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Abstract The problem of tail index estimation of Hall distribution is considered. We
propose the estimators of tail index using the truncated estimation method developed
for ratio type functionals. It is shown that the truncated estimator constructed on the
sample of fixed size has a guaranteed accuracy in the sense of the L2m-norm, m≥ 1.
The asymptotic properties of estimators are although investigated. These properties
make it possible to find the rates of decreasing of the χ2 divergence in the almost
surely sense between distribution and its adaptive estimator. Simulations confirm
theoretical results.

1 Introduction

The models with heavy tail distributions are of interest in many applications con-
nected with financial mathematics, insurance theory [1, 4, 15], telecommunication
[16] and physics [2]. Usually it is assumed that the distribution function contains
as an unknown multiplier a slowly varying function. The problem of tail index es-
timation was studied by Hill [9] who proposed the estimators based on the order
statistics. The estimator is optimal in mean square sense on the class of distribu-
tion functions with heavy tails in presence of unknown slowly varying function. It
should be noted that Hill’s estimators are unstable and can diverge essentially from
the estimated parameter for large sample sizes [4, 17].
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Later another approaches to estimation problem were proposed (see, e.g., [6, 10]
and references therein). In [18] a least squares estimator for tail index was proposed
which is based on the estimation of parameters in linear regression. The geometric-
type estimators of the tail index are proposed and investigated in [2].

Some estimators have the form of ratio statistics, see e.g. Embrechts et al. [4].
For example, formula (1.7) of Markovich [10] describes a well–known class of ratio
estimators which are generalization of Hill’s estimator in the sense that an arbi-
trary threshold level instead of an order statistic is used – see e.g. Novak [11]-[14],
Resnick and Starica [17], or Goldie and Smith [5].

In this paper, the truncated estimation method of ratio type functionals, proposed
by Vasiliev [19], is used to obtain estimators with guaranteed accuracy in the sense
of the L2m-norm, m ≥ 1. The estimators are constructed on the basis of empirical
functionals without usage of non-parametric approach in an effort to obtain (or get
close to) the parametric optimal rate of convergence. These estimators can be used
to construct the adaptive estimators of distribution functions. It allows one to find
the rates of decreasing ϕ−1

ε (n), ε > 0 of the χ2 divergence in the almost surely
sense between distributions and their adaptive estimators.

As an example we have found the rate of decreasing for Hall distribution [7, 8]
with unknown tail index. Similar results for convergence of the χ2 divergence in
probability are presented, e.g., in [6].

2 Adaptive distribution estimation

Let F = {F∆ (x), x ∈G⊆R1, ∆ ∈D ⊆Rq} be the parametric family of heavy
tail distributions. Here D is an admissible set of the unknown parameter ∆ . Denote
∆n an estimator of ∆ .

Suppose that for every ∆ ∈D the density f∆ (x) = dF∆ (x)/dx exists. It is easy to
verify that the χ2 divergence between F∆ and F∆n has the form

χ
2(F∆ ,F∆n) =

∫
G

dF∆n(x)
dF∆ (x)

dF∆n(x)−1 =
∫
G

(
f∆n(x)
f∆ (x)

−1
)2

f∆ (x)dx.

The problem is to construct estimators F∆n of concrete well-known distributions
F∆ on the basis of a special type parameter estimators ∆n with known rates of de-
creasing ϕ−1

ε (n), ε > 0 of the χ2 divergence in the following sense

lim
n→∞

ϕε(n)χ2(F∆ ,F∆n) = 0 a.s. (1)

Suppose the following

Assumption (A). Assume there exists the number δ0 > 0 such that for true value
∆ the set D0 = {δ : ∆ +δ ⊆D , ||δ || ≤ δ0} is not empty and
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sup
δ∈D0

∫
G

||∇∆ f∆+δ (x)||2 f−1
∆

(x)dx < ∞.

Then, using the Taylor expansion for the function f∆n(x) on the set Ωn = {ω :
||∆n−∆ || ≤ δ0} we have

χ
2(F∆ ,F∆n) =

∫
G

( f∆n(x)− f∆ (x))
2 f−1

∆
(x)dx

=
∫
G

[
q

∑
i=1

∂ f∆+α(∆n−∆)(x)
∂∆i

(∆n−∆)i

]2

· f−1
∆

(x)dx

≤ ||∆n−∆ ||2 ·
∫
G

||∇∆ f∆+α(∆n−∆)(x)||2 f−1
∆

(x)dx≤C0||∆n−∆ ||2,

where α ∈ (0,1).
Thus to prove (1) it is enough to find the functions ϕε(n) and estimators ∆n such

that
lim
n→∞

ϕε(n)||∆n−∆ ||2 = 0 a.s. (2)

The general truncated estimation method presented in [19] makes possible to
obtain estimators of tail indexes of various type distributions with the properties

E||∆n−∆ ||2p ≤ r−1(n, p), n≥ 1, (3)

which are fulfilled for every p≥ 1 and some functions r(n, p)→∞ as n→∞ and/or
p→ ∞.

Define Ω n a complement of the set Ωn. Suppose that there exists a number p0
such that the series

∑
n≥1

r−1(n, p0)< ∞.

Then using inequalities

P(χ2(F∆ ,F∆n)>C0||∆n−∆ ||2)≤ P(Ω n) = P(||∆n−∆ ||> δ0)

≤ δ
−2p0
0 E||∆n−∆ ||2p0 ≤ δ

−2p0
0 r−1(n, p0),

and the Borel-Cantelli lemma we have

||∆n−∆ ||−2
χ

2(F∆ ,F∆n)→ 0 a.s. (4)

Define ϕ(n, p) = (n−2r(n, p))1/p. By making use the Borel-Cantelli lemma for
every p≥ 1 in particular it follows

lim
n→∞

ϕ(n, p)||∆n−∆ ||2 = 0 a.s. (5)
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From (4) and (5) we get

ϕ(n, p)χ2(F∆ ,F∆n)→ 0 a.s.

and the function ϕε(n) can be defined as ϕε(n) = ϕ(n, pε) with an appropriate cho-
sen pε > 0.

We will apply this approach to the adaptive estimation problem of the Hall model
for distribution function F∆ (x) = 1−C1x−γ −C2x−1/α , γ−1 = α +θ .

In the next section the estimator ∆n = γ̂n of γ with needed properties will be
constructed and investigated.

Define ρ = θ/α−1.
The following theorem presents the main result of the paper.

Theorem 1 For every ε > 0 there exist numbers pε such that the property (1) for
the Hall model is fulfilled with

ϕε(n) = n
ρ+1
ρ+2−ε

.

3 Estimation of heavy tail index of the Hall model

The problem is to estimate by i.i.d. observations X1, . . . ,Xn the parameter γ = 1/β

of the Hall distribution function [7]

F∆ (x) = 1−C1x−1/β −C2x−1/α , x≥ c,

where β > 0, α > 0; β = α +θ ≥ β0 > 0.

Then the tail distribution function

P(x) =C1x−γ(1+C3x−γ(ρ+1)),

where C3 =C2/C1, γ = 1/β , ρ = θ/α−1.

The density function has the form

f (x) =C1γx−(γ+1)+(C2/α)x−(1/α+1)

and Assumption (A) is fulfilled for D = {∆ = γ, γ > 0}, D0 = {δ : |δ | ≤ γ/2} and
δ0 = γ/2.

To construct the estimator for γ we find its appropriate representation.
For some X = (x1,x2), x1 > x2 > c by the definition of P(x) we have

logP(x1) = logC1− γ logx1 + log(1+C3x−γ(ρ+1)
1 ),

logP(x2) = logC1− γ logx2 + log(1+C3x−γ(ρ+1)
2 ).
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Thus we can find γ as a solution of this system

γ =
log(P(x2)/P(x1))

log(x1/x2)
− log

[
1+

C3(x
−γ(ρ+1)
2 − x−γ(ρ+1)

1 )

1+C3x−γ(ρ+1)
1

]

and it is natural to define the estimators γn of γ as follows

γn(X) =
log(Pn(x2)/Pn(x1))

log(x1/x2)
·χ(Pn(x1)≥ log−1 n), n > 1.

Here Pn(x) is the empirical tail distribution function

Pn(x) =
1
n

n

∑
i=1

χ(Xi ≥ x).

To get the estimator γn with the optimal rate of convergence (in the sense of
L2-norm see [3, 6, 8]), we put for p≥ 1 the sequence X(n) = (x1(n),x2(n)), where

x1(n) = e · x2(n), x2(n) = n
p

γ[2p(ρ+2)−1] (6)

The deviation of this estimator has the form

γn(X)− γ =
{

log(Pn(x2(n))/P(x2(n)))− log(Pn(x1(n))/P(x1(n)))

− log

[
1+

C3(1− e−1)

1+C3x−γ(ρ+1)
1 (n)

x−γ(ρ+1)
2 (n)

]}
·χ(Pn(x1(n))≥ log−1 n)

−γ ·χ(Pn(x1(n))< log−1 n). (7)

For any m≥ 1 and x≥ c it follows

E(Pn(x)−P(x))2m ≤ 2BmP(x)
nm , n≥ 1, (8)

where Bm is a constant from the Burkholder inequality.
We will use the following inequality

| log(Pn(x)/P(x))|= | log
(

1+
Pn(x)−P(x)

P(x)

)
·χ(Pn(x)−P(x)> 0)

+ log
(

1+
|Pn(x)−P(x)|

Pn(x)

)
·χ(Pn(x)−P(x)≤ 0)|

≤ |Pn(x)−P(x)| ·
[ 1

P(x)
+

1
Pn(x)

]
= |Pn(x)−P(x)| ·

[ 2
P(x)

+

(
1

Pn(x)
− 1

P(x)

)]
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≤ 2|Pn(x)−P(x)|
P(x)

+
(Pn(x)−P(x))2

P(x)Pn(x)
.

Then using the cr-inequality and (8) for i = 1,2 we estimate

E log2p(Pn(xi)/P(xi)) ·χ
(

Pn(x1)≥ log−1 n
)

≤ C
npP2p−1(x1)

+
C log2p n

n2pP2(p−1)(x1)
. (9)

In what follows, C will denote a generic non-negative constant whose value is
not critical (and not always the same).

Further, by the Chebyshev inequality and (8) we have

P(Pn(x)< log−1 n) = P(P(x)−Pn(x)> P(x)− log−1 n)

≤ E[Pn(x)−P(x)]4p

[P(x)− log−1 n]4p
≤ C

n2pP4p−1(x)
≤C

x(4p−1)γ

n2p . (10)

From (7), (9) and (10) it follows

E(γn(X(n))− γ)2p ≤Cr−1(n, p), (11)

r(n, p) = n
2p(ρ+1)

2p(ρ+1)+2p−1 p

and we can put according to the definition of ϕ(n, p) = (n−2r(n, p))1/p with the
r(n, p) defined in (11)

pε ≥ 2ε
−1, ϕε(n) = n

ρ+1
ρ+2−ε

.

Note that proposed parameter estimation procedure gives estimator γn with con-
vergence rate, with optimal (for p = 1) convergence rate, see[6]. At the same time
the sequences (6) in the definition of γn depend on the unknown model parameters.
Then the adaptive estimation procedure should be constructed, e.g., on the presented
scheme using some estimators of γ and ρ. The main aim is to get adaptive estimators
with the optimal convergence rate.

Consider, for instance, the case of known ρ. Define the known deterministic
sequence (mn)n≥1, mn = nκ , κ ∈ (0,1) and pilot estimator γ̃n = γ̃n(X̃(mn)) of γ as
follows

γ̃n(X̃(mn))

= min
{ log(Pmn(x̃2(mn))/Pmn(x̃1(mn)))

log(x̃1(mn)/x̃2(mn))
·χ(Pmn(x̃1(mn))≥ log−1 mn),γ0

}
, (12)

where X̃(n) = (x̃1(n), x̃2(n)),

x̃1(n) = e · x̃2(n), x̃2(n) = n
p

γ0 [2p(ρ+2)−1] , γ0 = β
−1
0 . (13)
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This estimator has the property

E(γ̃n− γ)2p ≤C · r−1
0 (n, p), p≥ 1,

r0(n, p) = n
2pγκ(ρ+1)

γ0 [2p(ρ+1)+2p−1] p
,

which can be proved similar to (11) and is strongly consistent according to the
Borel-Cantelli lemma with the following rate

nν(γ̃n− γ)→ 0 a.s. (14)

for every

0 < ν <
γκ(ρ +1)
γ0(2ρ +3)

.

Indeed, for every a > 0, ν defined above and p large enough

∑
n≥1

P(nν(γ̃n− γ)> a)≤ a−2p
∑
n≥1

n2ν pE(γ̃n− γ)2p ≤C ∑
n≥1

n2ν p

r0(n, p)
< ∞.

Define the adaptive estimator of γ as follows

γ̂n =
log(P̃n(x̂2(n))/P̃n(x̂1(n)))

log(x̂1(n)/x̂2(n))
, (15)

where P̃n is the empirical tail distribution function

P̃n(x) =
1

n−mn

n

∑
k=mn+1

χ(Xk ≥ x)

and X̂(n) = (x̂1(n), x̂2(n)),

x̂1(n) = e · x̂2(n), x̂2(n) = n
p

γ̃n [2p(ρ+2)−1] . (16)

The estimator γ̂n has the property

E[(γ̂n− γ)2p|Fmn ]≤C · r̃−1(n, p), p≥ 1,

where σ -algebra Fmn = σ{X1, . . . ,Xmn} and

r̃(n, p) = n
2pγ(ρ+1)

γ̃n [2p(ρ+1)+2p−1] p
.

Thus, using the Borel-Cantelli lemma and strong consistency of the pilot estima-
tor γ̃n it is easy to prove the last property of Theorem 1 for the adaptive estimator Pγ̂

in the Hall model.
To prove the strong consistency of ϕ(n, p)(γ̂n− γ)2 and, as follows, Theorem

1, we establish first the convergence to zero of ϕ̃(n, p)(γ̂n− γ)2, where ϕ̃(n, p) =
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(n−2r̃(n, p))1/p :

∑
n≥1

P(ϕ̃(n, p)(γ̂n− γ)2 > a)≤ a−2p
∑
n≥1

Eϕ̃
p(n, p)E[(γ̂n− γ)2p|Fmn ]

= a−2p
∑
n≥1

n2Er̃(n, p)E[(γ̂n− γ)2p|Fmn ]≤C ∑
n≥1

1
n2 < ∞.

Then as n→ ∞

ϕ̃(n, p)(γ̂n− γ)2→ 0 a.s.

Using the property (14), we have

log r̃(n, p)r−1(n, p)∼ (γ̂n− γ) logn→ 0 a.s.

and, as follows, for the function ϕ(n, p) defined after formula (11), as n→ ∞

ϕ(n, p)(γ̂n− γ)2→ 0 a.s.

Thus Theorem 1 is proven with

pε > (ρ +1)max
[

γ0

κγ(ρ +1)
,

2
ρ +1− ε(ρ +2)

]
(17)

if in the Hall distribution estimator we use, according to the notation in Section 2
the adaptive parameter estimator ∆n = γ̂n of ∆ = γ, defined in (15).

4 Simulation results

To establish the convergence of χ2 divergence (1) one needs to check the condition
(3), which is the key point to investigate the properties of estimators. In this sec-
tion, to present some numerical results we define the quantity Λn as L2p−norm of
normalized deviation of estimator γn from the parameter γ

Λn = [r(n, p)E(γn− γ)2p]
1

2p (18)

in Hall’s model [6]

F(x) = 1−2x−1 + x−2.5, x≥ 1, ρ = 0.5,

as a function of n. The values of Λn are given in Fig. 1,2 for different sample sizes
n. Each coordinate is computed as an empirical average over 1000 Monte Carlo
simulations of the experiment (for each value of n).

First the simulation was performed for the case when one can choose the se-
quences x1(n), x2(n) according (6) to get the estimators γn with the rate of con-
vergence close to the optimal one, see [6]. The value of p = pε was chosen as
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pε = [2/ε]+1. The results are presented in Fig.1 for ε = 0.1 and ε = 0.05. One can
see that Λn remains bounded from above as n increases and therefore the condition
(3) is fulfilled. Similar results were obtained for p > pε .

Fig. 1 Λn as a function of n in Hall’s distribution with γ = 1.0. Left panel: ε = 0.1, Right panel:
ε = 0.05

The results for adaptive estimator γ̂n (15) with the sequences x̂1(n), x̂2(n) defined
by (16) are given in Fig.2 for ε = 0.1 and ε = 0.05. The value of β0 was equal 0.5,
the sequences x̃1(n), x̃2(n) were defined by (13) with mn = nκ , κ = 0.8. The pilot
estimator γ̃n was determined by (12), the power p was defined as the right hand side
of inequality (17). The quantity Λn remains bounded from above as n increases as
well.

Our numerical simulations in all cases give practical confirmation of the theoret-
ical properties of the proposed estimators.

Fig. 2 Λn as a function of n in Hall’s distribution with γ = 1.0. Left panel: ε = 0.1, Right panel:
ε = 0.05
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