MATH 20E VECcTOR CALCULUS

Lecture 16: Line Integrals continued.

/F-ds?
c

Here, C' is an oriented curve, F is a vector field defined along C'. We choose points
Py, P, Ps, ..., Py, on the curve C so that Py is the the point at the beginning of
C, P,, is the point at the end, and you travel through the points P; in order as you
trace out the curve in the direction of the orientation. Set As; = s; —s;_; and
form the Riemann sum

How do we define

m

Z F(Pj> . AS]‘.

Jj=1

In the limit as m — oo and max; As; — 0, this sum converges to the integral

/F'ds.
c

If we can choose a C! parameterization c(t) of C with t € [a, b] which agrees with
the orientation of C', then we can choose points a =ty < t; < --- < t,, = b so that
c(tj) = P;. Then when At; =¢; —t;_1 is small, we have

Asj = sj—8j1 = c(t)(t; —tj—1) = c/(t;)Lt.

This approximation gets better and better as At; gets smaller and smaller. Hence

m

SE(P)-bs; = o Fe(t)ay — [ Fle) b,

J=1

as m — oo while max; At; — 0. This argument can be made rigorous and gives

the formula \
/F-ds _ / F(c(t)) - /(1) dt.
C a

Example. Explain what happens to the integral

/F~ds
c

if the curve C' is replaced by the curve —C which is the same curve with the opposite
orientation.

Solution. .

/F~ds = lim_ Y F(P)-As;.
¢ max; || As;]|—0 j=1

1



When the orientation is reversed, the points are listed in the opposite order so
the change s; changes sign. Indeed, using the points P; which correspond to the
orientation for C', we have that [_ o F - ds is a limit of the Riemann sums

m m

(*) D F(Pi1)-(sj1—s5) = =Y F(Pj1)- sy,

Jj=1 J=1

When the changes As; get small, F(P;_1) =~ F(FP;), so (*) is approximately negative
the Riemann sum which approximates [ F - ds.

Summary: When C' is replaced by —C, ds changes to —ds.

Remark: This is different from fc fds. When C changes to —C|, the sign of ds
still remains positive, because arclength is defined so that it increases as you move
along the curve in the direction of the orientation, regardless of what the orientation
is.

Example 1. Evaluate / F - ds where F = yi 4+ xj, and where C' is the boundary
c
of the region which is given by 22 +y?> < 1, z +y > 1 and = > 1/v/2 traversed

clockwise.

Solution. We parameterize each piece of the curve, C; is parameterized by ¢ (t) =
(cost,sint) for 0 < t < /4 and Co is parameterized by co(t) = (1/v/2,t) for
1/v/2 <t <1 and Cj is parameterized by c3(t) = (t,1 —t) for /2 <t < 1. Then
C=Cy—-Cy+Csand

/F-ds:/ F-ds:/F-ds—/F-ds—I—/ F - ds.
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Now

/4 d d /4 in 2t
/ F.ds = / (y—$+:c—y> dt = / _sin?ttcos?tdt = o
C1 0 0

dt dt

1 1
dx dy 1 1 1
F'ds:/ Yy— +x— dt:/ —dt = — — -.
1 1
dx dy / o1 1
F-ds = —4zx—=)dt = 1-2t)dt = (t—t = — -1
/cg /1/\/5 (ydt dt) 1/\/5( ) =),z 5
1 1 1 1
Fds=--—=-=)]4+—-1=0.
/c 2 <\/§ 2> V2
Quicker Solution. F = yi + zj = V(zy), so

/ F.-ds = / Vf-ds = f(terminal point of C) — f(initial point of C) = 0,
C C



since C' is a closed curve. In addition, we note that each piece of the integral, for
example | c. F - ds can be computed as xy at the terminal point minus xy at the
initial point!

Example. Last lecture we showed that the vector field F = (22, 2y, 1) cannot be
written as a gradient, because we saw that f o F - ds does depend on the curve, and
not just the endpoints. Show directly that it cannot.

Solution. Try to solve the three equations

of
@ i
0
@) =
0

We can integrate (1). Remembering what partial differentiation means, we get the
general solution

5133

Here, C(y, z) is constant in =, but can depend on y and z. Plug this into (2). We
get

oC(y, z)

8—y:xy'

However, the left hand side does not change when x changes, whereas (except when
y = 0) the right hand side changes when x changes. Hence the two sides cannot be
equal and we obtain a contradiction.

A Parameterized surface is given in terms of two parameters
r=z(u,v), y=yu,v), z=z(u,v), or T(u,v) =zi+yj+zk
A particular example of a parameterized surface is a graph:

z = f(x,y), or  T(r,y)=zi+yj+ f(z,yk

Example. The sphere 22 + y? + 22 = 12

coordinates:

can be parameterized using spherical

r=rsingcosf, x=rsingsinf, 2z =rcosqe, 0<0<2m, 0<¢p<m

It can however, not be written as one graph, but one for the southern hemisphere

z=—4/r%2 —x? — y? and one for the northern hemisphere z=1/r2 — z2 — y2.



A surface is locally close to its tangent plane which is determined by its normal
that we now will find. Another description of a surface is a level surface

h(z,y,z) =0, if Vh(z,y,z) #0.
(The graph is a special case with h(z,y,2)=z— f(x,y).) In this case a normal is

N =Vh

To find the unit normal to a parameterized surface recall that for a parameterized
curve we found the tangent by differentiating with respect to the parameter. Here,
u — T(u,v;), where v; is kept constant and u vary, is a parameterized curve and

_8_T_6’a:i dy. 0z
Y Ou Ou ou ou

is tangent to the curves v — T'(u;,v), and hence to the surface. The tangent plane
to the surface is spanned by T, and T, so a normal to the surface is given by

N=T,xT,

Example. Find the tangent plane to the surface x = ucosv, y = usinv, z = u at
the point (1,0, 1).

Solution. T = ucosvitusinvj+uksoT, = cosvi+sinvj+k, T, = —usinvi+
UCOSV j.
N=T,xT,=---=—ucosvi—usinvj+uk.

At the point (1,0,1) we have N = (—1,0, 1) and the tangent plane has equation

—x+z = 0.



