Math 104B, Number Theory, Winter 2003.
Lecture 15. Continued Fractions.

Continued Fractions.

ag + . T = [ag,a1,...,an].

1
1
ap—1+ an

This continued fraction is simple if aq,...,a, are greater than or equal to 1, and all
are integers (sometimes we don’t require a,, to be an integer).

Proposition 11.1.4. A real number z can be expressed as a finite simple continued
fraction if and only if z is rational. (This is unique if we require a,, > 1 if n > 1.)

For a rational number z, the continued fraction expansion = = [ag,ay,...,ay] is ob-
tained as follows:

ap = |z],
1
T = m ay = Lxlj y
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Zs3 ! asz = WBJ

~ {w)

Here {z} = x — |[z] is the fractional part of z. The algorithm stops when a,, = x,is

an integer. We can obtain the algorithm by assuming that x = [ay, ..., a,] and seeing
what conditions ag, ..., a, satisfy. First we note that if n = 0 then z is an integer,
x = |z|] = ag

We can assume n > 0. Notice that

| | = ag+—
ag,...,an| = ag+ —m—
0 " 0 [al,...,an]
If n>1then1<]ay,...,a,] < oo and so
1
(*) 0< < 1.
[al,ag,...,an]
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Since
1

laz, ..., an]
we see that (*) equals 1 if and only if n =1 and a; = 1. Otherwise
1

0< <1
(a1, a2, ..., a,]

la1,...,a,] = a1 +

and ag = |z, and setting x; = 1/{z} we have

1
x:ao—l-x—.
1

We can then continue to expand z; as a continued fraction. The case we have not
considered is when n = 1 and a; = 1. In this case x is an integer and

x:[ao,l]zao—l—I.

is a continued fraction expansion of x which will not arise if we just follow the algorithm.
We can make the continued fraction expansion unique by placing a condition on the
last term:

a, >1 if n > 0.

This now gives the expansion the algorithm will produce.

By considering the Euclidean algorithm for p, ¢ where x = p/q, we see that the algo-
rithm to expand rational z = p/q as a continued fraction eventually terminates.

p=aoq+r11 T = p/q, lz] = ao, {z} =r1/q

qg=a1r1 + 72 1 =q/r, |z1] = ax, {z1} =12/

1 =asr2 + 173 To =1T1/T2, |2 ] = as, {z2} =13/12

Tn—1 = QpTp + 0 Ty = Tn—l/rna anJ = Qnp, {xn} =0
Definition. For the continued fraction [ag, ..., a,], we define Cy = |ag, ..., ak].

Proposition 11.2.3. The numerator p; and denominator g of C} satisfy

(1) Po = ao, p1 =apa; +1
(2) ¢ =1, q = ax,

(3) Pk = AgPk—1 + Pr—2

(4) Qr = apQr—1 + Qr—2

(5) PrQe—1 — QrPr—1 = (1)

Prh—2 — QePr—2 = (—1)Fay,
2



Example. These recurrence formulas give us an improved method for solving linear
diophantine equations. Indeed, if we want to solve 55x — 19y = 1, we first carry out
the Fuclidean algorithm,

o5 = 2-19417

19 = 1-17+2
17 = 8-2+1
2 =2-140.

So 55/19 = [2,1,8,2]. Then we use formulas (1), (2), (3), (4) to calculate the conver-
gents

1 8.1+1 97 2.9+41 19
We use (5) to solve the equation and get

2 3 8:3+2 26 2-26+3 55
1

55-9-19-26 = (—1)°"'=1.



