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3. Given positive integers a, b, ¢, and d, show that [a, ¢] < [a,d] for ¢ > d, but [a, b, ] > [a,b,d].

Well, 1/¢ < 1/d so a + 1/¢ < a+ 1/d, and hence [a,c] < [a,d]. If you think about it, it is true that
[a,b,c] = [a,[b,c]]. By the previous proof (with b instead of a), we know that [b,d] > [b,¢|, and again by
the previous proof (with ¢ and d replaced by [b,d] and [b, ¢] respectively), we have [a,b,d] = [a,[b,d]] <
[a,[b, c]] = [a, b, ¢], which is what we wanted to prove.

4. Let a1,as,... ,a,,x be positive real numbers. Determine the values of n for which [ag, a1, ... ,a,] >
[ag, a1, ... ,a, + z] holds.

If you think hard about what we proved in the last problem, you'll see that the inequality above only holds
for n odd. In problem 3 we proved the case n = 1 (with a = ag, ¢ = a1+x, d = a1). Now assume that n is even,

and that we know that [ag, a1, ... ,an—_2] > [ag,a1,... ,a,—2+2] holds for any choice of ag, ... ,a,_o (we use
n — 2 since it is the even number just before n). We use the fact that [ag, a1, ... ,an] = [ao, a1, [az, ..., an]].
Our induction hypothesis tells us that [ag, as, ... ,an] > [az2,as, ... ,a,+z] (this is why we carefully specified
that our induction hypothesis to hold for any choice of a;). Now we can apply problem 3 to the case where
a=ag,b=ay, c=lag,as,...,a,], and d = [ag,as, ... ,a, + x] to arrive at:
[ag, a1, ... ,an] = [ag, a1, [as, ... ,au]] > [ao, a1, [as, ... ,an +2]] = [ag,a1,... ¢, + 2]
7. Show that the denominator ¢ of the kth convergent of [ag, a1, ... ,a,] satisfies g > 2k/2 for k > 2, if

a; > 1 for all 7 > 1.

We prove this by induction using the formula ¢ = arqr—1 + gr—2. The base k = 2 case has ¢ =
a1 +q=1-a1+1>2= 22/2 hecause a; > 1 for all i > 1. Because our recursive relates qx to the previous
two ¢;, we should also prove the case k = 3.

g3 =asqa+q1 > 1-2+a; >3>2%% ~ 282843
Now assume that ¢; > 2¢/2 for all 2 < i < k. Then we can see that

Qhp1 = Qhs1 G + Qo1 > 1-28/2 4 2(=1/2 — 9(k=1)/2(91/2 | 1) > 9(k=1)/2 .9 — o(k+1)/2

11. Let a/b = [ag, a1, ... ,an] and let Cy, = pi/qi be the kth convergent of a/b. Suppose all the a; > 0,
then show that py form an increasing sequence and

Pn

= [an, ... ,a0]
Pn—1
and
n_ _ [an, ... a1]
dn—1

We first use the recursive formula py = arpr_1 + prx—2. If we allow the possibility that ap can be
very small, then we could concoct examples where pp < pr_1 (try the last two py of [1,2,3,1/2]), so
the text must mean that all the a; > 1. Then we not only have p; > 0 for all 7, but we also have
Dk = GkDk—1 + Dk—2 > Dk—1 + Dk—2 > Dir—1, S0 the py form an increasing sequence.



We prove the formulas by induction on n. Since we will use the recursive formula for p, we will have
to prove the first two cases of the formula above. For n = 1, the formula above is (ajag + 1)/ag = [a1, agl,
which we can see is true. For n = 2, we can compute

P2 ag(alao + 1) + an ap 1

— = =ax+———F =02+ —7

D1 ajap +1 arap + 1 a1+ -
Now we assume that pg/pr—1 = [ak, ... ,ao] is true for all k¥ < n. Then we can use the recursive formula
DPn = ApPn-1 + Pn—2 to get the following (by dividing by p,,—1)

_ 1 1
Pro g 42222 gt ————— = [an,... a0
Pn—-1 Pn—-1 Dra [an—ly cee aaO]
The proof of the formula for ¢, /g,—1 follows similarly.
18. Let Cj be the kth convergent of a/b = [ag, a1, ... ,a,]. Show that each convergent is nearer to a/b

than the previous one.
Our goal here is to prove that |Cy, —a/b| < |Cr—1—a/b| for all k. We start by proving that |Cyy1 —Ck| <
|Ck+1 — Ck—1], where we use Corollary 11.2.6 and Lemma 11.2.7. We would like to prove that

1 a
|Chy1 — Ci| = < Kt
dk+19k qk+149k—1

= |Crt1 — Cr—1]

If we clear the denominators, we get qr—o < arqr—1. Because ax > 1 and ¢ are increasing, we know that
Gr—2 < qx—1 < arqg—1, so we have proven that |Cy — Cx_1| < |Cx — Ci—2|.

Now we apply Corollary 11.2.8 so that we can get rid of the absolute values. Let us assume that k is
odd, so that we have the following inequalities Cx_1 < Ck11 < a/b < Cj. Then we have

a

b

a

b

a

a a a
‘Ck_g‘zck_ Ck—0k+1+0k+1—5 <Cry41—Cp1+ Cr—1 = b Cia1 = ‘Ck—l_g‘

Here we used the facts that Cy — Crq1 < Crp1 —Cr—1, Chp1— 5 < 0,and § —Cr—1 >0 (the last two imply
that Cyy1 — % < % — Ckfl).



