Math 104B, Number Theory, Winter 2003.
Lecture 11. Sums of Squares.
Theorem. Let p be a prime.

there exist = and y with (z,y) = 1 and p|2? + 2
= there exist X and Y with p = X? + Y2

Proof. Let
So = { primes p: there exist  and y with (z,y) = 1 and p|a® + y*}

and let
S = { primes p: there exist X and Y with p = X? +Y?}.

We aim to show that Sy C S. Let’s index the elements of Sy as p1 < ps <p3 <.... We
will show by induction that p; € S for every j. First note that p; = 2 since 2|1% + 12.
But 2 = 1! + 12 s0 2 € S. Now suppose that p1,...,p;—1 C S. We just need to show
p; € S and then by induction we are done.

Now p;|z? +y? with (z,y) = 1. We claim that we can replace z and y with numbers
of absolute value less than p;/2. Indeed, write

T = pjq+r, y = pid +1'
where ||, |r'| < p/2. Then

2 2
pile* +y* = (pjg+7)*+ (pjd +7)° = pia® +2pjqr +1° + piqd" +2pq'r + 07,

so pjlr? + . Now pj {7 and p; 1. Hence p; 1 (r,r"). But since

pj | (r,r)” (((rr—mf * (ﬁY)
pj | ((7“,?“—7“’)>2 * ((rjﬂ;’))2'

Replacing @ by r/(r,r") and y by r'/(r, ') we get that p;|z* +y? with (z,y) = 1 and
2], |y| < pj/2. We see that 2% + y? < p?/Q S0

we get

x2+y2 - &
Dj 2
1




Hence we can make the prime factorization

22 + o2
Dj

= q1-..Gs

where each prime g¢; is less than p. But by the inductive hypothesis, each of the primes
qg;j is a sum of two squares, and last time we showed
Lemma 14.4.6. If a prime ¢ = a® + b? divides n = 2% + y? then n/q is a sum of two
squares.

Hence applying this in our case we get

x? 4 92 .
- 7 is a sum of two squares
q1
x? 4 92 .
- 7 is a sum of two squares
q1492
z? 4 92 .
7 is a sum of two squares
q149293
= ...
x2 4 92 )
= p = ——— is a sum of two squares
4142 - Qs

This completes the proof.

We did an example of how to write a number as a sum of two squares using this method,
and then we went through the last question on the practice midterm.



