MATH 231C PARTIAL DIFFERENTIAL EQUATIONS
Lecture 3: Galerkin Method.

Theorem. If u € L*([0,T],L*(U)) and v’ € L*([0,T], H=Y(U)) then (after possi-
bly being redefined on a set of measure zero)

u € C([0,T), LA(U)).

The mapping
t = flu(®)lL2w)

15 absolutely continuous, with

(1) )y = 200/ (0), u(r)

for almost every t with 0 <t <T. Moreover, we have a bound

@ e lu@leey < O (Il + 19 1eomnaw)-

Proof. There are certain constructions which work for X-valued functions just the
same way as for real valued functions. Indeed, first on [—¢,T — ¢] define u.(t) =
u((t+¢)/(1+2¢/T)) so that 4. — u in L*([0,T], H}(U)) and similarly u. — u’ in
L2([0,T], H1(U)). Then convolve with an approximate identity to get a sequence
of smooth functions converging to u. We can define a bounded extension operator
to a larger interval by reflecting. That is we define

u(t) te[0,T]
a(t) = < u(-t) te[-T,0]
uw(2T —t) te[T,2T).

Then defining
u'(t) te[0,T]

v(t) = —u(—t) t e [-T,0]
—u/ (2T —t) te|[T,2T),
we find that v = @’.

Now for our function u, we extend u to [—¢,T + ¢] and then convolve with 7.
to get u. with u. — w in L2([0,T], H}(U)) and u. — ' in L?([0,T], H 1 (U)).
Furthermore, u.(t) — u(t) in H}(U) almost everywhere and u’(t) — u'(t) almost
everywhere in H~1(U). Write

(u,v):/Uu(x)U(x) dx.
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For u. € C°([0,T], H}(U)) and so we have

ZLHue() usOlZ2 @y = 2((Wi(t) —us(t) , (ue(t) —us(1))).

Hence

Jue(t) s (0) 20— e ) =us 9Ny = 2 [ () = wslr)) + (el) = us(r)
< 2 [ (luer) = usOlgy + Illr) = ws(Dllr0n) dr

< <||Ua - uts”i?([O,T],Hé(U)) + [Jue — U(SH%,?([O,T],H*l(U))) :
Now fixing s € (0,7) with u.(s) — u(s) in L2(U), we find that as £,5 — 0, we have
us(t) — us(t) — 0 in L?(U) uniformly in t. Hence u € C([0,T], L?(U)). Since

lue@®Z20y = lue()Lw) + / (uz(7) 5 ue(r))dr,

in the limit as ¢ — 0, we get

t
@2y = lluls)2@) + 2/ (u'(7) , u(r))dr.
From this we get (1). Also, we get

Hu(t)H%Z(U) - HU(S)H%%U) < (||U||2L2([0,T],H3(U)) + HUIH2L2([O,T],H*1(U))>'

However, for some s we have ||u(s)|]2L2(U) is bounded by the average value

I )
7 | Ol ar

and this is bounded by HuHL2 /T. Hence we get (2).

0,7, HL(U))
Definition. Suppose
u € L*([0,T], Hy (U))), u' € L([0, 7], H1(U)).
We say that u is a weak solution of
us + Lu=f in Up
(*) u=0 on OU x [0,T]
u=g on U x {t =0}.
if (i) for every v € H}(U),
<ul7v> + Bt[U,U] = (f7 U):

where B; is the bilinear form associated to the operator L at time ¢, and
(i) u(0) = g, which makes sense because u € C([0,T], L*(U)).



