Math 104B, Number Theory, Winter 2003.
Lecture 17. Continued Fractions Continued.

Proposition 11.3.4. (a). If x is a real non-rational number, set (o = = and recursively
define

<*) Qp = anJ s Tp4l1 = m

Then z = [ag, a1, ... ].

Example. Compute the continued fraction expansion of /7.
Solution. 2?2 < 7 < 32.
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Tog — Qo - \/7—2:

Hence /11 = [2,1,1,1,4]. Now it is a fact that if ag = |\/n], then \/n + ag is a purely
periodic partial fraction. In our case, V11 +2 =[4,1,1,1,4] = [4,1,1,1]. We can also
1




write this as [4,1,1,1,v/11+2], and we can use this idea to check the value of [4,1, 1, 1].
We have that if © = [4,1,1,1] then x = [4,1,1, 1, z].
The partial fraction z = [4,1,1,1, z] has convergents

But then
322 4+2x=142+9 = 322 - 122 -9=0 = 2* 40 -3=0 = (v —2)*="T.

Hence = = +/7 + 2. But [4,1, 1, 1] is positive, so x = /7 4 2 as we computed.
Proof of Proposition 11.3.4(a). We will use two things we showed last time. Firstly

for the continued fraction [ag,a1,...] with a; > 1 for j > 1, the kth convergent
Cx = [ao,...,ax] = pr/qx where g — o0 as k — oo and py and g satisfy recurrence
relations...., and

-1 k—1

Cp—cpy =

drqk—1
(a). We have
(*) x:[ao,al,...,ak_l,xk].

This is easily seen by induction on k. Indeed, for k = 0, z = [z¢] and if (*) holds for

k then = = [ag,...,ak—1,2k| = [a0,-..,ak-1,0r + 1/zK11] = |ao,...,ak, Tk11] so (*)
holds for k + 1.
Now with Cj = [ao, ..., ar], since the kth convergent of |ag, ..., ar, Tk+1] is x, we have
1
|z — Ck| = < q — 0, as k — oo.
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