
Math 289A, Spring 2013

Markov Chain Limit Theorem

1. Let X = (Xt : t ≥ 0) be an irreducible continuous time Markov chain with finite state

space E. Other notation will be that used in class.

2. Invariant distribution. Recall from class that if we fix a state b ∈ E then

(2.1) νb(j) := Eb
∫ Rb

0

1{Xs=j} ds, j ∈ E,

defines an invariant measure νb on E (that is, νbPt = νb for all t > 0) with total mass

(2.2)
∑
j∈E

ν(i) = Eb[Rb] <∞.

If we normalize νb to obtain a probability distribution, then we must obtain m, since m is

the unique stationary distribution for the Markov chain. That is,

(2.3)
νb(j)

Eb[Rb]
= m(j), ∀j ∈ E,∀b ∈ E.

Observe that

(2.4) νb(b) =
1

q(b)

(the mean of the initial exponential holding time in state b under Pb) Combining (2.4)

with the special case of (2.3) in which b = j we arrive at

(2.5) m(j) =
1

q(j) ·Ej [Rj ]
.

3. Tauberian theorem. We shall make use of the following theorem. Let F : [0,∞)→ R

be a continuously differentiable function with derivative f , and assume that F (0) = 0. We

suppose that the Laplace transform integral

(3.1) ϕ(α) :=

∫ ∞
0

e−αtf(t) dt,

is absolutely convergent for all α > 0. Then

(3.2) lim
t→∞

F (t) = L
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if and only if

(3.3) lim
α→0

ϕ(α) = L.

(This “only if” assertion follows easily from the formula

ϕ(α) =

∫ ∞
0

e−uF (u/α) du,

which results from the definition of ϕ(α) after integration by parts. The “if” assertion is

more difficult; see Theorem 2 on p. 445 of W. Feller’s Introduction to Probability Theory

and its Applications, Vol. II (Second edition).

4. A limit. We apply the result of 3. to the function F (t) = Pt(j, j) − 1, which has

continuous derivative f(t) = QPt(j, j). Observe that

(4.1) |f(t)| ≤ CPt(i, j),

where C := maxi,j∈E |Q(i, j)|. Consequently the Laplace transform of f is finite for α > 0,

and we have

(4.2) ϕ(α) =

∫ ∞
0

e−αtf(t) dt = QUα(j, j) = αUα(i, j)− 1, α > 0.

We deduce from this and 3. that

(4.3) lim
t→∞

Pt(j, j) = lim
α→0

αUα(j, j),

the existence of the limit on the left side of (4.3) being part of the assertion, once we prove

that the limit on the right side of (4.3) exists.

5. We now evaluate the limit on the right side of (4.3). If the Markov chain starts in state

j, then there are two ways it can be in state j at time t. Either it hasn’t yet left state j

by time t, or it has left and returned. These two possibilities account for the two terms on

the right side of the following identity (the strong Markov property at time Rj was used

for the second):

(5.1) Pt(j, j) = e−q(j)t +

∫ t

0

Pj [Rj ∈ ds]Pt−s(j, j) ds.

Taking Laplace transforms we find that

(5.2) Uα(j, j) =
1

α+ q(j)
+ Ej [e−αRj ] · Uα(j, j), α > 0.
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Solving for Uα(j, j) and then multiplying by α:

(5.3) αUα(j, j) =
1

α+ q(j)
· α

1−Ej [e−αRj ]
.

But (think l’Hôpital’s Rule)

(5.4) lim
α→0+

1−Ej [e−αRj ]

α
= Ej [Rj ].

We conclude that

(5.5) lim
α→0+

αUα(j, j) =
1

q(j) ·Ej [Rj ]
.

Combining this with (4.3) and (2.5) we finally arrivee at

(5.6) lim
t→∞

Pt(j, j) = m(j), ∀j ∈ E,

where m is the unique stationary distribution for the Markov chain. As noted in class, the

“off diagonal” case then follows easily:

(5.7) lim
t→∞

Pt(i, j) = m(j), ∀i, j ∈ E,
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