MATH 231A PARTIAL DIFFERENTIAL EQUATIONS

Lecture 23: Nonhomogeneous Wave Equation

One comment for the even dimensional existence proof. n even, g € C(+4)/2(R")
and h € C"+2)/2(R"), then

1 o (1" tg(y)
u(z,t) = 2.4...71(& (%E) ¢ 7{9(:“) (12 — |y — z[2)1/2 dS(y)
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solves

{utt—Auzo in R x (0, 00),

u=g, ug =h on R™ x {t = 0}.

To prove this, we solve on R"! x [0, 00) with data independent of z,, 11 and restrict
to R™ x [0,00). Set x = (z1,...,2y). In the higher dimensional solution we have
terms like

][ 91y Yn) dSWY1s -y Ynt1)-
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Considering the sphere as a double graph over the ball B(x,t), we get
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dy.

To replace [ by §, we must evaluate
2|B"|
0B+
This is a polar coordinate calculation. Indeed, using polar coordinates at the south
pole (0,0,...,—1) of 9B™"1 gives

OB Y| = / |0B™|sin™ ! r dr,
0
and
o, = / sin" lrdr = / sin” "2 rsinrdr
0 0
= (n—2)/ sin” 3 rcos?rdr = (n—2)(an_2 — an).
0

Hence (n — 1)a, = (n — 2)a,—2, and

Hence we evaluate the constant
2| B™| B 1-3---(n—1)
0B+ 2.4 (n—2)-n
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Nonhomogeneous Wave Equation.
Now we solve
*) {utt—Au:f on R™ x [0, 00),
u(z,0) =0, wu(z,0)=0.
We can use Duhamel’s principle to solve this. Recall what Duhamel’s principle
says. It says that if the solution to

U, — LU =0 t>s
{ U(s) =G
is given by S(t; s)G, then the solution to
U, — LU = F(s) t>0
L0 -0

is given by

Now we want to solve
{Utt—LU:F(S) t>0
U(0) =0.
We write this as a system by setting

e

Then we want to solve

TG0 - () e
with boundary conditions
(zi0) =0

For this, Duhamel’s principle tells us we need to use the solution operator to the
homogeneous problem

(5), - G 3 (5) =

Define u(z,t; s) to be the solution of
uyy — Au =0 on R™ X [s, 00)
{ u(x,s;8) =0, u(x,s;s) = f(z,s).
Then Duhamel’s principle gives a solution to (*) of the form

(**) u(x,t) = /o u(zx,t;s)ds.
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Theorem. Forn > 2, suppose f € CI/2ATHR™ x [0, 00) and define u(x,t) by (**).
Then u(x,t) solves (*).

Proof. u(x,t;s) defined in (**) is in C?(R™ x [s,00)) for each fixed s. One can also
give local bounds on u(x,t) and its first and second order z,¢ derivatives in terms
of local bounds on f and its first [n/2] 4+ 1 derivatives.

t t
ug(z,t) = wu(x,t;t) + / ug(x,t;8)ds = / ug(z,t; 8) ds.
0 0
Then

ug(z,t) = ut(x,t;t)+/t uge(x,t;8)ds = f(x,t)—i—/t Au(z,t;s)ds = f(x,t) + Au(x,t).
0 0

We carried out the examples on page 82 of the book.



