MATH 231C PARTIAL DIFFERENTIAL EQUATIONS
Lecture 7: Regularity.

Last week we found a weak solution to the equation

us +Lu=f in Up
(*) u=20 on OU x [0,T]
u=g on U x {t =0},

where
n

Lu = — Z(aijumi)xj + zn:biuxi + cu.

ij=1 i=1

The precise conditions were as follows:

a', b, c € L=(Ur).
fe L*([0, 1], L*(U)), g€ L*(U).
w € L*([0,T),Hy(U)) n C([0,T], L*(U)),
ug € L*([0,T), H 1 (U)).
To see that the solution is unique, if we had two solutions then the difference would

satisfy
uy+Lu=0 in Ur

u=0 on OU x [0,T]
u=0 on U x {t =0},
Then
d
Tlullizwy = 20 u) = =2Blu,u] < llulzz).

(we showed that the first equality holds by approximating u by 7. * u where 7. is
an approximate identity) so

d [/ _
= (e ul2) < 0

But then since e_’VtHuH?-ﬂ(U) is non-negative and equals zero at t = 0, we see that
it is identically zero so u = 0.

This week we will prove regularity for the solution wu.

Theorem. With the following assumptions on L, f, g we conclude the given requ-
larity of u. Moreover the given norms on u are bounded by a multiple of the sum
of the given norms on f and g.
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a’, b, ¢ € C®(U) are independent of t.
fe )01, L*(U)), g€ Hy(U).

we L*([0,7], H*(U)) n L*=([0,T], Hy(U)),
u' € L*([0,T], L*(U)).

Example. If u is a smooth solution of

{ut—Au:f in R™ x (0,T]
u=yg on R™ x {t =0},

and if u decays sufficiently rapidly as |z| — oo, then

fPdr = / (uy — Au)? dx

Rn

= / u? 4+ (Au)? — 2u;Audz

d
= / u? da +/ |D?ul? dz + — | Dul|? da.

dt Rn
Hence
t t t
/ |Du(x,t)\2dx+// ufdmdt+// |D2u|2da:dt:/ de:cdtJr/ |Dg|? d.
R™ 0 n 0 n 0 JR™ R™
We get

1Dl o0 0,17, 22 0y + It Z2 oy + 1D*ullZz o m2yy < 2U1F 120,07 220y + ||9||%{3(U))~

Proof of the Theorem. We use our approximate solutions
um(z,t) = Y (Hwy(x)
k=1

which satisfy the projected weak equation

{(u;nvv) + B[umav] = (f,U) ve W,
(um(0),v) = (g, v) v € Wi

Then
(Upys Upy) + Blum,us,] = (f,ur,)



Set -
Alu,v] = Za”uwivmj.
1,
Then
/ o 1d - i / /
Blum,u,,] = §%A[um,um] t ;b (Upn) Uy + CURU, .
Hence
/ / liA _ / . . bz‘ / . /
(um7um) + 2dt [um,um] - (fvum) Z( (um)wz’um) (cum7um)
i=1

1 C
< g||f||2L2(U) + gHu;nH%Q(U) + g“umﬂiz(w) + €||u;n||%2(U)'

Choosing € = 1/4 we get

1d
(s ) + 55 Altms ] < C (I ey + Nl

Integrating from 0 to ¢ gives

lur 2207, 20y + SUP Alttn, U]
t€[0,T]

< Cl(”fH2L2([O,T},L2(U) + Hum||2L2([o,T],H5(U))> + Alum(-,0), um (-, 0)].

Now

sup At um] ~ ||tml? o )
Sap Al ]~ N 2o o,70,m3 0)

meaning that each of these two quantities is bounded by a multiple of the other.
Hence we get

2 2
122 0,7y, L2(0y) + [l o, 77, 13 (1)

< C<||f||2L2([o,T],L2(U)) + ||Um||i2([o,T],H5(U)) + ||Um(0)||fqg(U)>-



