Math 104A, Number Theory, Fall 2002.
Homework extra credit question 2.1 #25.

Suppose that we copy the Fibonacci construction but set
r1 =a, To = b.
Then
r3 =a+ b, x4 = a+ 2D, x5 = 2a + 3b, Tr = fr_2a + fr_10.
Applying this to the situation
a= fa-1, b= fa

we get the equation
fa+k = Tit2 = fufa—1 + fet1fa-

In particular, we can see by induction that fy|f,q for all n. Indeed, this holds for n = 1,
and

Jrd+d = frafa—1 + fra—1fa,

so if fq|fra then f4|f(x4+1)a, and by induction, fq|fnq for every n.

We claim that the Fibonacci numbers which are divisible by f; are precisely the
numbers f,q. To show that there are no others, we first show that if (d,e) = 1, then
(fa, fe) = 1. Indeed, choose the smallest d > 1 such that there exists e with (d,e) =1
and (fq, fe) > 1. Now with this d fixed, pick the smallest value of e with (d,e) = 1 and
(fa, fe) > 1. Then e > d or else we could have switched d with e to get a smaller value
of d to start with. Write e = qd 4+ r with 0 < r < d. Then

fe = fqd+7‘ = fqdfrfl + fqdflfw
Now fqfqa so

(fda fe) = (fd7 fqd—lfr)~

However, gd —1 < e and (¢d —1,d) =1, so (faq—1, fa) = 1. Similarly, (f,, fa) =1, and
hence (fe, f4) = 1 which is a contradiction. Hence we must have (fg4, fo) = 1 whenever
(d,e) = 1.

Now we see that the only Fibonacci numbers divisible by f; are the numbers f, 4.
Indeed, suppose that fg|f. where ¢ = gd + r with 0 < r < d. Then

fc = fqd—i—r = fqdfr—l + fqd—lfr-
Since fq|f. and fq|fqa we get
fal faa—1fr,

but (d,qd—1) =1, so f4|f-. However, since r < ¢, this is impossible. Hence we cannot
find such a value ¢, which proves our assertion.
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