MATH 130A. ORDINARY DIFFERENTIAL EQUATIONS
Lecture 10: Examples.

Example 1. For the matrix

11
= (ho)

a) Find the eigenvalues and eigenvectors.

b) Find the matrix 7" which puts A in canonical form.

c) Find the general solution of X’ = AX and Y/ = (T 'AT)Y.
d) Sketch the phase portraits of both systems.

e) Name the type of equilibrium which occurs.
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Solution.
(a). After a standard computation, the eigenvalues are % £ ‘/751 The eigenvector

for L+ ¥3iis Vi + iVh,
. -1

Vl—i—ZVg:(l ng)

2 2

The eigenvector for the conjugate eigenvalue % — %gz is the conjugate eigenvector

-1
Ll—i‘/g = < )

(b) Fact to remember: The matrix 7" which puts A in canonical form is the
change of basis matrix [V}, V3] from the standard basis to the basis Vi, V5.
In our case, this is

—1 0
T:[vl,vz]:(l ﬁ)
2 2

Then the canonical form for A is T-'AT. What is this canonical form? Tt is
obtained by computing

(*) A(Vl —I-Z‘/g) = (a+iﬁ)(V1+iV2) = aV1 —ﬁVQ + i(ﬁVl—Fonz).

The canonical form for A is the matrix of the linear map “multiplication by A”,

relative to the new basis Vi, Vo. We read off from (*) that it is (_aﬁ g ), which

1 V3
T AT = 2 .
—3

We checked in lecture that this is correct by computing the product

TIAT = — 2 _
\/5( VA VAR -

1

in our case now is

o
N[ N

"
N[+ M|§
N———



Remark. We note that in the general case, if we work in coordinates relative to the

basis Vi, Vo, then A takes the canonical form (_aﬁ g ) In the new coordinates

relative to V; , V5, the vector V; corresponds to and the vector V5 corresponds

1
0

to (?) . Consequently the eigenvector V1 +iV5 corresponds to ( 1 > . You can check

that this is indeed an eigenvector for the canonical matrix

r a (3
= ()

. 1 . : .
we have the eigenvector ( ; ) with eigenvalue o+ i3 and so we can write down the

Y(t) = elotio (1) .

1

(c) For the equation

solution

Taking real and imaginary parts by using Euler’s formula
e = cos® + isinb,

we get two linearly independent solutions

cos (5t sin Gt

The general solution is a linear combination of these:
Y(t) = 01Y1 (t) =+ Cgi/g(t).
In our case, this becomes

V() = et/2( 160 V/3t/2 + co sin /3t /2
—c18inV/3t/2 4+ cycosV3t/2 )

For the original equation X’ = AX, if we have eigenvector V; 4+ iV, with eigenvalue
a + 1 then a complex solution is given by

TV 4+ iVh) = e (cos ftVi —sinftVa + i(sin StV + cosftVa)).

The general solution obtained from taking real and imaginary parts and forming a
linear combination is then

X(t) = € (c1 (cos ftVy —sin BtVa) + ¢ (sin ftVy + cos BtV3))
= e (cycos Bt + cosinBt) Vi + (—cysin Bt + ¢y cos Bt) Vo



In our case, this becomes

X(t) =

et/2 (Cl cos \/§t/2+02 sin\/gt/2> ( —1 ) 4+ et/? <—c1 sin\/gt/2+02 cosx/gt/%) (_\/03/2) )

1/2

(d) We omit the pictures in these notes. The solution curves are spiraling outwards
as t increases. The solution Y (¢) spirals out clockwise. Indeed, in the general case,

the vectors
cos (5t sin Jt
—singt )’ cos 3t

circle around clockwise when 3 > 0. Our solution is a fixed linear combination of
these scaled up by e®.

In the case of X(t), we can find the direction in which the general solution spirals
by considering just the special case where co = 0 or ¢; = 0. Indeed, consider the
case ¢; = 0. The solution in this case (for arbitrary 3) is e®*(sin 3tV + cos StVs).
Let’s ignore the scale factor e®*. We see that the vector (sin 5tV; + cos (tVs) starts
at V7 at time t = 0 and has velocity #V5. In our case, 8 > 0.

Question: In which direction are you spiraling around the origin if you start

at Vi = (1_/12> and move with initial velocity which is a positive multiple of

Vo = (_\}% /2>? A simple sketch of V3 and V5 shows that you are traveling

counterclockwise.

(e). Spiral Source.
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Example 2. Find the general solution of 2/ — 2’ — x = 0, and sketch the phase

portrait in the (z,2’) plane. Describe how x(t) behaves as t — oc.

Solution. We set y = 2’ to put the equation in the form

(v)= (1)

The eigenvalues and eigenvectors are

1++3

A =

In general, two linearly independent solutions are
Xi(t) = M, Xa(t) = M.
The general solution is a linear combination of these,
X(t) = 1 Xa(t) + c2Xa(t).

In our case, this is

(50) = a2 (s vay) + o (1 _ymy)-

Since we have Ay = (1 —/3)/2 < 0, we see that e*?* — 0 as t — oo, and

(14+/3)t/2

z(t) — cie — 0 as t — 00.

Hence the solution z(t) approaches the solution z(t) := c;e V342 a5 ¢ — co.

2 Vl:<(1+i/§)/2>’ Az =5 VQ:<(1—

Remark. Since the error z(t) — z(t) is exponentially decreasing as t — oo, in fact
x(t) approaches z(t) very fast as t — oo, and the derivatives of x(t) approach those

of z(t) as well.



