
Math 231A Partial Differential EquationsLe
ture 1: The Vibrating String.Suppose an elasti
 string is stret
hed between the points x = 0 and x = ` on thex-axis, so that there is a tension in the string, and it is allowed to vibrate in thex � y plane. We are going to derive the equation whi
h des
ribes the vibrations.We will start by making two simplifying assumptions.1. Assume that the only for
e a
ting on the string is the tension within thestring and this a
ts tangent to the string. We assume then that there is no gravity,and the fri
tional for
es on the string 
an be ignored.2. Assume that ea
h point of the string moves only in the y dire
tion with thex-value �xed. Hen
e we 
an des
ribe the motion of the string by a single fun
tiony = u(x; t) where t is time. This will generally not be the 
ase, but for smallvibrations around the rest state it is approximately true.We apply Newton's law to the portion of the string between x = x0 and x = x1.Denoting the magnitude of the tension in the string by T (x; t), and writing ux forthe partial derivative of u with respe
t to x, we have that the for
e on this pie
e ofstring in the y-dire
tion is equal to mass times a

eleration.T (x1; t) ux(x1; t)p1 + u2x(x1; t) � T (x0; t) ux(x0; t)p1 + u2x(x0; t) = Z x1x=x0 m(x; t)utt(x; t) dx:Di�erentiating with respe
t to x1, we get T (x; t) ux(x; t)p1 + u2x(x; t)!x = m(x; t)utt(x; t):If the os
illations are small, we 
an assume juxj << 1 and T and m are approxi-mately 
onstant, and we get the wave equationTuxx = mutt:This is the 
lassi
al wave equation with one spa
e dimension. To make the exposi-tion easier, we 
an 
hoose units so ` = � and T = m = 1. We are interested thenin the equation(*) 8>>><>>>: uxx = utt x 2 [0; �℄; t � 0u(x; 0) = g(x) x 2 [0; �℄ut(x; 0) = h(x) x 2 [0; �℄u(0; t) = u(�; t) = 0 t � 0:Later on we will solve this by fa
torizing(�2x � �2t )u = (�x � �t)(�x + �t)u;1



2and solving two �rst order equations. For now, however, we use a method whi
hturns out to be meaningful for the vibrating string and whi
h 
an be applied to
ompare the wave equation with other equationsSine Series: We expand a fun
tion f on [0; �℄ in a seriesf(x) = 1Xj=1 f̂j sin jx:Now the 
oeÆ
ients f̂j 
an be 
al
ulated by the orthogonality relationZ �0 sin jx sin kx dx = � 0 j 6= k�=2 j = k:Hen
e we must have f̂j = 2� Z �0 f(x) sin jx dx:The Sine series 
an be a good expansion to make when f(0) = f(�) = 0. (Thefun
tions sin jx are a
tually the fun
tions one obtains by \separating variables" inthe equation (*).)Now we suppose that u(x; t) is a solution to (*) and expand it as a Fourier seriesin x,(1) u(x; t) = 1Xj=1 uj(t) sin jx:Plugging this into (*), we get1Xj=1(�uj(t) + j2uj(t)) sin jx = 0:Hen
e for ea
h j, �uj(t) + j2uj(t) = 0:Fa
torizing over the 
omplex numbers, we have(dt � ij)(dt + ij)uj(t) = 0;and the general 
omplex solution is �jeijt+�je�ijt and the general real solution isuj(t) = aj 
os jt + bj sin jt:Hen
e we get u(x; t) = 1Xj=1(aj 
os jt+ bj sin jt) sin jx:



3Pluging in the initial 
onditions from (*), we get(**) u(x; t) = 1Xj=1 ĝj 
os jt+ ĥjj sin jt! sin jx:We thus arrive at an expression for the solution. It is physi
ally signi�
ant be
auseit expresses the vibrations of the string as a superposition of vibrations of di�erentfrequen
ies. The frequen
ies predi
ted by this model are in very good agreementwith experiment, although in real life there are fri
tional for
es whi
h 
ause thevibrations to be damped down.Te
hni
al Questions.Question 1. Existen
e: If we start with smooth enough fun
tions g and h withg(0) = g(�) = 0, does (**) give a solution to (*)?Question 2. Uniqueness: If a solution to (*) exists, must it be given by (**)?The answer to the se
ond question is \yes". Indeed, if f is twi
e di�erentiablewith f(0) = f(�) = 0, then the Sine series of f 
onverges, and f is equal to itsSine series. Hen
e if u(x; t) is a twi
e di�erentiable solution to (*), then indeed (1)holds with uj(t) = 2� Z �0 u(x; t) sin jx dx:The rest of the derivation goes through and we 
on
lude (**).The �rst question is a bit more tri
ky. It turns out to be easy to see that thesolution (**) is di�erentiable, but without doing some work it is only obvious thatthe se
ond derivatives of (**) are square integrable - the 
ontinuity properties areun
lear. In reality there may a
tually be dis
ontinuities in the se
ond derivativesof u. These are o

ur when the se
ond derivative of h does not vanish at x = 0 orx = �. For the interested reader, we state a little theory.The Fourier Sine 
oeÆ
ients of f 
an fail to de
ay fast for two reasons, eitherbe
ause f is not di�erentiable enough times, or be
ause some even order derivativesof f fail to vanish at the endpoints.Theorem. If P jajj <1 then the seriesa(x) := 1Xj=1 aj sin jx
onverges to a 
ontinuous fun
tion whi
h vanishes at x = 0 and x = �.If P jjajj <1 then a(x) is 
ontinuously di�erentiable anda0(x) = 1Xj=1 jaj 
os jx:



4Similarly if P jj2aj j <1 then a(x) is twi
e 
ontinuously di�erentiable anda00(x) = � 1Xj=1 j2aj sin jx:However, we see that in this 
ase a00(0) = a00(�) = 0.Theorem. If f is in Ck([0; �℄) (k times 
ontinuously di�erentiable) with k = 0; 1or 2, and f(0) = f(�) = 0, then the Fourier 
oeÆ
ients f̂j satisfy(2) Xj jjkf̂jj2 <1:The 
onverse may not be true, that is if (2) holds, it may not be true that f 2 Ck.If k = 0 we 
an 
on
lude f 2 L2. If k = 1; 2 we 
an 
on
lude f 2 Ck�1, and f hasa kth derivative whi
h lies in L2.Further ReadingSteven J. Cox, Aye, There's the rub. An inquiry into why a plu
ked string 
omesto rest. Six Themes on Variation. AMS Student Math Library 26 (2004), 37{57.Yitzhak Katznelson, An introdu
tion to harmoni
 analysis. Cambridge Mathemat-i
al Library, 2004.


