Solutions for Math 20E Midterm 2, Fall 98, Lindblad.

1. (a) The equation for S is x + y + z = 1 and the unit normalisn= (i+j+k)/v3so F-n =
2(x+y+2)/+/3. Sis as a graph z = 1 —x —y over the region D = {(z,); z+y < 1,2 >0, y > 0}
in the zy-plane. Then dS = dzdy/ cosy = drdy/n -k = /3 dzdy. Hence
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(b) The curve C consists of 3 line segments that each contribute with —1/2 so the line integral
is —3/2. The line segment C; from (1,0,0) to (0,1,0) is given by R(¢) = (1 —¢)i+1¢j, 0<t <1
with the orientation corresponding to increasing ¢t. We have
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/CIF-dR:/O F(R(t))-R’(t)dt:/O (i+tj+(1—t)k)-(—i+j)dt:/0 b= ldt= -

2. (a) Let S1={(z,y,2); y=0, 22/4+2%/4 <1} and Sy = {(z,v, 2); 22/4+y+22/4=1, y >0}
The area of S; is 47w. Sy can be viewed as a graph y = g(z,2) = 1 — x2/4 — 22 /4 over the disc
D = {(z,2); z2/4 + 22/4 < 1} in the zz-plane. With G(z,y,2) = y — g(z, 2) the unit normal is

n=VG/IVG| = (—gi—g.k+j)/\/1+9g2+92=(zi/2+2k/2+])/\/1+22/4+ 2%/4.

Now dS = dzdz/n-j = /1 + (22 + 22) /4 dzdz. Introducing polar coordinates in the zz-plane:
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(b) The normal to Sy is n = —j and there F - n = y = 0 so the integral over S; vanishes. Since
F.-n= (22/2+2/2 —y)//1+ 22/4 + 22/4 we obtain
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Introducing polar coordinates in the xz-plane; x = rcosf, z = rsinf, dedz = rdrdb;
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3. The region R corresponds to the region D = {(u,v); 1 <u<2,1<wv <2}
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4. (a) Ry = (—sinu —vcosu)i+ (cosu — vsinu)j and R,, = —sinui + cosuj + k so
i i k
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Hence dS = |R,, x Ry|dudv = V1 + 202 dudv.
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