MATH 231A PARTIAL DIFFERENTIAL EQUATIONS
Lecture 24: Energy for Uniqueness

Let U C R"™ be a bounded open set. For T" > 0, set Ur = U X (0, 7] and
Iy =Ur\ Ur.

Theorem. There exists at most one solution u(z,t) € C*(U) to the wave equation

uy — Au =20 in Ur,
u=g on I'p,
ur =h on U x {0}.

Proof. If u and @ are two solutions, define w = u — @. Then w satisfies

Wt — Aw =0 in UT,
w=20 on I'r,
wy =0 on U x {0}.
Define ]
e(t) = 5/ w?(z,t) + |[Vw|*(z,t) d.
U
Then

ei(t) = /wttwt + Vw, - Vwdxr = /wttwt — w - Awdr = 0.
U U

Here there are no boundary terms because w = 0 on U x [0,7], so wy = 0 on
OU x [0,T]. Since e(t) = 0, we conclude e(t) = 0, and hence wy =0 on U x [0, 1],
sow =0 on Ur.

Now we show that for any C? solution, we have finite speed of propagation. Put
another way, consider the ball B(zg,ty) in R™, and the cone

C(:E(),to) = {(l‘,t) :0 <t< to, |£l]' — Jjol < to —t}.
Theorem. . If u € C?(C(xq,tg)) solves

{ Ut — Au=0 on C($07t0)7
u=u; =0 on B(xg,tg) x {0},
then uw =0 on C(xo,to).

Proof. For 0 <t <tg, set

e(t) = / 2w t) + [Vul2(e,t) da.
B(:Eo,t()*t)
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Then

1
e = / uguyy + Vug - Vudr — —/ u? + |Vul? dS(z).
B((Do,to—t) 2 8B(.’E0,t0—t)

1 1
= / Uy — wAudr + / wVu-v — —u? — =|Vul[*dS(x)
B(mo,toft) aB(xﬂztoft) 2 2

1 1
= / wVu-v — —u? — =|Vul*dS(z),
aB(CC(),tQ—t) 2 2

where we have used the fact that w satisfies the wave equation. However, using
Cauchy Schwarz and the inequality ab < %(a2 + b?), we have

1/2 1/2
/ uVu-v < / u? dS(x) / |Vu|? dS(z)
aB(wo,to—t) 8B(w0,t0—t) aB(wo,to—t)

1 1
/ —u? + §|Vu\2d5(x)
o

<
B(ajo,to—t) 2

DN | —

and so we see from (*) that e; < 0. But e(0) = 0 and e(t) > 0 for each ¢, hence
e(t) =0 on [0,%p], and so uy = 0 on C(xg,ty) hence u = 0 on C(xg,tp).



