MATH 231B PARTIAL DIFFERENTIAL EQUATIONS

Lecture 12. Extension.

Extension Theorem. Assume U is bounded and OU is C', and suppose V is
open with U CC V. Then there exists a bounded linear operator

E:Wh(U) — WhP(R")
such that for each u € WP (U),
(i) Eu=u a.e. inU.
(i) Eu has support within V.
(iii) || Bullwro@mey < Cllullwie) where the constant C' depends only onp, U, V.

We call Fu an extension of u to R".

Proof. First we consider a model case where U = {x : z, > 0}, and setting
B = B(0,1), we want to extend functions v € WH?(U) to U U B. Set

B*Y = Bn{x, >0},
{ B~ =Bn{z, <0
Assuming u is C! on BY, extend u to points x € B~ by setting
u (z) = =3u(x1,...,Tpn-1,—Tn) + du(x1,...,Tpn_1,—Tn/2).
First claim: u = u™ agree on {z, = 0}. Also uy; = u,, on {z, = 0} for j < n.
Indeed, when z;,, = 0 we get u™ (z) = —3u(x) +4u(z) = u(z), and similarly for u,, .
Second claim: u,, = u, on {z, = 0}. Indeed,

ou~ ou ou

81‘,“ (:cl,...,.rn) = 3—($1,...,$n_1,—$n) — 2—(.’13‘1,...,.’1371_1,—%1).
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Hence setting

Fu(z) = {u(_x) reU

u (z) ze€B,
we see that Fu|g € C1(B). Moreover,

1/p
|u™ (2)||r(B-) < 3llullLep+) +4 (/+ lw(xy, ... 1, =20 /2)P diU) < (34+42YP)|ull Lo (5+).-
B

Estimating the derivatives similarly gives
| EBullwrrwusy < Cllullwie@), C =3+221/P,
Remark. In fact we see that if u € W2P(U) and u|g € C?(B) and j < n and

k <mnthen ug , = uzq, on {z, =0} However, u, , = —2ug,s,. Nevertheless

it is easy to see that Fu, _, does exist in the weak sense, and

| Bullwzrwuy < Cllullweew)-
Exercise. Show that if U C R™ is open and v € C(U) is C* on {z,, > 0} NU and
{z,, <0}, and then u has weak first order partial derivatives on U.

Now for the general result we follow 5.4 steps 5-7.
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