MATH 231C PARTIAL DIFFERENTIAL EQUATIONS
Lecture 5: Galerkin approximation continued.

Last time: To find a weak solution to

ur+ Lu=f in Urp

(*) u=20 on OU x [0,T]
u=g on U x {t =0},
we chose
Uy = Zcﬁlwk
k=1
such that for v € W,,, = span(wy, ..., wy),

(u;n,v) + Bt[uﬂ%U] - (f,'U)7

and
(um(0),v) = (g,v).
We showed the energy estimate

lumlleqo 2@y + lumllzzqor,mwy < CUfllezqomc2) + l9lzza)),

The final energy estimate we will need is

lurll2co0,m,m-1@wyy < CUlfllzzqo,m.c2wwy + l9ll2@w))-

To see this, for v € H}(U) we can write v = v* + v? with v! in the span of
wi, ..., W, and v? perpendicular to this span. Then

(u;nav) + Bt[umav] = (f,vl),

so taking |[v]| g1y < 1, we get

w710y < C(Hum”i})(m + 1172 0r)-

Combining this with the bounds we already have, we get the bound we want for
/
u .

The weak solution of (*). Choose a subsequence u,,, with

{ Um, — u  weakly in L?([0,T], H}(U))
ul, — v weakly in L?([0,T], H1(U)).
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Then the weak derivative v/ exists and equals v. Indeed, choose w € W}, and
¢ € C=(0,T). Then ¢(t)w(z) € L*([0,T], H}(U)) and so

</ v(t),¢(t)dt,w> = / (v(t),p(t)w)dt = lim (ty,, (), o(t)w) dt
0 0

£—o0 Jqo
T T
= ,}Ef}o (/0 Uy, (t)o(t) dt w) = eli)rgo (—/0 U, (1) () dt w)
= ehjgo_ i (Wi, @' (H)w) dt = —/0 (u(t), ' (H)w)dt = — (/0 ugb'(t)dt,w).

Since this is true for all w € W}, and U, W), is dense in H&(U ), we see that

/0 v(Bet)dt = — /0 w(t)' () dt

for every ¢ € C2°(0,T) which says precisely that v’ = v.

We must show that u is a weak solution of (*). For v € W, and m > ¢ we have
(ur,,v) + Bilum,v] = (f,0).
Multiply by ¢(t) € C2°(0,T) and integrate to get
T T T
| oo+ [ Blunotar = [ (.00

Taking the limit as m = my — oo we get

T T T
/Wwwmﬁ+/&MWMﬁ=/U@WM%
0 0 0

Now since U, W}, is dense in H}(U), we find that this holds for every v € H}(U).
We can write this as

/O ((u/(t),v) + Bi[u,v] — (f(t),v)) ¢(t)dt = 0.

But since C§°(0,T) is dense in L(0,7T) we get
(W' (t),v) + Bifu,v] — (f(t),v) = 0

almost everywhere. This says that u is a weak solution of (*).



3

It remains to show u(0) = g. Again, take v € W} and consider ¢(t)v with ¢ €
C°[0,T) and ¢(0) = 1. Then for m > k,

/O (um (1), 6@)0) + (um(t), ¢’ (H)v) dT = —(um(0),0(0)) = —(g,v).
However, taking the limit as m = my, — oo this gives
T
(+%) | wewn + @i = 6.0,
0

But the left hand side is (u(0),v). To see this, just note that choose 9. € C°[0,T)
supported in [0, e) with ©.(t) = ¢(t) for t € [0,£/2) and ¢, < 0. Then 0 < 1. <1
and by the definition of weak derivatives,

T T
/umw@ﬂmmﬁ+/zwww—¢mﬁ:a
0 0

Hence

A<www+wwmmw3éwmww+wwwmw

Aum%wﬁ

g
< [ W @lnayde — 0
H-1(U) 0

as € — 0, while since u € C([0,T], L?(U)) we have

T
Amwmwew@

as ¢ — 0.

Hence from (***) we get
(u(0),v) = (g,v).
Since UyW}, is dense in L2(U) we get u(0) = g.



