Solutions to Practice Midterm (Fall 2007)

November 2, 2007

1. The contrapositive of "If n is divisible by 4 then n is even" is "If n is
odd then n is not divisible by 4."

2.
P @ not(Pand @) mnot(P or (not Q)) (not P)or (not Q) mnot (P= Q)
T T F F F F
T F T F T T
F T T T T F
F F T F T F

We see therefore that the first and third statements are equivalent.

3. (a) By axiom (iii) there exists ¢ € A such that b+ ¢ = 0. (We label
each equality with the axiom that justifies it...)

a@a+0:a+(b+c) W (@+b)+c=b+c=0

(b) By axiom (iii) there exists d € A such that a +d =0. Then
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4. Claim: Z m2 = w

m=1
Proof: We prove the claim by induction on n.

base case: Since

the claim is true for n = 1.

inductive hypothesis: Let £ > 1 and assume that the claim holds for
n = k. In other words we get to assume that

b k(e 1D)(2k+1
Zm:( )6( )

m=1

inductive step: Now we must show that the claim holds for n = k + 1.
Indeed

kt1 k
Z m? Z m? + (k +1)? (by definition of the sum)
m=1 m=1
= w + (k +1)? (by the inductive hypothesis)
k(k+1)(2k+1)  6(k+ 1)
+
6 6
k(k+1)(2k+1)+6(k+ 1)?
6
(k+1)(k(2k +1) +6(k+ 1))
6
(k +1)(2k% + Tk + 6)
6
(k+1)(k +2)(2k + 3)
6

Therefore we have shown that

i (k+1)(k+2)(2k+3
IS

6

and so the claim holds for n = k + 1.

By induction the proof is complete.



D. (a) Claim: Forn>2 A, =F,+2F,_
Proof: We prove this by (strong) induction on n. This means that for the
inductive hypothesis we want to assume that our claim is true for n = k and

n =k — 1. To be able to do this we have to prove two base cases.

base case: Here the base case is for the cases n = 2 and n = 3:

Az
Fy+2F =
Ag = A1—|—A2:4
Fy+2F, = 2+2(1)=4

So the claim holds for n = 2, 3.

inductive hypothesis: Let k£ > 3 and assume that the claim holds for
n==kand n =k — 1. In other words we assume that

Ay = Fp+2F,
Apr = Fro1+2F, 5

inductive step: Now we have to show that the claim holds for n = k + 1.
Indeed

Apy1 = Ap+ Ag—1 (by definition of Agq)
(Fx 4+ 2Fk—1) + (Fx—1 + 2F;_2) (by the inductive hypothesis)
= Fk+1 + Q(Fk) (by definition of Fk+17Fk)

Therefore the claim holds for n = k + 1.
By induction the proof is complete.
(b) To discover the relationship between the B,, and F,, we should write

down the first few term of both series and compare them. Then we can get a
conjecture to try to prove.

n B, F,
1 1 1
2 m 1
3 m+1 2
4 2m+4+1 3
5 3Im+2 5
6 5dm+3 8
7 8m+5 13



Can you see the pattern? The coefficients of m form a Fibonacci sequence and
the constant terms starting with n = 3 form their own Fibonacci sequence. So
we conjecture that B,, = F,,_ym + F,,_s. Notice that we can rewrite this as
B, = F, +(m —1)F,_1. Now this looks analogous to part (a). Let’s prove
this:

Claim: Forn>2 B, =F,+ (m—1)F,_;

Proof: Again, we prove this by strong induction but we won’t be as wordy
this time.

base case: We prove the claim for the cases n = 2, 3:

B2 = m
FQ-‘r(T)’l-l)Fl = 1—|—(m—1)1:m
Bg = m—|—1
Fs+(m—-1)F, = 24(m—-1)1=m+1

So the base case holds.

inductive hypothesis: Let k£ > 3. We assume that

By = Fri+(m—1)Fp_
B, = F.+ (m — I)Fk71

inductive step: We have to prove that the claim is true for n = k + 1.
Indeed

Bry1 = Br+ Br
= Fk—F(m—l)Fk_l —|—Fk_1—|—(m—1)Fk_2
= Fk+1+(m—1)Fk

Therefore the case n = k + 1 holds.
By induction the proof is complete.

6. a. The function is neither injective (since for instance f(1) = f(—1))
nor surjective (since the strictly negative real numbers are not in the image of

f)-

b. The function is injective since for two nonnegative real numbers x and
y, if 2* = y* then x = y. But it’s not surjective (see part a).



c. The function is injective and surjective. To see that f is injective notice
that if z,y € RT then

1 1
Ttz 11y + +y T=1y

To see that f is surjective let y € {x € R: 0 < 2 < 1}. Then let z = kTy
Notice that z € RT and f(z) = y.



