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Abstract

In this paper, we consider the problem of bandwidth choice in the parallel settings
of nonparametric kernel smoothed spectral density and probability density estimation.
We propose a new class of ‘plug-in’ type bandwidth estimators, and show their favorable
asymptotic properties. The new estimators automatically adapt to the degree of under-
lying smoothness which is unknown. The main idea behind the new estimators is the
use of infinite-order ‘flat-top’ kernels for estimation of the constants implicit in the for-
mulas giving the asymptotically optimal bandwidth choices. The proposed bandwidth
choice rule for ‘flat-top’ kernels has a direct analogy with the notion of thresholding in
wavelets. It is shown that the use of infinite-order kernels in the pilot estimator has a
twofold advantage: (a) accurate estimation of the bandwidth constants, and (b) easy

determination of the required ‘pilot’ kernel bandwidth.
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1 Introduction

Let f : R — R be an unknown function to be estimated from the data Xq,..., Xy. In the
typical nonparametric set-up, nothing is assumed about f except that it possesses a certain
degree of smoothness. Usually, a preliminary estimator of f can be easily calculated that,
however, lacks the required smoothness; e.g., in the case where f is a probability density
and the preliminary estimator is a histogram. Often, the preliminary estimator is even
inconsistent; e.g., in the case where f is a spectral density and the preliminary estimator
is the periodogram. Rosenblatt (1991) discusses the two cases of spectral and probability
density estimation in a unified framework.

In order to obtain an estimator with good properties, for example, large-sample consis-
tency and smoothness, one can smooth the preliminary estimator by convolving it with a
function Aj, : R — R called the ‘kernel’, and satisfying [ Ay (z)dz = 1. Let f denote such
a kernel-smoothed estimator of f; a precise definition will be given in Sections 2 and 3 in
the specific contexts of spectral and probability density estimation. It is convenient to also
define the Fourier transform of the kernel as A, (s) = [ Ay (z)e?**dz.

Typically, as the sample size N increases, the kernel Aj(-) becomes more and more
concentrated near the origin. To achieve this behavior, we let Ay, (-) and Ax(-) depend on a
real-valued, positive ‘bandwidth’ parameter h, that is, we assume that Ay (z) = h~'A(z/h),
and A (s) = A(hs), where A(-) and A(-) are some fixed (not depending on h) bounded func-
tions, satisfying A\(s) = [ A(z)e'*®dx; the bandwidth h will be assumed to be a decreasing
function of the sample size.

If A has finite moments up to gth order, and moments of order up to ¢ — 1 equal to
zero, then ¢ is called the ‘order’ of the kernel A. If the unknown function f has p bounded

continuous derivatives, it typically follows that

Var(fa) = A0 4o Ly, (1)
and
Bias(f(z)) = e a(x)i* + o("), )

where k = min(q,p), and Cy(z), cfa(x) are bounded functions depending on A, on f, and
on f’s derivatives; cf. Rosenblatt (1991, p. 8).
This idea of choosing a kernel of order ¢ bigger (or equal) than p in order to get the

Bias(f(x)) to be O(h?) dates back to Parzen (1962) and Bartlett (1963); some more recent



references on ‘higher-order’ kernels include the following: Devroye (1987, 1992), Gasser,
Miiller, and Mammitzsch (1985), Granovsky and Miiller (1991), Jones (1995), Marron
(1994), Miiller (1988), and Scott (1992).

It is a well-known fact that optimal bandwidth selection is a crucial issue in such non-
parametric smoothing problems. The goal typically is minimization of the large-sample
Mean Squared Error (MSE) of f(x); however, to do this minimization, the practitioner
needs to know or estimate the degree of smoothness p, as well as the constants Cya(x)
and cy (z). Traditionally, this problem has been approached either using a pilot estimator
plug-in or by a cross-validation idea. Cross-validation has been well-studied in both den-
sity and spectral density estimation settings; see Hall (1983), Hurvich (1985), Hurvich and
Beltrao (1990), Rachdi (1998), Rachdi and Youndjé (2000).

The paper at hand focuses instead on the plug-in method originated in Woodroofe
(1970), and actively developed in the 80s and 90s; see Jones et al. (1996) or Loader (1999a,b)
for a literature review. To briefly describe it, the plug-in approach typically amounts to
using a pilot estimator of f in order to consistently estimate the constants Cya(x) and
csA(x), assuming some value for p. Consequently, the estimated bandwidth is the one
minimizing the resulting large-sample MSE expression (with estimated constants). However,
two reasons have made many practitioners sceptical of this approach:

(a) The inaccuracies in the pilot estimator; for example, an iterative pilot plug-in method
for bandwidth choice recently proposed by Brockmann et al. (1993) and followed up by
Biihlmann (1996) yields an estimator hy of the asymptotically MSE-optimal bandwidth

hopt that is consistent but at a very slow rate of convergence satisfying

hopt = hopt(1+ Op(N~*79)); (3)
see also Abramson (1982) where the (non-iterative) pilot plug-in idea is analyzed.

(b) The difficulty in properly choosing the bandwidth of the pilot; see e.g. Loader (1999a,b)
or Politis et al. (1999, p. 190) for more discussion.

The driving observation of the paper at hand is that both problems (a) and (b) of the
plug-in method intrinsically have to do with the use of finite-order kernels. For example,
eq. (3) pertains to using second-order kernels for smoothing and for the pilot estimator
construction. Although, the asymptotic accuracy, i.e., problem (a), can be significantly
improved by using a higher-order (e.g., fourth-order) kernel for the pilot—see e.g. Hall et
al. (1991), or Bithlmann (1996)—, problem (b) remains: optimally choosing the bandwidth



of the pilot.

Another important issue is the unknown degree of smoothness p. Notably, when one is
using second-order kernels the issue is not so important: the practitioner just needs to be
able to assume that p is at least 2 in order to take advantage of eq. (2). However, if one is
willing to use higher-order kernels, then it is important to be able to estimate p, explicitly
or implicitly, so that a kernel of high enough order is used with a resulting small bias. In
effect, the ideal procedure would automatically guarantee that the order of the kernel to
be used is equal or bigger than the underlying (unknown) degree of smoothness, i.e., it
would be an adaptive procedure; the lack of this adaptivity is perhaps the major drawback
of methods based on kernels of higher (but finite) order.

Interestingly, there seems to have been little discussion in the literature regarding the
use of an infinite-order kernel for the pilot; infinite-order kernels have been discussed in
Devroye (1987, 1992) and Gyorfi and Devroye (1984). If one could have a practical way
to choose the bandwidth of an infinite-order kernel—thus alleviating problem (b) above—,
then, the speed of convergence of the higher-order kernel would help alleviate problem (a)
as well. In addition, using an infinite-order kernel ensures (by definition) that the order of
the kernel is always at least as big as the underlying degree of smoothness.

As a matter of fact, Politis and Romano (1993, 1995, 1996, 1999) have proposed a family
of flat-top kernels of infinite order, and have shown their favorable asympotic properties (and
optimal rate of convergence); perhaps equally importantly, they have given an easy-to-use,
empirical rule-of-thumb for flat-top bandwidth choice. In what follows, we first expand
upon the Politis and Romano (1995) rule-of-thumb for bandwidth choice, and show that
it automatically adapts to the underlying (unknown) degree of smoothness; thus, function
estimation with automatic (and accurate) bandwidth choice is possible when one is willing
to use the aforementioned flat-top kernels. Nevertheless, many authors prefer to use second-
order kernels; see e.g. Marron and Wand (1992) for a discussion. In this case, we propose
using a flat-top kernel as a pilot; the result is that both problems (a) and (b) are alleviated
due to the fast rate of convergence associated with infinite-order kernels together with the
ease of empirically picking the flat-top kernel’s bandwidth.

In the next section, we carefully define and show the favorable performance of our
proposed bandwidth estimator in the case of the spectral density using either a flat-top
kernel for smoothing, or a second-order kernel for smoothing with a flat-top kernel pilot;

the results when a finite-order kernel is used for smoothing with a flat-top kernel pilot are



similar and are omitted. In section 3, we give the analogous results for the probability

density case. All technical proofs are placed in the appendix.

2 Spectral density function

Suppose Xi,..., Xy are observations from the (strictly) stationary real-valued sequence
{Xn,n € Z} having mean p = E Xy, and autocovariance sequence R(s) = E(X;—pu) (X1 s —

1); here both p and R(-) are unknown. We now consider the problem of estimating the

oo

© €5 R(s), for w [~m, 7], by means of a

spectral density function f(w) = (2m)!

kernel Aj. The corresponding kernel estimator may be written as:
fw) = Ap * In(w) (4)

where Iy(w) = (27r)~! Eévz__lN_H ¢S R(s) is the periodogram and x denotes convolution;
here Ay (z) = h~'A(x/h), and the real number h is the bandwidth. An alternative way to
represent f(w) is via the Fourier transform of the kernel (otherwise called the ‘lag-window’)
namely A\, (s) = A(hs), giving:

o0
flw)=(@2m)~" Y e Mn(s)R(s), (5)
§=—00
where R(k) = N1 Zé\;'k‘(Xi - XN)(Xin\ — Xy) is the lag-k sample autocovariance for
|k| < N; note that R(k) is defined to be zero for |k| > N—see Brockwell and Davis (1991)

for details.

2.1 Bandwidth selection for flat-top kernels

To achieve accurate estimation of an infinite sum of the type 32 |k[Pe’* R(k), for some
fixed integer p > 0, we propose to use the ‘flat-top’ lag-windows of Politis and Romano
(1995); notably, the case p = 0 is the spectral density, the case p = 2 is (a multiple of) the
second derivative of the spectral density, and so forth. Thus, using the form of eq. (5), we
estimate

o0

M
folw) = (2m) ™" 37 [kPe*™ R(K) by fy(w) = (2m)~" Y AT(k/M)[k[Pe™ R(K), (6)
k=—00 k=—M



where the function A7 has a trapezoidal shape symmetric around zero, i.e.,

1 if |t| € [0,1/2]
AT = 21— t]) if |t| € [1/2,1] (7)
0 else.

Note that AT is the simplest representative of the family of flat-top kernels; other choices
are also available possessing similar properties—see Politis and Romano (1993, 1995, 1999)
or Politis (2001). The following theorem quantifies those asymptotic properties; note that

the case p = 0 of the theorem is covered in Politis and Romano (1995).

Theorem 2.1 Assume conditions strong enough to ensure that*
Var(fy(w)) = O(M/N). (8)

(i) Assume that Y°°___|s|"tP)|R(s)| < oo for some positive integer r; then letting M

s=

2r+1)

proportional to N/( yields

fo(w) = fp(w) + Op(N~7/Cr+b)y,

(ii) If |R(s)| < Ce™% for some constants a,C > 0, then letting M ~ Alog N, for some

appropriate constant A, yields

Fo(w) = f,(w) + Op( lj;%N )

as usual, the notation A ~ B means A/B — 1.
(iii) If R(s) =0 for |s| > some q, then letting M = 2q, yields

fo(w) = fp(w) + Op(—=).

1
VN

The quantity 1/M serves as the bandwidth of the associated kernel A7 that is the
(inverse) Fourier transform of the lag-window A”. Note that a closed-form formula for AT

is given in Politis and Romano (1993, 1995) by means of a linear combination of two Fejer

*There exist different sets of conditions sufficient for eq. (8); for example, we may assume E|X|%*°

< 00,
and 77 k*(ax (k))G;j-S < oo for some § > 0. The a-mixing coefficients are defined in the following way: let
Fu' be the o-algebra generated by {X¢,n < t < m}, and define ax (k) = sup,, sup, 5 |[P(ANB)—P(A)P(B)],

where A and B vary over the o-fields F”, and F.%, respectively; see Rosenblatt (1956).



kernels. Thus, choosing M is tantamount to bandwidth choice for the flat-top kernel/lag-
window pair AT and A”. Theorem 2.1 gives the optimal (with respect to minimization of
the large-sample MSE of f,(w)) values of M.

As mentioned in the Introduction, besides the favorable asymptotic properties and speed
of convergence associated with flat-top kernel and demonstrated in Theorem 2.1, another
reason for using the flat-top lag-window is that choosing its bandwidth in practice is in-
tuitive and doable by a simple inspection of the correlogram, i.e., the plot of R(k) vs. k.
Motivated by case p = 0 of Theorem 2.1 (iii), Politis and Romano (1995) suggested looking
for a point, say 7, after which the correlogram appears negligible, i.e., R(k) ~(for k >m
(but R(rh) # 0). Of course, R(k) ~ 0 is taken to mean that R(k) is not significantly different
from zero, i.e., an implied hypothesis test. After identifying 7, the recommendation is to
just take M = 2m. We will now provide some mathematical evidence supporting that the
M = 2m rule automatically captures the correct order of magnitude for M, thus adapting
to the three cases of Theorem 2.1. Before doing that, let us carefully define the empirical

rule.

EMPIRICAL RULE OF PICKING M: Let p(k) = R(k)/R(0), and p(k) = R(k)/R(0).
Let v be the smallest positive integer such that |p(+k)| < c¢y/log N/N, fork=1,...,Kn,
where ¢ > 0 is a fized constant, and Ky s a positive, nondecreasing integer-valued function

of N such that Ky = o(log N). Then, let M = 2.

Note that, because p(k) = 0 for |k| > N, the above minimization problem is always well-
defined, although a case where m and M turn out comparable to IV deserves further scrutiny;
as is well-known, we need m and M to be of smaller order than IV in order to have estimators

with small variance.

Remark 2.1 The form of the threshold c¢\/log N/N is reminiscent of the Donoho-Johnstone
thresholding rule for wavelet coefficients; see e.g. Donoho and Johnstone (1994), Donoho et
al. (1996) or Hardle et al. (1998). In fact, there is more here than just a passing analogy.
The spectral estimators fp(w) employing the flat-top lag-window AT can indeed be thought
of as wavelet estimators with ‘soft’ thresholding, and the cosine functions serving as wavelets.
Similarly, the so-called ‘truncated’ periodogram T'(w) = (27) ' M, e**R(k), can be

thought of as a wavelet estimator with ‘hard’ thresholding; the truncated periodogram also



belongs in the general class of flat-top kernels of Politis and Romano (1993, 1995) although
it is not recommendable in practice because of the slowly-decaying sidelobes of the Dirichlet

kernel.

Remark 2.2 The above empirical rule of picking M is easy to use and quite intuitive
especially since practitioners invariably look at the correlogram at the first stage of any
time series analysis. Indeed, the £1.96/ V'N bands around zero are typically produced by
most statistical packages indicating approximate 95% confidence intervals/hypothesis tests
for each of the autocorrelations (under an implied linearity condition for the time series
{X:}). However, it should be stressed that this empirical rule simply does not work for
lag-windows that are not in the flat-top class of Politis and Romano (1995, 1999). As a
matter of fact, the empirical rule as stated above is tailor-made for the particular flat-top

kernel given in eq. (7); however, it is easy to modify it for use with other flat-top kernels.

Remark 2.3 The constant ¢ and the value of Ky are the practitioner’s choice; indeed,
any values for ¢ > 0 and 1 < Ky < N would work for our asymptotic results albeit leading
to very different finite-sample performances. Nevertheless, we can get some guidance on
practically useful choices for ¢ and K by the comparison with the construction of confidence
intervals/hypothesis tests for the autocorrelations. For concreteness, let us now specify
that log will denote logarithm with base 10. If the sample size under consideration is in the
[100,1000] range—as it is quite typical—, the factor v/log N ranges between 1.41 and 1.73 so
its influence is rather small. Thus, the simple choice Ky = 1 and ¢ = 1 roughly corresponds
to an implied approximate 90% confidence interval, or equivalently, a level 0.10 hypothesis
test, for the autocorrelation p(m + 1). Nevertheless, it is advisable to use a bigger Ky—see
Remark 2.4; we therefore recommend taking Ky to be about 5, while at the same time
increasing ¢ to a value around 2 so that our empirical rule would roughly correspond to

95% simultaneous intervals for p(m + k) with kK = 1,..., Ky by Bonferroni’s inequality.

The performance of our empirical rule of picking M is quantified in the following theorem.

Theorem 2.2 Assume conditions strong enough to ensure that! for all finite n,

max [5(s+ F) = p(s + k)| = Op(1/VV) (9)

"There exist different sets of conditions sufficient for eq. (9); see Brockwell and Davis (1991) or Romano



uniformly in s, and

R _ log N
poPAX |6(k) = p(k)| = Or(| =

Also assume |R(k)| > 0 for all k < some ky.
(i) Assume that R(k) = Ck=% for k > ko, and for some C > 0, and a positive integer d.
Then,

)- (10)

. p A1N1/2d
~ (log N)1/2d
for some positive constant Aq; note that the notation A L B means A/B — 1 in probability.
(i) Assume R(k) = C&* for k > ko, where C > 0, and |¢| < 1 are some constants. Then,

MzAzlogN

where As = —1/log [¢].
(iii) If R(k) =0 for all k > q = ko, but R(q) # 0, then

~

M =2q+op(1).

Comparing the empirical rule M to the theoretically optimal values of M given in Theorem
2.1 we see that M manages to capture exactly the theoretically optimal rate in cases (ii)
and (iii) of Theorem 2.2. In case (i) of Theorem 2.2, M increases essentially as a power of
N since the 2d-th root of the logarithm changes in an ultra-slow way with N; note that the
empirically found exponent 1/2d is slightly smaller than the theoretically optimal given in
Theorem 2.1 (i) but the difference is small, and becomes even smaller for large d.

Thus, M automatically adapts to the underlying rate of decay of the autocorrelation
function, switching between the polynomial, logarithmic, and constant rates that are opti-
mal respectively in the three cases of Theorem 2.1. In addition, focusing on the interesting
case (ii), a further adaptivity of M is apparent as the correct constant Ay = —1/log|¢] is
also captured; note that, as expected, the constant As is large in the case of a large [¢]

which corresponds to stronger dependence (thus requiring a bigger value of M).

and Thombs (1996). As a matter of fact, under further regularity conditions, the process VN(p(-) — p(-)) is
asymptotically Gaussian with autocovariance tending to zero; consequently, eq. (10) would follow from the

theory of extremes of dependent sequences—see e.g. Leadbetter et al. (1983).



Remark 2.4 Note that, under either one of the conditions of Theorem 2.2, we could take
Ky = 1 in the empirical rule of selecting M with good results. However, this was at
the expense of slightly strong assumptions; for example, the assumption |R(k)| > 0 for all
k < some ko is quite strong. Also observe that condition (ii) of Theorem 2.2 is a subcase of
condition (ii) of Theorem 2.1, and condition (i) is only a subcase of condition (i) of Theorem
2.1. Nevertheless, condition (ii) of Theorem 2.2 has some interest as it corresponds to the
case of an AR(1) model for {X;}. We generalize conditions (i) and (ii) of Theorem 2.2 in

the theorem below in which the benefit of using a Ky bigger than one is apparent.

Theorem 2.3 Assume conditions strong enough to ensure (9) and (10) hold. Also assume
that the sequence R(k) does not have more than Ky — 1 zeros in its first ko lags (i.e., for
k=1,... ko).

(i) Assume that R(k) = Ck~%cos(ak + 0) for k > ko, and for some C > 0 and a positive

integer d, and some constants a > KLN,O € [0,27]. Then,

. p AlNl/Zd
~ (log N)1/2d

for some positive constant A;.
(ii) Assume R(k) = O&¥ cos(ak + 0) for k > ko, where C > 0,|¢] < 1,a > 70 € [0,27]
are some constants. Then,

MzAzlogN

where As = —1/log [¢].
(117) If R(k) =0 for |k| > some integer q (with q < ko + Kn ), but R(q) # 0, then

~

M =2q+ op(1).

Remark 2.5 Observe that the assumptions of Theorem 2.3 explicitly involve Ky; the
interpretation of those conditions is that the empirical rule of picking M will work as
expected if the Ky is chosen large enough so that the assumptions are satisfied. For
example, the condition a > 7/Ky should be interpreted: the empirical rule of picking M

will work well if K is (or eventually becomes with increasing N) bigger than 7/a.

Remark 2.6 Note that condition (iii) of Theorem 2.3 is identical to condition (iii) of

Theorem 2.1, and corresponds to the case where {X;} is an MA(g) model; see Brockwell

10



and Davis (1991). Condition (ii) of Theorem 2.3 attempts to capture the interesting case
where {X,} satisfies a stationary ARMA model. To see this, recall that the autocovariance
R(k) of a stationary ARMA model satisfies

R(k) ~ C&* cos(ak +6), for large Fk, (11)

where £ is essentially the modulus of the characteristic polynomial root (or conjugate double
roots) closest to the unit circle; cf. Brockwell and Davis (1991). Our Theorem 2.3 (ii),
condition: R(k) = C¢* cos(ak + 6) for k > kg, is a simple approximation to eq. (11). In
our final result of this subsection, we focus on eq. (11) as given, that is, without resorting

to an approximation.

Theorem 2.4 Assume conditions strong enough to ensure the validity of eq. (9) and (10).
Assume that either R(k) = C¢* + ¢ or R(k) = C&F cos(ak + 0) + €, where C > 0,]¢] <
lLa> #-,0 € [0,27] are some constants, and €, = o(£¥) as k increases. Also assume that

the sequence R(k) does not have more than Ky — 1 consecutive zeros in the first [Aglog N]

places, i.e., in the index set {1,2,...,[Aglog N]}, where Ay is some constant satisfying
Ay > —1/(21og [¢]).
Then,

MEJAQ].OgN

where As = —1/log [¢].

2.2 Bandwidth selection for second order kernels using flat-top pilots

~

We now focus on the spectral estimator f(w) = Ay, * In(w) of (4) with A;, being a second-
order nonnegative kernel, i.e., we assume that [ Ap(z)dz = 1, [zAp(x)dz = 0, and that
Ap(z) > 0 for all z; see e.g. Priestley (1981). From eq. (2) it then follows that

Bias(f(w)) = Cf,A(w)h2 + o(hz), with cpa(w) = —@ /I2A($)d$; (12)

cf. Rosenblatt (1991).

In addition, under standard regularity conditions (e.g., the ones appearing in the foot-

note to Theorem 2.1), eq. (1) holds true, and in particular:

Var(f(w)) = Cralw) +o

A o), with Cra(w) = () [ X0dt (13)

11



where n(w) = 2 if w is an integer multiple of 7, and n(w) = 1 otherwise.

The asymptotically MSE—optimal bandwidth choice is then given by:

1/5
hmz(ﬁ#ﬂﬂ)/- (149)
Cf,A(w) N
Remark 2.7 Note that hyy is a local asymptotically optimal bandwidth as its goal is to
minimize the large-sample MSE of f (w) at a particular w-point; thus, a more accurate
notation for hey might be hgp(w) but the shorter Ay should create no confusion. A global
bandwidth may also be constructed that would have the minimization of the large-sample

limit of [* MSE(f(w))dw as its target; the arguments are similar.

Let &7 (w), Cya(w) denote the estimates of ¢sa(w), Cya(w) using the estimators f(w)
and fo(w) in place of the unknowns f(w) and fo(w). Recall that f(w) and fo(w) were
defined in the previous subsection using the flat-top kernel A”’; note that f"(w) = — fa(w),
so our estimator of f”(w) is — fa(w).

Our data-dependent approximation to Ay is given by:

~ 1/5
hmz(ﬁﬁﬂﬂ)/- (15)
cialw) N

We first give a result concerning the performance of ﬁopt when the flat-top kernel’s

bandwidth 1/M is chosen in a non data-dependent way.

Theorem 2.5 (i) If 2% |k|"t?|R(k)| < oo for somer > 2, then letting M ~ AN/ (r+1)

for some A > 0, we have
hopt = hopt(1+ Op(N7T/Cr 1)),
() If 220 k*R(k)| < oo, then letting M ~ ANY® for some A > 0, we have
hopt = hopt(1+ Op(N7?/%)).

(ii) If |[R(k)| < Ce= for some a,C > 0, then letting M ~ Alog N, for some appropriate

constant A, we have

log N

Vi )-

(iii) If R(k) =0 for |k| > some q, then letting M = 2q, we have
. 1

hopt = hopt(]- + OP(\/—N))

hopt = hopt (1 + Op(

12



A simplistic way of applying Theorem 2.5 is to focus on the worst-case scenario autoco-
E*|R(k)| < oo, and choose M ~ AN'/5;
then, you are guaranteed that ibopt = hopt(1 + Op(N2/5)) which is still a big improvement

variance rate of decay, i.e., case (i') where Y72
over eq. (3). Nevertheless, this conservative approach is suboptimal if the autocovariance
decays much faster. In addition, the practitioner is faced with the problem of choosing the
constant A which—for any given finite-sample set-up—is tantamount to choosing M itself!
A way to by-pass both of these problems is given by our automatic, data-dependent empir-
ical rule of picking M (presented in the previous subsection) in which the rate of decay of

the autocovariance is assessed by looking at the correlogram.

Theorem 2.6 Using a flat-top pilot with bandwidth equal to 1/M as given by our empirical
rule of picking M, we obtain an estimated bandwidth ﬁopt with the following properties.

(1) Assume d > 6, and either the conditions of Theorem 2.2 (i), or the conditions of Theorem
2.3 (i). Then,

~ loe N (a—
hopt = hopt(1 + OP((%)M 5)/(2d))) if d is an integer,
and
- log N [a—
hopt = hopt (1 + OP((%)M 4]/(Qd))) if d is not an integer,

where [-] denotes the integer part.
(11) Under the conditions of Theorem 2.2 (ii), or the conditions of Theorem 2.3 (ii), or the

conditions of Theorem 2.4, we have

~ log N
hopt = hopt(]- + OP( \/]gv

(11i) Under the conditions of Theorem 2.2 (iii), or the conditions of Theorem 2.3 (iii), we

))-

have

ilopt = hopt(1 + OP( ))

1
VN

Theorem 2.6 demonstrates the increased accuracy of our estimated bandwidth ilopt as com-
pared to rates such as the one given in eq. (3). In addition, the estimated bandwidth ﬁopt
inherits the automatic adaptivity to the (unknown) underlying degree of smoothness by

way of our empirical rule of picking M in the bandwidth choice for the flat-top pilot.

13



3 Probability density function

We now briefly address the problem of probability density estimation. To do this we assume
that the first marginal distribution of the (strictly) stationary series {X,,n € Z} possesses
the (unknown) probability density f(x). The analogy between the spectral density and the
probability density is well known; see e.g. Rosenblatt (1991).
The kernel smoothed estimator of f(z), for some fixed 2z € R, based on a kernel A is
given by
R 1 ¥
f(x):NZAh(x_Xk)- (16)
k=1
For s € R, define the characteristic function R(s) = [°0 e™%?f(z)dz, and let R(s) be
the sample characteristic function defined by R(s) = + SN €7, Recall that a Fourier
inversion gives:

fw=ent [

e R(s)ds and f(z) = (2m)7! /oo An(5)e™T R(s)ds.

o —o0

With the aforementioned definitions, the analogy between spectral density and probability
density is complete, the main difference being that, while the spectral density must be an
even function, the probability density does not necessarily have symmetry; consequently,

R(s) is now a complex valued function of the real argument s.

3.1 Bandwidth selection for flat-top kernels

By analogy to eq. (6), we estimate

fw=ent [

—00

. ~ M - A
|s[Pe**R(s)ds by fy(z) = (2m)! /—M A (s/M)|s|Pe*® R(s)ds; (17)

thus, fp(x) is our flat-top kernel estimator of the probability density (p = 0) and its deriva-
tives (p > 0). The following theorem is the analog of Theorem 2.1 in the probability density

case; the case p = 0 was previously covered in Politis and Romano (1993, 1999).

Theorem 3.1 Assume conditions strong enough to ensuret that

Var(fy(z)) = O(M/N). (18)
iThere exist different sets of conditions sufficient for eq. (18); for example, Hallin and Tran (1996) show

eq. (18) under an assumption of linearity for the time series {X,}. Interestingly, as long as the linearity

coefficients have a fast (polynomial) decay, the (weak) dependence present in the time series {X,} does
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(i) Assume that [*°_ |s|"P)|R(s)|ds < oo for some positive integer r; then letting M pro-
portional to NY 1) yields

folz) = fo(x) + Op(N~T/r+1)),

(11) If |R(s)| < Ce % for some constants a,C > 0, then letting M ~ Alog N, for some

appropriate constant A, yields

Fo(@) = f,(x) + Op( ljgﬁN»

(113) If R(s) =0 for |s| > some q, then letting M = 2q, yields

fol@) = folo) +op(%>.

We now need to define an analog of our empirical rule of picking the flat-top kernel’s
inverse-bandwidth M in the probability density case. The analog of the correlogram is
the plot of the sample characteristic function which, however, is a complex-valued function
of the continuous argument s; therefore, in what follows, |R(s)| denotes the modulus of a

complex number.

EMPIRICAL RULE OF PICKING M (continuous version): Let p(s) = R(s)/R(0),
and p(s) = R(s)/R(0). Let 1 be the smallest positive real number such that |p(rh + s)| <
c\/log N/N, for all s € (0,Ky), where ¢ > 0 is a fived constant, and Ky is a positive,
nondecreasing real-valued function of N such that Ky = o(log N). Then, let M = 2.

All our Theorems from Section 2.1 have analogs in the probability dansity case. For brevity,

we focus on just one of them, Theorem 2.3, and give its extension below.

Theorem 3.2 Assume conditions strong enough to ensure (9) and (10) hold. Let sy > 0,
and assume that the function R(-) satisfies the following: there is no interval I of length
Ky, with I C (0,s0), such that R(s) =0 for all s € I.

not seem to influence the large-sample variance of either f or fp; these variances can actually be calculated
as if the sequence {X,} were independent. On the other hand, such conditions on weak dependence are
necessary since from recent work of Adams and Nobel (1998) it is known that ergodicity alone is not sufficient

to guarantee consistent density estimation.
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(i) Assume that |R(s)| = |Cs~%cos(as + 0)| for s > sg, and for some C > 0 and a positive
integer d, and some constants a > KLN,O € [0,27]. Then,

. p AN/

" (log )1/

for some positive constant A;.
(it) Assume |R(s)| = |C¢&° cos(as + 0)| for s > so, where C'>0,[¢| <1,a > -,6 € [0, 27]
are some constants. Then,

RS Aslog N
where Ay = —1/log [€].
(115) If R(s) =0 for |s| > some q (with g < sop + Kn ), but R(q) # 0, then

M =2q+ op(1).

3.2 Bandwidth selection for second order kernels using flat-top pilots

It is well known that, under regularity conditions on moments and the degree of dependence,
equations (1) and (2) hold true; see Gyorfi et al. (1989) or Bosq (1996). For example, it is
a well known fact that if the sequence {X,,} is i.i.d., then

Cralz) = f(fE)/Az(x)dx;

cf. Rosenblatt (1991, p. 7). As mentioned before, the variance constant Cy A (x) remains the
same in the stationary case subject to some regularity conditions, e.g., a linear time series
with weak dependence. Although there is a slight restriction on the allowable bandwidth
rates in the dependent case, fortunately this restriction does not affect the optimal rate for
the bandwidth which is still N='/5 as in the i.i.d. case; see Assumption 3 of Hallin and Tran
(1996).

For the bias term, the arguments (and formulas) are identical as in the spectral density

case; for example, for a second order (nonnegative) kernel A we have:

Bias(f(x)) = nyA((L‘)h2 + 0(h2), with cpa(x) = —@ /yZA(y)dy; (19)

Thus, as before, the asymptotically MSE-optimal bandwidth choice (local at the point z)
for a second order kernel A is given by:

1/5
hopt = <40%:;%> ) (20)
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and our data-dependent approximation to A,y is given by:

o Cpatw) )"
hopt_(W) . (21)

By complete analogy to the spectral density case, éf,A(:E) and ¢ga(x) are estimators of
Cra(z) and cpa(x) based on flat-top kernel estimators fp(z) (for p =0 and p = 2) in con-
junction with our (continuous version) of the empirical rule of picking M. Both Theorems
from Section 2.2 have extensions in the probability density case in terms of estimating the
bandwidth of the second order kernel A. We focus on Theorem 2.6, and give its extension

below.

Theorem 3.3 Using a flat-top pilot with bandwidth equal to 1/M as given by our empiri-
cal rule of picking M (continuous version), we obtain an estimated bandwidth ﬁopt with the

following properties.

(i) Assume d > 6, and the conditions of Theorem 3.2 (i). Then,

A log N | (a-5)/a)
hopt = hopt(]- + OP(( N ) ))

if d is an integer,

and

log N)[d—4]/(2d)

ilopt = hopt(1 + Op(( )) if d is not an integer,

where [-] denotes the integer part.

(1) Under the conditions of Theorem 3.2 (ii), we have

R log N
hopt = hopt(l + OP( 8

))-

3

(113) Under the conditions of Theorem 8.2 (iii), we have

hopt = hOpt(]- + OP( ))

-

Acknowledgement. Many thanks are due to Professor Mary Ellen Bock of Purdue Uni-

versity for her suggestion in the early 90s that flat-top kernels behave like wavelets.
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4 Appendix: Technical proofs

PROOF OF THEOREM 2.1 We give the proof of part (ii); the other parts are proven in the

same manner. Observe that under the assumed conditions of part (ii) we have that

Z AT (k/M)e™™ R(E Z ek R(k) + Op(v/Iog N/VN);
k=—M k=—00
see Politis and Romano (1995). By a calculation similar to the one given in Politis and
Romano (1995), we can also show that the bias of Y3\ AT(k/M)|k|Pe™* R(k) is of order

O(e~M) for some ¢; > 0. Using eq. (8) and M ~ Alog N, it follows that

oo

M
S N (k/M) kPR R(K) = > |k[Pe™*R(K) + Op(\/log N/V'N),

k=—M k=—00

and part (ii) is proven. O

PROOF OF THEOREM 2.2 We first prove part (iii); we will actually prove that
P(m = q) — 1. Note that m > ¢ only if
D > log N/N 22
pmax |p(g+ k)| = ey/log N/ (22)

But by eq. (10) and the assumption of R(k) =0 for k¥ > g we have:

L max[p(q-+ k)| = Op(y/log Kn/N) = op(/og log N/N) (23)

since Ky = o(log N). The probability of (22) and (23) happening simultaneously tends to
zero, hence P(m > q) — 0.

We will now show that P(m < q) — 0, or equivalently that P( n=1i) — 0 fori=
1,...,q—1. Note that m = i(< q) only if |p(i)| < cy/log N/N. But p(i) = p(i)+Op(/1/N)
where |p(7)| > 0 by assumption. Combining the above, it follows that P( =1) — 0.

Next we give the proof of part (ii). First note that since |R(k)| > 0 for all £ < ko,
it follows that |R(k)|] > € for all k& < ky and some e > 0; hence, for large enough N,
MaXg=1,... ko |R(k) — R(k)| < e with high probability. Therefore, by eq. (9) it follows that
m > ko with high probability, and we can just focus on the part of the correlogram to the
right of ko, i.e., look at R(k) for k > ko only.

From part (ii) assumptions together with eq. (10) it follows that

1p(k)| = |C&*| + Op(1/log N/N) uniformly in k
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and consequently, that

|6()| = |CE™| + Op(y/log N/N). (24)

Recall that our empirical rule of selecting M implies |5(1)| > ¢y/log N/N but |p(m +1)| <
cy/log N/N. Combining the above two statements with eq. (24), and using the fact that
loglog N/log N — 0, it follows that m is bounded above and below by Ajlog N with

probability tending to one, and hence
m X Aglog N.
The proof of part (i) is similar to that of part (ii). O

PROOF OF THEOREM 2.3 Part (iii) is proven exactly like part (iii) of Theorem 2.2. We
give the proof of part (ii) below. First note that from the condition that the sequence R(k)
does not have more than Ky — 1 zeros in its first ko lags, together with eq. (9), it follows
that m > ko with high probability, so again we can focus on the part of the correlogram to
the right of kg, i.e., look at R(k) for k > ko only.

Now condition ¢ > n/Ky implies that Ky is bigger than a half-periof of the cosine
cos(ak + 6). Hence, by eq. (10) we have:

max_|p(m + k)| > Cl¢)"TEN £ Op(y/log N/N). (25)

k=1,...Kx

But our empirical rule for picking M implies that |p(m)| > ¢y/log N/N, whereas

pnax |p(Th + k)| < cy/log N/N.

The above two statements, combined with eq. (24) and (25), and the arguments given

in the proof of part (ii) of Theorem 2.2, imply that
AslogN — Ky <m < Aslog N

with high probability. Since, by assumption, Ky = o(log N), the proof of part (ii) is
completed. The proof of part (i) is similar. O

PROOF OF THEOREM 2.4 First note that from the condition that the sequence R(k)

does not have more than Ky — 1 zeros in its first [Aglog N] lags, together with eq. (10),
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it follows that m > [Aglog N] with high probability, so we can focus on the part of the
correlogram to the right of [Ag log N1, i.e., look at R(k) for k > [Aglog N] only.
The rest of the proof follows exactly like the proof of Theorem 2.3 (ii), together with

the observation that, under the assumed conditions,
e = o) = o(¢™ 8 N) = o(1/VN),

for all k > Aglog N. O

PROOF OF THEOREM 2.5 Theorem 2.5 follows from Theorems 2.1, 2.2, 2.3, and the
d0—method. O

PrROOF OF THEOREM 2.6 First note that all results of Theorem 2.5 remain valid if,
in place of M, we use the random (but asymptotically equivalent) quantity M (1 4+ op(1));
this can be proven along the same lines as the proof of Lemma 2 in Biithlmann (1996).
Therefore, Theorem 2.6 immediately follows given the asymptotic rates achieved by M
under the different dependence conditions.

Regarding case (i), we should elaborate a bit: assuming R(k) = O(1/k¢) it follows that
f2(w) has at least J continuous derivatives where J = [d — 4] if d is not an integer, and
J =d—5ifd is an integer. Thus, by an expansion of the type of eq. (2), the bias of fQ(w)
will be of order O(1/M”). In addition, f(w) will have at least .J 4 2 continuous derivatives
so the bias of f(w) = O(1/M7+2) = O(1/M”). Recalling that Var(fi(w)) = O(M/N) for
i = 0 or 2, and substituting the rate N'/(% /(log N)'/(?9) achieved by M on a set whose

probability tends to one, completes the calculation of part (i). O

PrROOF OF THEOREM 3.1 The proof of Theorem 3.1 is similar to the proof of Theorem 2.1.
O
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