show that the
leading terms of vf and ug are distinct.)

We will now prove the Buchberger criterion.

We assume that each S(gi,9;) = > aijrgr with LM (a;jrgx) < S(gi,g;). Let
f € I be nonzero. Then we must show that LM(f) dominates some LM (g;).
For this it would be enough to prove that f = > b;g; with LM (b;g;) < LM(f)
fpr all I. Since then we must have some LM (b;g;) = LM (f) so LM (f) dominates
LM(g:).

We procede to prove this by contradiction. Let among all expressions f =
S bigi, f = >_cig; be the one with max{LM/ (c;g;)|t = 1,...,m} = A, min-
imal. We note that A > LM(f). We assume that A > LM(f) and derive
a contradiction. If we relabel we may assume that LM (c;g;) = A for i < k
and LM (c;g;) < X for i > k. We write LM(g;) = 2% and we assume that
LC(g;) = 1. We write LM (c;) = 2% and LC(c¢;) = u;. Then &, +6; = A for
i < k. We have f =", wizsig; + D oi<nlci — w;zti)g; + > ik Cigi- We have
LM (c; — u;abig;) < A for i < k and LM (c;g;) < A for i > k. We look at the
first term. We note that the coefficient of 2* in that term is Y, _, u;. This must
be the coefficient of 2* in f which is 0. Thus Y_,., u; = 0. We note that if

(21, .-y 2) € F¥ and Zigk z; = 0 then (z1,...,2;) = Zf:_ll w;(e; — e;41) with e;
the vector with a 1 in the i-th position and 0’s everywhere else. This says that
there are elements of F', d;, such that

Yowatigi= Y diz(atigi—attigia). (%)

i<k i<k—1

Since &;+8; = A we see that 2 g;—x%i+1g, 1 = 21 S(g;, gi11). for an appropriate
w; We also note that LM (S(g;, gi+1)) < LM(LCM(g;, gi+1))- Our hypothesis
implies that S(g;,9;) = > aijege With LM (a;jxgx) < LM (S(g:,9;)). Thus we

have
) J— d:a:: g
U; T~ g4 i Aii4+1kT " Jk
i<k

with LM (aji1169%) < LM(S(gi, git+1)) < A— ;- Now putting all of these terms
together we have an expression

=Y higi

with LM (h;g;) < A for all 4. This is the desired contradiction.
Exercise. Carry out the details of the proof of (*) above.

4 Buchberger’s algorithm.
We will now give an algorithm that allows the effective computation of Grobner

bases on a computer. We start with a fixed monomial order and a generat-
ing set for an ideal {fi,..., fin} in Flz1,...,2,]. As an output we will get a



Grobner basis. Polynomials are partially ordered via their leading terms. After
normalization a finite set of polynomials is totally ordered.
Here is the pseudo code:

PresentBasis = Normalze(f1, ..., fm); Queue = {S(f, g)|f, g € Presentbasis, S(f, g) #
0}.

Repeat:

If Queue = @) return PresentBasis;

u a minimal element of the Queue;

v = TedPrcscntBasiS(u); Queue = Queue 7{”}7

If v = 0; Continue;

Queue = Queue U{S(f,v)|f € PresentBasis};

PresentBasis=PresentBasisU{v};

Continue;

We must show that this pseudocode terminates. So assume that it doesn’t
terminate. Then the algorithm yields an infinite set {vi,vq,...} such that
LM (v;) doesn’t dominate LM (v;) for i # j. Consider I; = (LM (v1), ..., LM (v;))
assume that Ij41 = I; then LM (vj41) = > ,<; hiLM(v;). This implies that
LM (vj41) must be a monomial in one of the h; LM (v;),7 < j. But then we
would have LM (vjy1) dominates LM (v;). This is contrary to the outcome of
the (assumed to be) failed pseudocode. Thus the ideals I; must never stabilize
and this contradicts the Hilbert basis theorem.

In practice there are several tricks due to Buchberger to speed up the algo-
rithm (one is related to Exercise 3 in section 3). There is another that is related
to a generaliziation of the algorithm to submodules of free modules. These im-
provements are only about 20%. There are no known exponential speadups.
These algorithms properly souped up are the basis of computational algebra
packages such as Mathematica, Maple, Macaulay, Singular,...

We will give algorithms based on the (assumed ) calculation of a Grébner
basis in Mathematica code.

5 Hilbert Series

In this section we will fix a monomial order, >. We consider a homogeneous
ideal I C Flx1,...,zp]. Then A = F[z1,...,x,]/I is graded by degree. Here the
m-th part of the grade is, A™, the image in A of the polynomials homogeneous
of degree m. We define the formal power series

H(A, q) = Z dim A™¢™.
m=0

H(A) is called the Hilbert series of the graded algebra A. If I = /T and
X = P" (1) then we will give and interpretation of the numbers dim A™ later



in terms of sheal cohomology. In this section we will give algorithmic methods
to calculate it. We will also use the algorithm to prove some properties of this
series.

Let LM (I) be the monomial ideal associated to I corresponding to the chosen
order. Let S be a finite set of monomial generators for LM (I). We can find
S by calculating a Grobner basis of I. We will now assume that that has been
done and we have S. We look upon S as a subset of Z%,. If A, € Z%, we
write A = p if A\ — p € Z%, (that is if X dominates u). We write A # p if A
doesn’t dominate p. If T C Z%, we write A\ T if X % p for all 4 € T. With
this notation in place we can begin our approach to calculation Hilbert series

Set for T C Z2%,, B(T) = {\ € ZZy|\ # T'}. We set

Hilb(T,n) = Y ™.
AEB(T)

From the material in section 2 we have
Lemma 8 H(A,q) = Hilb(S,n).

This says that we need only give an algorithm for the calculation of Hilb(T,n)
for T' a finite subset of Z%. First if T = () then B(T') = Z% so

Hilb(0,n) = Z g = !

XEZL, (=g

Next we not that if 0 € T then B(T) = () so Hilb(T,n) = 0.
Ifn=1and T # 0 then T = {(a1), ..., (@)} if 7 = min{ay,...,a,,} then
B(T) = B({r}). Hence

H’le(T, 1) = qu =1 +q+ +qr—1.

Jj<r

Now assume that n > 1 and T # (. Then we set m = max{A1|A = (A1, ..., \n) €
T}. We also set for A € Z%,, X' = (A2,...,\,) and if U C Z%, we set U’ =
{N'|\ € U}. We note that

LIf A€ Z%, and \; > m then A € B(T) if and only if X € B(T").

If0<i<m-—1weset T(i) ={\ € T|\ <i}. We note that

ILIf p € Z%" and 0 < 4 < m — 1 then (i,u) € B(T) if and only if
we BTGY).

We will prove the second and leave the first as an exercise.

Suppose that (i, ) € B(T) and p ¢ B(T(i)’). Then there is £ € T'(¢)" with
w = & Now there exists j < i such that (5,£€) € T and since (i, u) = (4,£) we
have a contradiction. Thus if (¢, ) € B(T) then p € B(T(z)'). If p € B(T'(3)")
and (i,4) ¢ B(T) then there is a v € T with (i, ) > v. But then vy < thus
v' € T(i) and we have a contradiction. This completes the proof of II.

This leads directly to the following (recursive) algorithm.
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Pseudocode to calculate Hilb(T,n) given a finite subset, T', in ZY,,. (Here

we assume n > 1.)
If T = () return )
(1—qm)
If 0 € T then return 0;
If n =1 then
r = min{\ |\ € T};
return 1 +q+ ... +¢"1;
m = max{\ |\ € T}.

return
m

m—1

N GHIL(T() ;n— 1) + 1q—Hz‘1b(T’,n —1).
- —q

1=0

Example. If we start with the example in section 3 where I = (eq,...,€,)
in Flz1,...,2,]. Then we saw that the monomial ideal corresponding to Lex is

generated by

T ={(1,0,0, ...,0),(0,2,0,...,0), (0,0,3, ...,0), ...., (0,0, ....,0,n) }.

We will denote this as 7;,. It is convenient to use the algorthm above starting
with the last variable rather than the first. Thus the prime notation will mean
drop the last coordinate and the T'(¢) notation will mean that the last coordinate
is at most i. Assume n > 1. Then we have in the algorithm m =n. If i <n—1

then

T(i) ={(1,0,0,...,0),(0,2,0,...,0),(0,0,3, ...,0), ...., (0,0, .....,0,n — 1)}

whereas 0 € T”. So if n > 1 the algorithm returns

n—1
> @ HUNT () 0 —1) = (14 q+ ... + ¢" Y Hilb(T-1,n — 1).
1=0

We follow the recursion and get (since Hilb({(1),1)) = 1).

n—1 n—1

Hilb(Ty,1) [T(1+ g+ .. +¢) = [[T QL +q+... +¢).
Jj=1 j=1
We can rewrite this as ]
n 1 _qz
i1 1—q’

Exercise 1. Show that the Hilbert series corresponding to F[z1,
as in Exercise 1 in section 3 is

1+ ngq
(1 _ q)n+1 :

11
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We note that the algorithm implies that if T C 7%, then

p(q)
(1-q)"

with p(q) a polynomial in ¢ with integral coefficients. In the obove example
n

p(g) =11 -q").

=1

We also note that if p(q) = Z?:o piq’ then p(q) is divisible by (1 — q) if and
only if p(1) = Z?:opi = 0. If that is so and we set a; = pg +p1 + ... + p; then
aj=0for j >d—1and p(q) = (1 —q)Y aj¢’ = (1 —q)h(g). If (1) =0 we
can do this procedure again. We therefore see that it is a simple computational
procedure to write

Hilb(T,n) =

p(q) = (1 —-¢q)"P(q)
with P(1) # 0.

Proposition 9 Assume that H(A,q) has been writteh in the form

P(q)
(1—q)

with P(1) # 0. Then d = dim A™(I). In other words, the dimension of the
projective variety in P*~! that is the locus of 0's of I is d — 1.

Proof. We note that

<1—1q>d :i@ﬁ;l)qj'

=0

Thus if P(q) = ao + a1q + .... + a;pq™ then

On the other hand

H(A,q) = Z dim A*¢*
k=0
This implies that
~ (k—i+d—1
dim A* = ;
m A =3 ( i )

We we set

hatt) =S g iAo ivd o) (i)

vt (d—1)!
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This implies that if & > m then

m Ld—1
dim A* = h(k) = (; ai)m + lower degree in k.

This implies that the Hilbert polynomal of the filtered algebra A; = Ag+...4+A;
is m g
(Z ai)a + lower degree in t.

i=0
We note that since Y ;" a; € Z — {0} that d is indeed the degree of the Hilbert
polynomial. m

We will call ha(t) the graded (projective) Hilbert polynomial. It has the
property that
dim A* = ha(k) for k >> 0.

Exercise 2. Show that if I is as in exercise 1 then dimA?"(I) = n + 1.
Calculate the graded Hilbert polynomial of A = Flxy, ..., z2,]/1.

13



