Math 20E. Midterm 2. May 17, 2004
ANSWER ALL 4 QUESTIONS.

1. (25%) Let F = e*7Yi + (z—¢e"7Y)j + vk
(a). Determine whether F is conservative.

(b). Calculate [, o F - dR where C' is the parameterized curve given by

t
xztan(%), y=In(1+ (e—1)t), z =13 0<t<L1.

(Hint: Use your answer to part (a).)

Solution 1, Method 1. (a). Try to solve V¢ = F, that is

oo

(1) % =e€ y7

(2) g—j =z—e"Y
oo

(3) 92 =Y.

Then (1) = ¢ =" Y + C(y, z), but substituting this into (2) we get

and so 0C /0y = z, and C(y, z) = yz+ C1(z). Substituting this in to our expression
for ¢,
¢ = eV + yz + Ci(2).

Substituting this into (3), we get

L A0 _
Yy dz_y'

Hence (] is a constant independent of x,y, z, and a potential for F is given by
¢ = eV + yz.
It is easy to see that this ¢ works, so F is conservative.
(b). Since F = V¢,
/c F.-dR = ¢(terminal point) — ¢(initial point)
= ¢(2(1),y(1),2(1)) — ¢(2(0),4(0),2(0)) = &(1,1,1) = $(0,0,0) = 1.
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Solution 1, Method 2. We note that the vector field F is continuously differentiable
on the whole space. Hence F is conservative if and only if V x F = 0. We compute

i J k
VxF = |0/0x 0/dy 0/0z| = O.
eV z—e'Y Y

Hence F is conservative.

(b). Because F is conservative on the whole space,

/F-dR: / F-dR,
C’ /

where C’ is any curve with the same endpoints as C. Because the curve C is
complicated, we choose a simpler curve with the same endpoints. Now the initial
point is (0,0,0) and the terminal point is (1,1,1). Let us choose C’ to be the
straight line segment x =t¢, y =t, 2 =t with 0 <t < 1. Then

/F-dR = / e Vdr + (z—€e""Y)dy + ydz
C ’

1 1
:/ eVdt + (t — %) dt + tdt = / otdt = 1.
t=0 0

2. (20%) Calculate a vector potential for F = (z + y)i — yj.

Solution 2. We have F = V x (¢k), where Vy = yi+ (z + y)j. This is equivalent
to the equations

X
ox
(2) _ay =r+y.

From (1) we get x = xy+C(y), and plugging this into (2) gives z+dC/dy = x+y, so
dC/dy = y and C(y) = y?/2+ a constant independent of z, y. Hence x = 2y +1y?%/2
is a solution, and (xy + y?/2)k is a vector potential for F.

3. (25%) By substituting u = xy and v = y/x, calculate the area of the region S
given by
I <zy <2,

<Z <o (x>0, y > 0).

N | —
SRS

(You may assume that the mapping (x,y) — (u,v) is one-to-one from the quadrant
x >0, y > 0 onto the quadrant u > 0, v > 0.)



Solution 3.
O(u,v) _ ’8u/8x ﬁu/(‘?y‘ _ ’ Y x| _ 2y
d(x,y) ov/0x  Ov/dy —y/x? 1/x T
Hence 5
drdy = ‘agzzz; dudv = ;—ydudv

Then the area of S is

// ldxdy = / / L dvdu.
u=1Jov=1/2 2y

We must express x/y in terms of v and v, but it is just 1/v. Hence
In2—-1In1/2
//1da:dy / / —dvdu: (In nl/2) = In2.
u=1Jv=1/2 2v 2

4. (30%) Let F = j. For the following choices of S and n, calculate // F-ndsS.
S

(a). S is the piece of the plane z = y +2 with 2% 4+ y? < 4, and n is the unit normal
with n -k > 0.

(b). S is the piece of cylinder 22 + y? = 4 with —2 < 2 < y + 2, and n is the
outward unit normal.

Solution 4. (a). S is a graph above the disc €2 in the 2 plane given by 2% +1? < 4.
To compute the unit normal n, we write S as z — y = 2 and take the gradient to
get normal —j + k. Hence

—-j+k
VG

Then )

F-n=jn-= %’
and

ds = dedy = V2dxdy.
n- K|

Then

//F-ndS = // —ldxdy = —Area of .
S Q

Since € is a disc of radius 2, the answer is —4r.
(b). For the cylinder 22 + y? = 4, we have

dS = 2dbdz.



Moreover,
n = S(zi + yj).
Hence
F-n=jn-= Q
2
Then

2T y+2
//F-dR = / / ydzdo.
S 6=0 =—2

Writing y in terms of the parameters 6 and z, we get y = 2sin6, and

2 2sin 642 27
/ 2sin 0 dzdf = / 2sinf(2sinf +4)df = 4m.
0= 0

0Jz==-2 =0



