SOLUTIONS TO FINAL EXAM
QUESTIONS FROM PREVIOUS YEARS.

Curves.

1. Let s be the arclength parameter.

V() = (L,.f).

ds B 2
%—W(t)’—\/l*-f :

dy 1 ,

ddy 1 " ' ,
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Curvature of the parabola y = kx? is

2%
(1 + 4k222)3/2"

2. Let t be the arclength parameter for o and let s be the arclength parameter for 3(t) =
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o/(t). Let t,n,b be the Frenet frame for a.

a9 _ o,

dt — dt2

d

ds _1d5)_

dt dt

dﬁ_n

ds

ddf dn

—— = —=—kt —7h.

dt ds  dt !

d?8 —kt—17b T

PR S
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curvature of 3 = d_sg = 1-1—%.

Tangent space and derivatives of maps.

1. There are misprints in this question. Let us assume that the cylinder is 22 4+ y? = 1 and
that the tangent vector in 7{; ¢y is (0,1,1). In the given coordinates (a coordinate map is
just the inverse of a parameterization), dy,, has matrix

F9)-G6)
z z :

Now (1,0,0) corresponds to (6, z) = (0,0). We see that ¢,,(1,0,0) = (1,0,0). The basis for
the tangent space associated to the coordinates is

oz, y,2z) . o(x,y,2)
T = <—Sln9,COSH,O), T = (0,0,1)
At (0,2) = (0,0) this basis is
(0,1,0), (0,0,1).
Then at (1,0,0),
dp,(0,1,0) = (0,n,0), dp(0,0,1) = (0,0,1).

Hence

dp,(0,1,1) = (0,n.1).

General second fundamental form questions.



SOLUTIONS TO FINAL EXAM QUESTIONS FROM PREVIOUS YEARS. 3

1. Following Do Carmo, for the graph z = f(z,y), the matrix of the second fundamental
form with respect to the basis

(1707f90)7 (0717fy)7
fﬂcy fyy

(1,0,0), (0,1,0)

is

In our case, the basis at (0,0,0) is

and the matrix of the second fundamental form is

(5 0)=-(% =)

The matrix of the derivative of the Gauss map is

_(E F)‘l(e f)__(1+f§ oty )_1(fm fxy)
F G f g B fmfy 1+fy2 fa:y fyy ’

which gives

K = fxﬂcfyy - :?y H = (1+fy2)f$x+<1+fw2)fyy _2fgcfyf$y'

1+ 24 f2 a 2014 f2+ f2)

In our case,

K =4AC — B?, H=2A4+2C.

The unit vector in direction (x,y,0) is (cos,sinf,0) = cos6(1,0,0) + siné(0,1,0). The
normal curvature in this direction is

(cosf,sin6) (251 230) (Z?ﬁg) = 2Acos® 0 + 2B cos fsin 0 + 2C sin? 0.

elliptic points = {q : K(q) € (0,00)}.
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Since K is a continuous (indeed a smooth) function on S and (0,00) is open, the set of
elliptic points of S is open, and is hence an open neighborhood of each of its points. The
same is true for the hyperbolic points, but not for parabolic or planar points. For example,
the graph
42
2= +yY

is parabolic at (0,0,0) and elliptic elsewhere, while the graph
2=ty

is planar at (0,0,0) and elliptic elsewhere.

Gauss curvature questions.

1. (a).

Yu = Xy + cNy, = (Yu, N) = (x4, N) + ¢(N,,N) = (N,,N) = %(N,N) = 0.

1
2

Similarly, N is perpendicular to y,, and hence is normal to the surface parameterized by y.
(b). Since x,, and x, are lines of curvature, we have

Nu = H1Xy, NU = [2Xy
for smooth scalar functions puq, 1 (we don’t specify which is bigger.)

Yu X Yo = (X4 + Ny) X (%, + cN,) = X, X X, + ex,, X Ny, + N, x x,, + ¢*N, x N,
= Xy X Xy — (i1 + o)Xy X Xy 4+ Epiproxy X Xy = (1 = 2cH + > K)xX,, + X,.
(c). We think of N as being a function of (u,v). Since x and y have the same normal,

N gives the Gauss map for either surface. Consider (ug,vg) and set x(ug,v9) = Xo and
y(ug,v0) = yo. Consider a small disc R around (ug,vg). Then

areaN(R)
curvature of x at xg = lim ,
diam R—0 areax(R)
areaN(R)
curvature of y at ygp =  lim

diam R—0 area y(R)
Hence

curvature of y ’ areax(R) I
im ————==lim

curvature of X  diam R—0 areay(R)  diam R—0 Jr |¥u X yol dudv 1 —2cH + 2K’

Jr %0 X x| dudv 1
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2. K = 1: the sphere 22 + 32 + 22 = 1. K = 0: the plane z = 0. K = —1: the surface of
revolution obtained by revolving (e¢~%,0, fos V1 —e=25ds), for s > 0, about the z-axis.
We derived the formula for the curvature surface obtained by revolving the curve (¢(s), 0,9 (s))}}

around the z-axis in the case when s is the arclength - that is ¢/> + 1> = 1. The Gauss
curvature is o

¢

In particular it is zero precisely when ¢” = 0. This implies that

o(s) =as+ b, P(s) =+v1—a’s+ec.

This means that the curve is a straight line and the surface of revolution is a cone or cylinder.

3.
x5 = a'(s) +ub’(s) = t(s) + urn(s), x, = b(s),
S0
E=1+u’r?
F =
G —
Furthermore

—n + urt

V14 u2r?

Xs X Xy = (t +urn) x b = —n + urt, N =

g = (xuu, N} = (0,N) = 0.
f= <X1waN> = <

. +utt -7
n, = .
V14 u272 V14 u272

eg-f> _ 7

T EG-F2  (14ur)?

K

Isometric surfaces.
1. Done in class.

2. Consider the parameterizations x(u,v) and

X(u,v) =r(u,v+d) = (f(v+d)cosu, f(v+d)sinu, g(v+ d)).
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Then

I_‘OI'_l

is the map (u,v) — (u,v + d). This is an isometry if and only if E = E, F = F, G = G.

But
(g g) B (fzév) (f'(v))? : <g'<v>>2> ’
(? Z) = (f Y (f'(v + d))? ! <g'<v+d>>2)'

Equating F and E we get f(v +d) = £f(v) for all d. Assuming f is not identically zero,
this gives that f is constant and the surface is a cylinder.



