MATH 231A PARTIAL DIFFERENTIAL EQUATIONS

Lecture 11: Fourier Transform
For u : R" — C,
1/p
fuly = ([ pupas) " lulloo = esssuppgs[ul = inf  sup |ul
Rn ‘V‘:O R”\V

Then for p < oo, LP is the completion of C(R™) in the norm || [|,. It is also the
space of measurable functions for which the norm || ||, is finite.

For u € L'(R™), define

U = # u(z)e Y dx
V _ wx)e ®YVder = a(—x
Ua) = Gz [ wle)e Y de = i(a)

Propositon.
(a). If v,w € LY(R™), then 9,% € L (R™) and

/mbda; = / dw dzx.

(b) If gb(l‘) = 6—t|58|2’ then, Qg(ﬁ) _ (1/275)”/26|x‘2/4t.
(c). (i) If u,v € L*(R™), then

—

(u*v) = (20)" 200,

(ii) If u,v € L?(R™), then u * v is continuous.

(d). If u e L' N L?, then
Jull2 = lall2 = lla]l2.
Hence the Fourier transform extends to define an isometry of L*(R™).
(e). If u € L*(R™), then 4 = u.
(f). If u, D®u € L*(R"™), then Dou(z) = (iz)*a(z).

What interests us most is (f) which shows that the Fourier transform diagonalizes
the operation of differentiation. The theory is slightly more technical than that of
Fourier series because the “eigenfunctions” ¢,(z) = €®¥ are not in the Hilbert
space L2(R™).

Proof of the Theorem.
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(a). By Fubini’s Theorem,

/Rn vidr = ﬁ /Rn v(z) / i w(y)e™ ™Y dydx

1

~ (@2n)n /RZ" v(x)w(y)e™ Y dedy

w dy.

I
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(b). In one dimension,

n — —wcy d
¢(y) @2 / x
— / —:E —zxy/tl/z dx
27rt
4
_ e ‘yl / t 7(.% zy/(2t1/2))2 d
(2mt)1/2
~|yl?/4t
e 2
B
ot e
where T is the line in the complex plane Iz = y/(2t'/?) oriented from Rz = —oo

to Rz = co. We claim that this contour can be deformed to the real line. Indeed,
consider the rectangle R given by 0 < Sz < y/(2t'/?), and |Rz| < N. Then since

e is analytic on R, faR e=*" dz = 0. But the integral along the sides parallel to
the imaginary axis tends to zero as N — oo, since when z = £N + i7, we have
le=*" | = e N+ 0 as N — oo, uniformly on 0 < 7 < y/(2t/2). However,

o) 2T o)
/ e dy = / e~ e~ v dady = \// / e~"rdrdd = /7.
—c0 R2 o Jo

This completes the proof of the case n = 1. For n > 1, we have

in 1 —t|z|? —iz- ‘ 1 > —tlz;|?  —ix,y;
(b(y):W/Rnel|€ ydx:HW/_ooelle yd:l?j

j=1

;12 /4t 1

B ﬁ Ll _ .
= H (2t)1/2 o (Qt)n/2

~lyl?/at

so the result follows from the one dimensional case.

(c). Note that u x v € L. Indeed,

[wsel = [ N[ wte-wpaf e < [ sl = ful o,




We have

uxv(e) 27r)n/2 /n“ = W/n /n u(y—z)v(z)e”"" dzdy
= n/z / § / uly —w Wy (e dydz = (2m)"2a(z)0 ().

Now we suppose u € L?(R™). Write v")(z) = v(x — h). Then

luxv(x+h) —uxv(x)| =

[ (s b9 = e = et < -l

However, ||u(® —ul|; — 0 as h — 0. Indeed, given € > 0, choose w € C.(R") with
|lu — wl||2 < e. Choose N so that the support of w is contained in B(0, N — 1).
But w is uniformly continuous, so there exists § with 0 < § < 1 such that [jw® —
wlso < €/+/]B(0,N)]| for |h| < 6. But w and w™ are supported in B(0, N), so
lw —w|y < e for |h| < 5. But then when |h| < 6,

™ —ully < JJu™ —w® s + Jw™ —wls + Jw—uls < 3e.
(d). Set v(z) = u(—=). Then consider
w = uxo.

Since u,v € L2(R™), we see that w is continuous. Moreover,

w©) = [ wipat-pdy = [ wady = Jul

Hence w = (2m)"/?|4/?, and

1 . R R
W/Rnwdx _ /n\uyzdx = |42

Hence we want to show that

The right hand side is just @, so we want to show the Fourier inversion formula for
the function w at 0, namely

We will finish this this next time.



