MATH 20E VECcTOR CALCULUS

Lecture 13: The change of variable theorem on the line. Suppose that
z(u), a < u < bis a change of variables. In order for it to be invertible we assume
that dzx(u)/du > 0, when a < u < b. Then we can change variables in the integral:

/::)) f(x)de = /ab f(ac(u));i_zdu

Symbolically,

dx
dr = —du.
T T U

Change of variables for area integrals. Let T'(u,v) = (z,y);

x:x(u,y), y:y(u,v),

be a C! mapping from a nice region D* in the u-v plane onto a region D = T'(D*)
in the z-y plane. We say that a map is one-to-one if no two points are mapped
to one point, or formulated differently if T'(u,v) = T'(u/,v’") implies that (u,v) =
(u,0").

Change of variable theorem in the plane.

J[ seasay = [ stetuopmon 50

We are writing everything in the integral on the left in terms of the new variables
(u,v). Symbolically,

dudv

O(z,y)
A(u,v)
where the determinant on the right is called the Jacobian of the map T'. It is defined
by

dxdy = ‘ ‘dudv,

o or

O(z,y) = |DT| = du v :%@_%@

(u,v) dy Oy oudv v ou
Oou Ov

Example. Compute the Jacobian of the polar coordinate map given by T'(r,0) =
(rcosf,rsinf) = (x,y).

Solution.

o or
a(l', y) 8T 80

o(r,0) dy Oy

or 00

cosf@ rsinf
sinf —rcos@

‘ = r(cos? @ +sin? ) = # 0.
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This agrees with our previous calculation. Indeed, we already computed that

dxdy = rdrdf.

Example. Let T'(u,v) = (u? — v?,2uv) = (z,y). Let D* be the quarter circle in

the uv plane given by u? + v? < 1, u,v > 0. Describe D = T(D*) and change
variables to (u,v) to compute
/ / dxdy.
D

Solution. In general it is not easy to compute what mappings do to regions. Here
are some strategies for understanding mappings.
e If the map T is the linear map

U a b U
r(n) =[5 (),
then T is easy to understand. It maps straight lines to straight lines and maps
parallelograms to parallelograms. We will understand it better shortly.

e Try to find the inverse of T" to see if it is one-to-one and onto.
e See what T" does to the boundary curves of D*.
e Try to relate T' to a mapping you already understand.

We will see what our map 7" does to the boundary of D*. It maps the line segment
v=0,0<wu <1 onto the line segment y = 0, 0 < z < 1 and the line u =0, 0 <
v < 1 onto the line segment y = 0, —1 < z < 0. For the curved piece of boundary
u? + v? = 1, we parameterize by 6 to get (u,v) = (cosf,sinf) with 0 < 6 < /2.
This is mapped to (x,7) = (cos?6 — sin®#, 2 cosfsinf) = (cos26,sin26). Hence
this quarter circle in the uv plane is mapped to a half circle, and D is a half disc
of radius 1, so we already know that the integral represents the area of D which is
/2, but let us compute this using the change of variables. We have

or Oz 9 9

— = u =20

ou Ov _ _ 4(u2 —1—112)
@ @ 20 2u 7
ou Ov

SO

//Ddacdy = //*4(u2+v2)dudv.

Introducing polar coordinates in the uv plane, this is

1 /2 1 -
/ / Ar?rdrdf = / o2rr3dr = —.
r=0J6=0 0 2



Linear maps of the plane Consider the linear map

u _ |a b||lu|l  |au+bv|  |a b
r(0) = [ al[b) = fera] = o] - ola)
This maps the points (1,0) and (0,1) to (a,c) and (b, d) respectively, and it maps
u(1,0) + v(0,1) to u(a,c) + v(b,d), so it maps the integer grid in the wv plane to

a “parallelogram grid”. It maps parallelograms to parallelograms, and it scales up
all areas by a constant factor given by the determinant

au+b
c d|’
Notice that o )
x,y a b
= det |DT| =
0(u,v) et| DT d‘

also gives the area scale factor of the mapping T'.

Now the general map T is approximated close to (u,v) by the derivative DT.
Indeed,

Au

T(u+ Au,v+ Av) = T(u,v) + DT (u,v) {Av] .

Since the map T is approximately given by the linear map DT, close to (u,v),

it scales areas by approximately the same factor as this linear map, which is the

determinant

or 00
IDT(u,0)| = | 9% 9V
9 Oy
ou Ov
Symbolically, this has the form
I(z,y)
dxdy = dudv.
xdy ‘a(u,v) udv

We should be able to divide through by the Jacobian and get

Oz,y)| _ 1
CRIER]

This is indeed true. To see this we note that for two matrices A and B, the
determinant is multiplicative, |A||B| = |AB|. But then

or Ox||0u Ou Lo
ou  Ov || oz oy _

Oy oOy||dv Ov 0 1
Oou Ov'|lO0x Oy
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Example. By making the change of variables u = e™Y cosz, v = e ¥ sin z, calculate

1
/ / 5— dxdy
p cos?x

where D is a region in the xy plane which is mapped one-to-one and onto the
rectangle D* in the uv plane given by

<u<

IA
<
IN

>~ =
N | =

1
9’

A~ =

Solution. The region D* is the rectangle 1/4 < u < 1/2,1/4 < v < 1/2. The map
T : (u,v) — (x,y) has inverse

T Yz,y) = (e Ycosz,e Ysinz) = (u,v),
We calculate
ou Ou
Or Oy| | —e¥Ysinzx e VYcosx| _ _2y 9 . 9 oy
5 ool = ‘—e_ycosx e—Vsing| = ¢ (cos“x +sin“x) = e Y.
or Oy
Hence 5
drdy = (z,y) dudv = dudv = e*dudv.
d(u,v) —2
Then

1 2y 1 12 r1/2 9 1
// 5— drdy = / ¢ 5— dudv = / — dudv = / / — dudv = 7.
p COs= T p= COS“ X D= U 14 Jija u 2



