MATH 20E VECcTOR CALCULUS

Lecture 16: Line Integrals continued.

Lecture 17: Area of a parameterized surface.

A Parameterized surface is given in terms of two parameters
r=z(u,v), y=yu,v), z=z(u,v), or T(u,v) =zi+yj+ zk,

where (u,v) is in some region D. Cut D into small rectangles R;; with vertex

(uis vj).
Rij = {(u,v); u; <u < u; + Au,v; <o < v+ Av}.

For i, j fixed, v — T'(u,v9) and v — T'(ug, v) are curves on the surface and hence

0T Oz, Oy, 0z _6’T_@, @ %
YU Ou 8u1+8u‘]+8uk’ and T, = o 8v1+6’v‘]+8vk'

are tangent vectors to the surface. For (u,v) ~ (u;,v;) the surface is close to its
tangent plane at the point (u;,v;) and T is close to the linear approximation:

T(u,v) =~ Ljj(u,v) = T(u;,vj) + Toylus,vj)(u—u;) + Ty(ui,vy) (v —vj)

The image S;; = T(R;;) is close to L;;(R;;) which is a parallelogram with adjacent
sides T,,Au and T, Av so

Area (S;;) ~ ||T, x Ty|| Audv = || T, x T,| Area (R;;)
Summing up over all small rectangles in the u-v plane we get
Area(S) = ZArea(Sij) A Z | Ty x Ty(ui,vy)||Auliv

and in the limit as Au, Av — 0 we get the formula for the surface area of a
parameterized surface:

Area (5) :/ |'Ty x Ty (u,v)|| dudv

Example. Using the parameterization (z,y, z) = (rcosf,rsinf,r) for 0 < r <1,
0 < 0 < 27, calculate the surface area of the cone 2?2 = 22 + 2 with 0 < z < 1..

Solution. We have

i j k
dS = || T,xTy|drdo = cos sinf 1||drdd = ||(—rcosf,—rsind,r)|drdd
—rsinf rcosf 0

— V2rdrdf.

Hence area is

1 27
A = /dS = / Vordrdd = V2r.
S 0 0
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Surface area of a graph. In the special case of a graph z = f(z,y) we have

T(z,y) =xi+yj+ f(x,y) k we have T, =i+ fy(z,y)k, Ty, =j+ f,(z,y) k and

T, x T, = = —fi—-fj+k

O = e
— O
S

and

[T X Tyll = /1 + 2+ 13

and hence we get the formula for the area of a graph:

Area (9) ://\/l—i—f%—i—fg dxdy

There is however a simpler way to remember this formula. If the graph of f is a
plane S, let n be the unit normal to S. Choose e = n x k so that e is a horizontal
vector parallel to S. Choose f = e x f so f is vector in the plane orthonormal to e.
Suppose S;; is a rectangle in S corresponding to a rectangle R;; in the zy plane,
and suppose S;; has sides E and F' parallel to vectors e and f respectively. The
side F is horizontal and so projects down to a side of R;; having the same length.
However, the side F' is at an angle cosy to the horizontal where v is the angle
between n and k. Hence it projects down to a side with |cos~y| times the length.
Hence
1

Area of Sij = |COS’)/‘

X Area of R;;.

1
xdy = dxdy.

d —
S n-K

N | cos |

Since locally the surface can be approximated by the tangent plane, this formula
actually holds for a surface, where now n is the unit normal to the surface which
may vary from point to point. We can check that this agrees with our previous
formula. Indeed, the normal to the graph z = f(z,y) is

V(z—f(x,y)) = —fd = foj + k

Hence a unit normal is

_w._ . k 1
NGRS -kl

Example. Find the area of the part of the cone S given by 2?2 = x2 + y? with
0<2<1.
Solution. The surface is a graph and the angle between the surface and the x — y
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plane is 7 = /4, since when say y = 0 its just z = |z|. Hence cosy = 1/v/2.
Alternatively one can calculate |n - k|. Hence

Area(S) = / drdy V2 dzdy = v/2 x Area of unit disc = v/27.

224y2<1 | COSY| 224y2<1

Example. Find the area of the sphere S of radius r.
Solution. Using the parametrization T = rsin ¢ cosfi+rsin¢sinf j+rcos p k we
get Ty = rcos@cosfit+rcos@sinb j—rsin gk and Ty = —r sin ¢ sin i+ sin ¢ cos 0j;

i j k
Tyx Ty =|rcos¢pcost rcos¢sing —rsing
—rsin¢gsin@ rsin ¢ cosf 0

= r2sin’p cos i+ r2 sin®) sin 0 j + r2sin ¢ cos p k

and T4 x Ty| = r2|sin ¢|v/sin” ¢ cos? 6 + sin® ¢sin® @ + cos2 ¢ = r?sin¢. Hence
2T ™ 2T 2T
Area (5) :/ / r2sin¢d¢d9:/ —r2008¢’gd9:/ 2r2 df = 4mr2.
o Jo 0 0



