
HOMEWORK 8, SELECTED SOLUTIONS SUMMARIZED.

§4-2 #1. F is clearly smooth. To check it is a local diffeomorphism we just need to check
that dF is one-to-one.

Fu = (sin α cos v, sin α sin v, cosα), Fv = u sin α(− sin v, cos v, 0),

so
Fu × Fv = u sin α(− cos α cos v,− cosα sin v, sin α), |Fu × Fv| = u sin α

which is non-zero (provided sin α 6= 0), so dF is one-to-one. We have
(

E F
F G

)
=

(
1 0
0 u2 sin2 α

)
.

It is not a local isometry about any of its points because u2 sin2 α is never locally identically
equal to one.

§4-3 # 8b.

r(r, θ) = (r cos θ, r sin θ).
(

E F
F G

)
=

(
1 0
0 r2

)
.

0 =
1
2
Er = 〈rrr, rr〉 = Γ1

11E + Γ2
11F = Γ1

11.

0 = Fr − 1
2
Eθ = 〈rrr, rθ〉 = Γ1

11F + Γ2
11G = Γ2

11r
2.

0 =
1
2
Eθ = 〈rrθ, rr〉 = Γ1

12E + Γ2
12F = Γ1

12.

r =
1
2
Gr = 〈rrθ, rθ〉 = Γ1

12F + Γ2
12G = Γ2

12r
2.

− r = Fθ − 1
2
Gr = 〈rθθ, rr〉 = Γ1

22E + Γ2
22F = Γ1

22.

0 =
1
2
Gθ = 〈rθθ, rθ〉 = Γ1

22F + Γ2
22G = Γ2

22r
2.

So Γ2
12 = 1/r, and Γ1

22 = −r.
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