
Math 20E Vector Calculus

Lecture 14. Change of variables.

Suppose that T (u, v) = (x, y) is a ono-to-one mapping x = x(u, v), y = y(u, v), from
a piecewise smooth simply connected domain D∗ in the u-v plane onto a domain
D = T (D∗) in the x-y plane. Then the change of variable theorem states that

∫∫

D

f(x, y) dxdy =
∫∫

D∗
f(x(u, v), y(u, v))

∣∣∣∣
∂(x, y)
∂(u, v)

∣∣∣∣ dudv.

where
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Example. Let P by the parallelogram with vertices (0, 0), (2, 1), (1, 2) and (3, 3).
By making a linear change of variables to simplify this region, compute

∫∫

P

xy dA.

Solution. The sides of P are in the lines 2y − x = 0, 2x − y = 0, 2y − x = 3
and 2x − y = 3. Set u = 2y − x and v = 2x − y. Then if T (u, v) = (x, y) and
T−1P = P ∗, we have that P ∗ is the square 0 ≤ u, v ≤ 3, using the principle
• A linear map takes straight lines to straight lines and
parallelgrams to parallelograms.

We can invert the map T to get

x =
u + 2v

3
, y =

v + 2u

3
.

We see that T : P ∗ → P is one-to-one and onto, and

∫∫

D

xy dA =
∫ 3

0

∫ 3

0

(u + 2v)(v + 2u)
9

∣∣∣∣
∂(x, y)
∂(u, v)

∣∣∣∣ dudv.

But
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=
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= −1

3
.

Hence
∫∫

D

xy dA =
∫ 3

0

∫ 3

0

2u2 + 2v2 + 5uv

9

∣∣∣∣−
1
3

∣∣∣∣ dudv =
1
27

(
4× 9 +

5× 81
4

)
.
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Sometimes it is helpful to make use of the following result:
• A linear map T : Rn → Rn is one-to-one and onto provided det T 6= 0.
In this case the inverse T−1 is also a linear map.

Example from last time. By making the change of variables u = e−y cos x,
v = e−y sin x, calculate ∫∫

D

1
cos2 x

dxdy

where D is a region in the xy plane which is mapped one-to-one and onto the
rectangle D∗ in the uv plane given by

1
4
≤ u ≤ 1

2
,

1
4
≤ v ≤ 1

2
.

Solution. The region D∗ is the rectangle 1/4 < u < 1/2, 1/4 < v < 1/2. The map
T : (u, v) → (x, y) has inverse

T−1(x, y) = (e−y cosx, e−y sin x) = (u, v),

We calculate
∣∣∣∣∣∣∣∣
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=

∣∣∣∣
−e−y sin x e−y cosx
−e−y cosx e−y sin x

∣∣∣∣ = −e−2y(cos2 x + sin2 x) = e−2y.

Hence

dxdy =
∣∣∣∣
∂(x, y)
∂(u, v)

∣∣∣∣ dudv =
∣∣∣∣

1
e−2y

∣∣∣∣ dudv = e2ydudv.

Then

∫∫

D

1
cos2 x

dxdy =
∫

D∗

e2y

cos2 x
dudv =

∫

D∗

1
u2

dudv =
∫ 1/2

1/4

∫ 1/2

1/4

1
u2

dudv =
1
2
.

Why is the change of variables formula true? Divide up D∗ to small rect-
angles D∗

ij with vertex (ui, vj) and spanned by vectors (4ui, 0) and (0,4vj). For
(u, v) in this rectangle we have

T

(
u
v

)
≈ T

(
ui

vj

)
+
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where the matrix DT is evaluated at (ui, vi). But this approximation to T maps
the rectangle D∗

ij onto a parallelogram Dij containing (xi, xj) = (x(ui, vj), y(ui, vj))
whose area is ∣∣∣∣∣∣∣∣



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

∣∣∣∣∣∣∣∣
4ui4vj =

∣∣∣∣
∂(x, y)
∂(u, v)

∣∣∣∣4ui4vj .

Hence

∫∫

D

f(x, y) dA ≈
n∑

i,j=1

f(xi, yj) Area(Dij)

≈
n∑

i,j=1

f
(
x(ui, vj), y(ui, vj)

) ∣∣∣∣
∂(x, y)
∂(u, v)

(ui, vj)
∣∣∣∣4ui4vj

→
∫∫

D∗
f(x, y)

∣∣∣∣
∂(x, y)
∂(u, v)

∣∣∣∣ dudv

Changing variables in Triple Integrals. If T (u, v, w) = (x, y, z) is an invertible
mapping x = x(u, v, w), y = y(u, v, w), z = z(u, v, w) and W =T (W ∗) then

∫∫∫

W

f(x, y, z) dxdydz =
∫∫∫

W∗
f
(
x(u, v, w), y(u, v, w), z(u, v, w)

) ∣∣∣∣
∂(x, y, z)
∂(u, v, w)

∣∣∣∣ dudvdw,

where the Jacobian determinant is

∣∣∣∣
∂(x, y, z)
∂(u, v, w)

∣∣∣∣ =
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Symbolically:

dxdydz =
∣∣∣∣
∂(x, y, z)
∂(u, v, w)

∣∣∣∣ dudvdw

In spherical coordinates x = ρ sinφ cos θ, y = ρ sin φ sin θ, z = ρ cosφ, ρ ≥ 0, 0 ≤
φ ≤ π, 0 ≤ θ < 2π, we have dxdydz =

∂(x, y, z)
∂(ρ, φ, θ)

dρ dφ dθ = · · · = ρ2 sin φdρ dφ dθ


