MATH 130A. ORDINARY DIFFERENTIAL EQUATIONS
Lecture 13: Three dimensional linear systems.
Recall. For the 2x2 system X’ = AX: Suppose that A has eigenvalues A\; < 0 < Ao
and eigenvectors V7 and V5. The general solution is

X(t) = 1MV 4+ etV

The equilibrium point X = 0 is a saddle. Notice that if c; = 0, then the solution
X(t) stays on the line spanned by V;, and converges to zero as t — oo. This line
consisting of all the points ¢;V; with ¢; a real number, is called the stable line,
because the solution converges to the equilibrium as t — oo. On the other hand,
the line co Vo with ¢o a real number is called the unstable line.

3 x 3 linear systems. Now we wish to solve the system X’ = AX where

x ai; aiz2 ais
X = Yy, A = a21 Q22 A23
z a3; asz2 0ass

Let us suppose that A has real eigenvalues A1, Ao, A3 with eigenvectors Vi, V5, V3.
Then it is easy to check that the general solution is

X(t) = 1MV 4 eV 4 c3etV

etr 0 0 c1
= [Vi,Vo, W3] | 0 e 0 co | = TD(t)Yo,
0 0 et?s cs
where c¢1, co, c3 are constants, and
c1 etrM 0 0
Yo=1|c |, Dt)y=[ 0 e 0 |,
c3 0 0 et

and T = [Vq, V5, V3] is the change of basis matrix to the basis of eigenvectors. We
now want to give a very simple formula for the solution. Recall that the solution
of the one-variable equation 2’ = Az is x(t) = e*z(0). Now set

A 00
D = 0 X O
0 0 X3

Then D(t) = e'P. The solution to Y’ = DY is Y (t) = e!PY(0). Now we have just
seen that the solution to X’ = AX is X (t) = Te'PY] for some constant vector Yj.
We will see that in fact this has the form

(*) X(t) = letAX(O).
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Indeed, we have A = T DT !, and by the power series definition of the exponential
we have

> (t =L th( TDT
-yt

k=0 ) k=0

Hence
X(t) = TetPYy, = e4(TYy).
But setting ¢ = 0 in this we get (*).

We worked through the example on page 108 and defined stable and unstable planes
and stable lines.

We worked through the example on page 111 and defined a spiral center.

Normal forms for 3 x 3 matrices:

A 0 O
0 u 01, A, p, v real.
0 0 v
A1 0
0O X 0], A, p real.
0 0 u
A1 0
0O X 1], A real.
0 0 X
a ([ 0
-6 «a 0], a, 3, \ real.
0O 0 A



