MATH 231C PARTIAL DIFFERENTIAL EQUATIONS

Lecture 10: Higher Regularity. .

ur+ Lu=f in Urp

(*) u=20 on OU x [0,T]
u=g on U x {t =0},
where . .
Lu = — Z aijuwixj + Zblum + cu.
i,j=1 i=1

We assume U is open and bounded with smooth boundary, and a*, b, ¢ € C>°(U)
are independent of .

Theorem. (Higher Regularity). Suppose

d* _ m
T e 220, 1), 1= U)), (k=0 m), g HT(W),

Suppose in addition that the following compatibility conditions are satisfied:
9 g .., g™ € Hy(U),

where g* is defined recursively by go = g and
9"t = 9 f(x,0) — Lgs.

Then the weak solution u of (*) satisfies

dku

W ELQ([()?T]’HQerQiQk(U))? (k:077m+1)

with bounds.

Interpolation Lemma. (Theorem 4, 5.9.2.) Assume U is open and bounded
with smooth boundary and OU is smooth. Suppose m is a non-negative integer. If
w e L2([0,T], H"2(U)) and v’ € L?([0,T]), H™(U)), then u € C([0,T], H™TY(U))

(after changing u on a set of measure zero if necessary) with

sup |[u()|gmerwy < Cllullgmrz@y + IWllmm@))-
t€[0,T]

Proof of the Lemma. We start with the case m = 0. Suppose then that u €

L2([0,T), H*(U)) and v’ € L?([0,T],L?(U)). Choose a bounded open set V with

U « V, and a bounded linear extension operator E : H*(U) — H?*(V) such
1



2

that for w € H?(U), the extension Ew is compactly supported in V. In fact we
can assume that E extends to a bounded extension from L?(U) to L?(V'). Define
u(t) = E(u(t)). Then

T T
@122 (0,70, 52 (v = /o [a(t)[| %21y At < C/O ()l Fr2ry At = Null L2 0,77, 52(0)-

We claim that «/ is bounded in L?(U). To see this we use difference quotients.

Defining
t+h)—u(t
Dlu(t) = u })l u())

we see that

IDYull 2o, r—r),z2vy) < CIDM| L2 (o, m—n) 2

/01 u(t + sh)

But then we mimic the Theorem on difference quotients for scalar valued functions
to get

< Ol 201,22y
L2([0,T—h],L2(U)

:c‘

1| 2q0,11,220vy) < Cllu' L2 (po,17,2(v))-

Indeed, we can take a sequence h; — 0 with D' — w weakly in L?([0,T7], L?(V)).
We have the required bound on w, so we just need to check that v/ = w. Choose
¢ € Cx([0,T) and v € L*(V). Then

/ (Dlu(t), v)p(t)dt = — / (u(t), v) D; " (t) dt
0 0

However, as h = h; — 0, the left hand side converges to

T
| wo. e
and the right side converges to
T
- [ oo

Hence v/ = w
Now we assume that % : [0,7] — H?(V) is smooth as a function of ¢. Then

= [(Du(t), DE'(t))| = |(—Aaa(t), a(t)| < C(a®)llz2 ) + 17 OlIZ2)-

'—nDu 2o | =
Hence

IDa(t) | 2vy = I1Da(s) | 2vy < CUlaZ20m,m200y) + 18 O 20,77,2200))-



However, there exists a value of s with

1/2
. T
|Da(s)||p2(vy < (T /0 ||Du<t)lliz(T)dt) :

so we get a uniform bound on || Du(t)| z2¢v). Hence

lallarovy < CUa7eqor,m200y) + 17 ONZ20.7,0200)-

In the general case we get this bound by first extending u to the slightly larger
time integral [—e, T + ] by reflection, and then by convolving with an approximate
identity.

The result for higher values of m is proved easily by induction.

Remark. Now in the higher regularity theorem, we can check that the compati-
bility data go, ..., gm are well defined. Indeed, since

d* f

W c H2m—2k (U),

we have

oF f(0) € H*"*1(U),

and so by induction,

gr € H*™ 2Ly, k=0,...,m.



