MATH 20F LINEAR ALGEBRA

Lecture 18 5.1-5.2 Eigenvectors and Eigenvalues.

Let A be an n x n matrix. A scalar A such that Ax = Ax for some x # 0 is called
an eigenvalue and a corresponding vector x is called an eigenvector.

A is an eigenvalue if and only if there is x # 0 such that

(A=XHx=0

The set of all solutions is called the eigenspace corresponding to eigenvalue .
Existence of a nontrivial solution x is equivalent to that A is not invertible which
is equivalent to

p(A) =det (A — ) =0.

This is called the characteristic polynomial for the matrix A, since indeed it is
a polynomial, and its roots are exactly the eigenvalues of A.

Ex 1 Find the eigenvalues and eigenvectors of A = { 12 _12] .

Sol The eigenvalues are solution of the characteristic equation:

det (A — \I) = ‘1__; 1__2A =(1-2)2-22=(1-A-2)(1-A+2)=0
The eigenvalues are Ay =—1,\y =3. The eigenvectors are solutions to (A—\;)x; =0:
2 —2 T 0 2.11?1 — 2513'2 =0 1
AhDxa =1 5 9 | |e] T lo] © “2m+2m=0 © Xl:o‘_l}
-2 =2 T 0 —2%1 — 2.’172 =0 -1
(A=Aal)xz = 2 2| |m] T 0] T —2m—2m=0 T 2T, ]
2 0 0
Ex 2 Find the eigevales and eigenspaces of A= | -1 3 1
-1 1 3
Sol Characteristic polynomial (2 — \)2(4 — \)
2 0 0 2 0 0 0 0 O
A-2I=1|-1 3 1| —-10 2 0f =|-1 1 1|and (A—2I)x = 0 has
-1 1 3 0 0 2 -1 1 1
0 0 0 O 1 -1 -1 0
augmented matrix (-1 1 1 0| ~ |0 0 0 O & xp—a9—2x3 =0
-1 1 1 0 0 0 0 O
1 To + I3 1 1
and hence | zo | = To =uxo | 1| + 23 | 0| spann the eigenspace.
T3 I3 0 1
-2 0 0 (=2 0 0 0 10 0 O
A—4I = | -1 -1 1 |,augmented matrix | -1 -1 1 0|~ |0 1 =1 O
-1 1 1 -1 1 -1 0 0 0 0 O
T = O, I 0 0
& { and hence | a9 | = |23 | =23 | 1
T2 =3 = I3 T3 ] 1




2

Ex 3 Let T be the linear transformation rotating a vector an angle . The matrix
. 0 —sinf . . .
for Tis A= | Y1 Find the eigenvectors and eigenvalues of 7T'.
sinf  cosf
Sol Unless 6 is a multiple of 7 it does not have any real eigenvalues and eigenvectors.

If 6 is a multiply of 7 the eigenvalues are +1.

-1 1

cosf) —sind
sinf  cosf
and can not have any real eigenvectors unless the rotation a multiple of 7.

The eigenvalues are solution of:
det(A-an=|""A T oo -a-pa At =0,

ie. A=A\ =141, or A =Xy =1 —1. The eigenvectors are solutions to:

(A—Alf)xlz'z‘ 1} {xl]:{o} o mtm=0 Xl:a{_i}

Ex 3 Find the eigenvalues and eigenvectors of A = { 1 1] .

Sol This is the matrix for a rotation with scaling: A = V2 1 ,0=m/4

-1 3 To 0 —x1+ 129 =0 1
=i 1] [x] _[O —ixy + 22 =0 K
(A=elxa = | —i] [:cz] - [o} ® g —im=0 & =P [1}

Even though in many applications we are looking for real solutions the complex
solutions can still be helpful on the way towards a final answer as we shall see.

Th If B is similar to A, i.e. B = S~'AS then A and B have the same characteristic
polynomial and hence the same eigenvalues.
Pf Since we can write I = S715 = S71IS we get

det (B — AI) = det (ST'AS — AST'IS) = det (S~ (A — AI)S)
=det S~ det (A — ) det S = det (A — \I)

By the product rules for determinants: (det (CD) = det C det D).
This theorem says something very important; that the eigenvalues does not depend

on in which coordinate system we view a linear transformation, and hence describe
some fundamental property of the linear transformation.



