MATH 20F LINEAR ALGEBRA

Lecture 15: 3.1 Determinants. Recall the determinant of a 2 x 2 matrix:

A:{all alQ}. Then det A = = a11622 — a21012-

a1 G22

We showed that A is invertible if and only if det A # 0.

Most people in the class probably already learned how to compute the determinant
of a 3 x 3 matrix:

1 5 1
Example. Find the determinant of A= |2 4 -1
0 -2 0
Solution.
4 -1 2 -1 2 —4
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You may have learned that you can compute the determinant by expanding around
the first column rather than the first row:

Example. Compute the previous determinant this way.

Solution.
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Definition. Let A=(a;;) be an n xn matrix and let A4;; denote the (n—1)x(n—
1) matrix obtained from A by deleting the row and column containing a;;. The
cofactors are

Cij = (=1)"7 det (Ay)

and the determinant is
(2) det A =a11C11 + ... + ap1Cha.

The definition is recursive; it assumes that we already defined the (n—1)x(n—1) de-
terminants, but we can use the definition repeatedly to reduce to 2 x 2 determinants
that we defined by (1), or we can reduce to 1x1 determinants det (a) = a.

The signs above are determined by
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Example. Find the determinant below. Solution. Expanding along the first
column;
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Theorem. If A is triangular the determinant is equal to the product of the diagonal
elements.

This is easy to see. We illustrate the proof with an example:

Example. =1-2-2-5=20.
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3.2 Properties of determinants.

Theorem (Effect of row operations on determinants):.

I) Interchanging two rows changes the sign.

IT) Multiply a row by a nonzero constant o multiplies the determinant by a.
IIT) Add a multiple of one row to another does not change the determinant.
Proof: We deal with the 3 x 3 case but the general case is the same.
I) Interchanging two rows changes the sign:

2 x 2: Let E be the elementary matrix that interchanges two rows

EA— 0 1)jan az| _ |a21 a2
1 0 as1 Q929 ailr ail2

Then
ail a2
det (A) = = a11G22 — A12021,
a21 Q22
a a
det (EA) = 2 22 = a210a12 — Q110292 = — det (A)
ailx ai2

3 x 3: Let E be the elementary matrix that interchanges row 2 and row 3:

1 00 a1l ai2 a3 a1 ai2 a3

EA= |0 0 1| a2 a2 a3 | = |a3 as2 ass
0 1 0 as1 azz ass az1 Q22 a23

Then
Q22 A23 aiz2 a3 aiz2 ais
det (A) = dall — a1 + asq
a32 Aa3s3 as2 ass a22 423
a a a a a a
det (EA) = a1 32 33| a3y 12 13 T a9 12 131 _ _ et (A),

Q22 Q23 a22 A23 asz ass

since the 2 x 2 determinants changes sign when we interchange the rows.
IT) Multiply a row by a nonzero constant a multiplies the determinant by «.

(8% 0 0 all a12 ai1s aanq aa12 aals
EFEA= |0 1 0 |a21 a2 ax| =| aa ax a3
0 0 1 az; azz ass as1  azz  ass

We have

aa12 aals

det (EA) = aayq s s

+ asi




IIT) Add a multiple of one row to another does not change the determinant. To see

this, we first remark that the determinant is linear in the first row. Indeed,

a12 + bi2
a22

aii + b1
a1

since both sides equal (a11 + b11)azs + (@12 + b12)ag;, and so

ai1 +b11 aiz +bi2 aiz+bis
a21 a2 a3 =
asi as2 ass
since both sides equal
aza a3 ai2 + bi2
(@11 + b11) -
aszz2 Q33 as2

Now we notice that if A has two repeated rows then det A = 0. Indeed, using the

rules already proved we have

a3; az2 ass —az1r —as2
a1 QA22 QA23| = —| Q21 a2
a3; azz2 ass a31 a32
as3i
= a21
—a31
Hence
a31 as2
a21 Q22
asz1 asz
Finally writing
1 0 B a1 a2 a3
FA= 0 1 0 o1 A22 A23 =
0 0 1 asy Gs2 a33
we deduce that
an + Basz1  aiz + Bass
det (EA) = ao1 a2
a31 a32

ailr a2 + bi1 D12
)

as1 a22 az1 Aa22
a1 ai2 a3 bir b i3
as1 Q22 Q93| + |21 Q22 Q93 |,
asy a3z as3 asy a3z as3
a13 + bi3 4 asy a1z +bi2 a1z + bi3

ass a2 a3

—a33
a3
a33
a32 a33 a3; a3z ass
Q22 @23 = —|a21 G22 Q23
—a32 —as3 a31 az2 ass
a33
az3 = 0
a33
ai1 + Bagr a1z + Basy  aiz + PBass
a21 a2 a3
asi aso as3
a3 + Pass ail a1z 613 asi
a23 = a1 a2 ax|+B|axn
a33 a31 agz2 ass a31
= det A.

Corollary. If A ~ B under row reduction then det A # 0 < det B # 0.

Proof. B = Ej --- E1 A, where F; are elementary matrices. Just apply the previous

Theorem k times.

Important Corollary. If A is an n x n matrix then det A # 0 if and only if A is

invertible.

a32
a22
a32

a33
Q23
a33



Proof. The matrix A can be reduced to row echelon form U. But if U is invertible
then it is the identity matrix and detU = 1, while if U is singular then it is
triangular with at least one zero on the diagonal and det U = 0. Thus

A invertible < U invertible < detU # 0 < det A # 0.

We will see later that in fact we can expand along any row or column:
Theorem. For any ¢ and j we have

det A =a;1Ci1 + ... + a;n,Cin, = alelj “+ ...+ aanj



