MATH 104B, PRACTICE MIDTERM 2 SOLUTIONS, WINTER 2003.

1. Determine which numbers in the list 700, 270, 22100 = 2 x5 x 13 X 17 can be written
as a sum of two squares, and write those that can be as sums of two squares.

Solution. Now 700 = 22 - 52 -7 but 7 = 3 (mod 4) occurs to an odd power, so 700 is
not a sum of two squares.

270 = 2-5- 33 and 3 occurs to an odd power, so 270 is not a sum of squares.

22100 is a sum of squares because there are no primes in the factorization which are

congruent to 3 modulo 4.
Now 2-5=10=124+3%2and 13 =22+3%2 and 17 =42 + 1%, so

22100 = (1+3i)(1 —30)(2 + 3i)(2 — 3i)(4 4 0) (4 — i).

Now (1+37)(2+3i) = —7+9i and so (1+37)(2—34)(4+i) = (—749i)(4+1) = —37+29i.
Hence 22100 = 372 + 292.

2 2
2. Prove that (—> = (-1 —1/2,
p

Solution. Using Gauss’s Lemma, (%) = (—1)"™ where n is the number of elements

in the set S ={2,4,6,...,(p — 1)} which are negative when expressed in the absolute
least residue system modulo p. This equals the number of elements of S in the interval
(p/2,p), that is the number of even integers in (p/2,p). This equals the number of
integers in (p/4,p/2) which is |p/2] — |p/4]. If p = 8k + r then

Ip/2] — |p/4] = |4k +1/2] — |2k + /4] = |r/2] — [r/4] + 2k.

Hence
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3. Describe the primes p which divide 22 + 5 for some value of x.
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Solution. p|xz?+ 5 for some z if and only if (—) =1 or 0. Now it equals zero if and
p

only if p = 5. We determine the primes where it equals 1.

(3)- ()0 - e

For the numbers relatively prime to 20 we compute

k 1 3 7 9 -9 ~7 -3 ~1
(—=1)P=1/2 = [ (mod 4) 1 ~1 ~1 1 -1 1 1 —1
k (mod 5) 1 3 -3 ~1 1 3 -3 1

(%) 1 ~1 ~1 1 1 -1 | -1 1
(—=1)P=1/2 (2) 1 1 1 1 -1 —1 -1 —1

We see that a prime p divides 2 + 5 for some z if and only if p is congruent to one of
1,3,7,9 modulo 20.

4. Suppose that aq,...,a are positive numbers and define Cy = [ag,...,ax]. Show
that Cy, = pr/qr where for k > 3, pr and qi satisfy pr = arpr—1 + pr—2 and g =
akqr—1 + qr—2- (%)

Solution.
a apa; + 1 1 aplay +1/a9) +1 apaias + ag + a
Co= -2 Oy =21 Cy = ag+ _ ao(a1 +1/as) _ @0a1a2 + ao + az
1 a1 a1+1/a2 a1+1/a2 ajas + 1

We see that taking
po=ao,  p1=apa + 1, p2 = apgaraz + ap + az

and
q =1, q1 = ay, g2 = ajas + 1,

that the equations (*) hold for £ = 2. Now assume they hold for k£ < n. Then

(an—l + 1/an)pn—2 + Pn-3
(an—l + l/an)Qn—Z + gn—3
QnQp—1Pn—2 + ApPn—3 + Pn—2 ~ QnPn-1 + DPn—2

ApQnp—1Gn—2 + QnQn—3 + 4n—2 Angn—1 + qn—2 '

Cn = [a'07"'7an] = [a07"'7an—27an—1+1/an] =




Hence the equations hold for £ = n, and by induction they hold for all values of k > 2.

5. For the fraction 61/19, calculate the continued fraction and all the convergents, and
solve the diophantine equation 61x — 19y = 1.

Solution.
61 = 3-19 + 4
19 = 4-4 + 3
4 =1-3+1
3=3-1+0
So 61
— 3,4,1,3].
19 [7 7 7]
Convergents are
3 13 16 61
1’ 4’ 5’ 19°

So
61-5 — 19-16 = (—1)* = 1.



