Math 104B, Number Theory, Winter 2003.
Lecture 17. Continued Fractions Continued.

Continued Fractions.

ag + P i = [ag,a1,...,an].
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This continued fraction is simple if aq,...,a, are greater than or equal to 1, and all
are integers (sometimes we don’t require a,, to be an integer).

Last time:
Definition. For the continued fraction [ag,...,a,], we define Cy = [ag, .. ., ak].

Proposition 11.2.3. The numerator p; and denominator ¢ of C} satisfy

(1) Po = ao, p1 = apar +1
(2) ¢ =1, q1 = ag,

(3) Pk = QrPr—1 + Pr—2

(4) dk = Okqk—1 + qr—2

(5) PrQk—1 — qepr—1 = (—1)F7!

Prak—2 — Qepr—2 = (—1)*ay
Proof is by induction. Assume true for £ < n.

(ag—1 + 1/ag)pr—2 + pr—3s

A0y vvyQp| = G0,y an—1 + 1/ay| =
| nl =1 " /an) (ak—1 + 1/ag)pr—2 + pr—3
_ QkOk—1Pk—2 + appr—3 + Pr—2 _ QkPr—1 + Pr—2
A0k —1qk—2 + apqr—3 + qr—2 akqr—2 + qr—2

For the proof of (5) we follow the matrix argument in the book, and (6) follows easily
from (3), (4) and (6).

Corollary 11.2.6.
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Corollary 11.2.8. The odd convergents form a decreasing sequence and the even con-
vergents form an increasing sequence. Each convergent lies between the two preceding
ones.

Proposition 11.3.2. Let ag,aq,...,ak,... be a sequence of integers with a; > 1 for
i > 1. Let Cy = |ag, a1, . ..,ak]. Then limg_, o, Cj exists.

Proposition 11.3.4. (a). If x is a real non-rational number, set (o = = and recursively
define

1
* = = —
( ) an anJ ) Tn+1 {xn}
Then = = [ag, aq,...].

We did not prove this, instead we did an example.
Compute the continued fraction expansion of v/11.
Solution. 32 < 11 < 42 so L\/llj = 3.

zo = V11,
apg = L\/ﬁJ = 3,
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= = = = 11 3
T2 T —aq @_3 V11 -3 T

az = L\/ﬁ—i—?)J =6
1 1 1

= = — = 1.
T3 —as VII+3-3 V11 -3 !

We see that /11 = [3,3,6,3,6,3,6,3,...].

r3 =



