MATH 231C PARTIAL DIFFERENTIAL EQUATIONS

Lecture 14: Existence. .

utt+Lu:f in UT,
(*) u=0 on OU x [0,T]
u=g, uy=nh onU x {t =0}.

Assume
a’, b, c e CY(Ur), a' = a’’,
f e L*(Ur) = L*([0, 7], L*(U)),
g€ HJ(U), he L*U).
Last time we showed that taking wy, ws, ... an orthonormal base for L?(U) which

is orthogonal in H}(U), we can find
um(t) = Y (twy,
k=1
in H2[0,T) H}(U) such that for all v € W,,,

(**) (um(t),v) + Bilum,v] = (f,v)
(UM(O)av) = (g,v), (u;n(O),v) = (ha U)'

Energy Estimates. There exists a constant C' = C(U, L,T) such that for m =
1,2,... we have

e (lun Oy + Ton®llee)) + lnlsgom.mw)

< ¢ (Iflagomazwy + lglmw) + M)

Proof. Set v =4/(t) in (**). Then

We can write this as

1d 1d . 1 ” :
5&('&%,'&%) + 5% Za”ummiumxj — 5 Zaijuml’iummj + Z b"umxiul + CUu/ =
1,7 0, J T

1

(f tn)-
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Setting
Ailu,v] = Za”uwivxj,
6,7

we have
1d ) o ) -
2dt (Hum||L2(U) + At[um’“mD < C(”“m“Hg(U) + Nupllz2@y + ||f||L2(U)>

< C (Al um] + NfalBay + 11320

Ct

Applying Gronwall’s inequality using the integrating factor e=“*, we get

e (Il OlFawy + Arltmstim]) < Tt 0) 3201y + Aolum (0), wm (O] + 113200, 20
Hence

sup (Hu(t)H?qg(U) + ||U/(t)||2L2(U)> < (HhH%?(U) + H9||%13(U) + HfH%Z([o,T],m(U)))-

0<t<T

To get the bound on u/ , use the equation
(***) (u;;wv) = (f?v) - Bt[uﬂwv]'

for v € W,,,. However, for general v € H}(U) with [0l 2y < 1, write v = v1 + v2
with v1 € W,,, and vy € WnJ; Then

(U//,U) = (f,'Ul) - Bt[um7vl]a

SO

@) < C(Ifllew) + Tumllmgn) -

Hence |[u” | g-1(v) is bounded by the right hand side. Squaring and integrating we
get

I ooz 0y < C (1320w + Wml3agommn)
The last term on the right is already bounded in terms of the data f, g, h.

Existence. We take weak limits following 7.2.2c, except we use the following trick
to verify that u satisfies the initial conditions:

To show u(0) = g and u],(0) = h for v € W,,. Take v € Wy, and consider ¢(t)v
with ¢ € C2°[0,T") and ¢(0) = 1. Then for m > k,

T
/O (U (1), 6O)V) + (um(t),¢'(t)v) dT = —(un(0),v(0)) = —(g,v).
However, taking the limit as m = m, — oo this gives

(#5%) / (W (1), 6(0)0) + (u. ¢ (D) dt = (g,0).

But the left hand side is (u(0),v). Similarly one shows u'(0) = h.



