MATH 231C PARTIAL DIFFERENTIAL EQUATIONS

Lecture 4: Galerkin Method.

Theorem. If f € L%([0,T],L*(U)) and g € L*(U) then there exists a weak solution
u € L2([0,T], H(U)) to

ur+ Lu=f inUr
(*) u=>0 on U x [0,T]

u=yg on U x {t = 0}.

Proof. Recall that if u € L?([0,T], H} (U)) with «’ € L*([0,T], H~1(U)), then u is
a weak solution if
<u/7v> + Bi[u,v] = (f,v),
and
u(0) = g,
which makes sense because u € C([0,T], L?(U)).

(Galerkin Approximation.) Choose an orthonormal base wy, for L?(U) which is
orthogonal in H} (U). We seek a solution

= Z & (Hw

k=1
to the projected equation
(W' wg) + Bilu,wr] = (f,wg), 0<t<T, k=1,2,...,m,
with
(um (0),wr) = (g, wr), k=1,2,....m

This is a standard system of ODEs. To see this, write out these equations in terms
of the coefficients.

Cﬁl + Z Bt wéawk] = (f(t)awk)a

cm(0) = (g, wr).

By the standard existence theory, we get a solution (c.,(¢),...,c"(t)). Of course

we must pay attention to the coefficients. We assume f € LQ([O,T ], L3(U)), so
(f,wg) € L?([0,T]). We also assume a®7, b, ¢ € L*([0,T], L°°(U)), so By|we, wy] €
L*([0, T7).

Theorem. (Energy estimates.) We have the bound

lumllcqom.e2wy + lumllzqom,miwy + Numllzeqor.m-1@y)
< CUIfllzzqo,m, 2wy + llgllez@y),

where C' is independent of m.

Proof. We follow the proof in 7.1.2.b.



