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For till)~ AI'Tif'5 that are nt1t, st.ationary, t.lw blo~~k bGot~jrap .)f Kiins~h (f9S9) is not. 
dirf',ctl.v applie.ahle, Howl'ver, jf thv underlying ~to(;ha~(,ie struct,urr is ~luwly changing 
wil.h tim(', one may t-mplw the Iota! bloek ho.:IIstrap of PRPUHldiiis <\nd Politis (2002) 
\N€ d(,M::rilw the local b]o~k bootsll'ap pruf:ednl'l', a.nd !>iI.)w i Is cOIL"i;,t,r.ncy in 1:1,0 ifltf'H~f,ing 
I'xanlp!c or a lo::allv ~tationary pH.w~S8. 

1. 	IN'l'RODUCTfON 

J,el Y" ... , y;, bv an ohrl('rnri s\.t'(![eh of il f€ftJ·valnt-d j,inlt:' fif!liHS {yt.f t: Z}. In many 
applkutiolls. for jn~tancv ill COllII{X1.i,'ll with fmanriaj ()f tIlRtrorological (,iml' ~nies, ~hc 
sump!;> sizt' It ma.'( I);> qllil.r. large COII~U€n(.jy, ilmay be u!11'€'ftlistie to lI..'>Somr t.il",1 sudl 
a hmg limt' ~erir" i~ ~{.aU(lr"uy; a mOlT r~alibtit· iwsumption ir. that or Ii ,,]owIY.o{'lla.nging 
,;I,o('lIn..'1l.](' stnKturc in tilt' sense that the ,f.)ilt! prohability law ()f (II;. }t+l-'"'" }~+t) 
changf1s sm'.-.othly tand Mluwly) wilh I ror any A, Sudl uormr,at;ional'y modcl~ hav(' o€l"n 
pwvid€cl by lhl? "volill ionary :'lP~~('j ra fnodf'ls of l'ri~·~tlcy (1988) nnd tJH.' lo(:ally ,tatiomu)' 
fll(ldel~ of nab!hall~; (1fi9ti, W!J7). 

Kuw ho:<"'anSf1 of Ihi' l'lonslaliorlHrily of {yt}, thc blud. hootstrap OIf'lhod of Krim;dl 
(l98\J) if!, 1I0t, riiff'dly applkah!e, and w,ith('r <J.TC its dilf€r€f1! variations sm:h as trw Sj.H­
ti\)fliiTy boobtrap; So:<'" ('.K. Politir; (200:)) fol' a rf'view. Itathf'T, a modifiea11Ofi Itlat takflS 
illlo 1:l.{·f'Ollnt. the cha.nging sto('nMti(- Bfmdurt' t;.llOllld b(' ('OlI~\.mcll'd. SH~h a llIodili("~l.­
liofl ha;,; bt'f.·n pnJP0f<€d to (,he Local Dkx;k BooL<;tra}l (LRB] Pr'o('Pd!u<~ or Pap(l,roditis 
and Polit.j~ (2tJ02). The h.j.."k pl'~mig' of th.· Liln iK \n ouly fPS&mplr bl(J('"k~ [.hat a,rr 
do~f' l." H}.<:h oth!'!l, i.e .. fl block that Klllnh.a1 lime /, I:U,1I ollly b~ wplau,i with blocks 
WhOM.: "j,al'(.ing flof)inl. is dOl«- to L The 1J3B idf'll. i& t.o t<1fl;<;trm1: tl. !'otli.~1 ra.p p6mldo-fJcm;r,. 
by a. com::l!tentll.ion of q block~ or biZR. /; (hudl that fir,::::. II), wh<:t~ the :ith hlm:k of th(' 
re..amploo :;€ries is (:hCtmfi randomly from a ui~tril;lIt,i'm (iill.y. nnironn) on all tilr 8lz&fJ 
bl(){j;8 or conSflt:Ut.iw datA whose tillll~ illdke..~ iP'" 'dONe' to th(x,c ill t,hr. oligmai bluck. 
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}\ nwrf' det-allM d{$cripllon uf Ih(1 LBll algoril.hm it. now pl'~mmLflfl G]Y('n {,h(: datil. 
Y-,- . ... Y", thr.' LBil a,lgorithm Heatf'S ll. hootsj,rap pselldo-f;eri(b Yt, .. ,' Y,: 3." follows: 

• 	 Sdi'tt an intql,f'r bl"rk ~iJ':'" b, aud a real tmmhl1r R C l} ~uch that 11H I", an 
in1e!l;€r; hoth b and Bate thulIghl of as fnndimt8 of 11. 

• 	 levr h "'" 0, I" (frolhl - ]), let Y,:I+) := Yr~+T~ 1 for j = 1., .. ,0, wm~re h. I?,. 
afV independ('nt, jntcgfr~valued random variahles &ati~(ying P(h = k) = H':,,!I(k). 

lIeff'" [1'1 dCllo1.e:, Lhe SffiFlHest iub:ger thll.t. is gr€a1('r m t'qual to k Thus, ill the ('ase 
""IWH' 11 i~ Hot an illtegf~r multiplt, of b, thr. LBf3 algorithm g{'ftr)rates <l hootBtr,lp series 
whurI(' l('ngth i~ ~lightJ.Y bir.;gcr t.han 11, aHhongh uuly yt: .... y,,' an' kept in th.. end. 

Tit", prohahility di~trihut.ion W",It(k) is lh(' pnU"w,io!lt'r's {'hoke. Thfl easiest. (~h.,i~ 
i~ thl' nnifurm pronalJi!jty ,w;~r Iht! iHI~l'Jf> in th~, inj,t!lYttl PI,,,, ]:/,h11 wiler{' Ju :: 
IlH1.X{l. lib ~- lln} ami .l'1,h = min{n b+ 1.b!; 1- nR}. Wr; will adopt Hlle> Himple ('hoice in 
Ih" ~f'qUi'l ,tlthough J1!.fltlY other choice~' 11.1'(' pO!>~jbl('; "...:' Paparoditis and Politis (2tK12). 

For an l'll'bitrl\ry p{)Int A', th" I'ange!k - rJB.~;~, fin] indkalf$ ih 'local 9tationarity' 

ndghlwrhot1d', in other WOrtJs:, although thf' time H'rif'S P(l} i:;: not (globa.lly) stationary, 
11,' !>trt't rh Xx_ "l!. ,. X k+d ! nUl tl(' th~mght to huvo h'len g('neralu1 h.Y all approximate 
~HtliofWr.v nwrllltllism jH''OYJdt'd th".. ( I,be local window s-izc 2n.B t~; smail wjlb retlpet:l ttl 
til!' ~amplt' :$i'l"~ n Nl'w1rl,lu"less, Wi' would illst) Iwed 'HB -<, co so that Nl0llJl,It data 
l:U'{1l1!mlaH' in lhtt joral window. AH a mattflf of fact, doing a hlo{'k uoots(,rap wi/,nin the 

]ocal \~imlow would (t'qnir!' a hlod{ BizI.' b llraL In big hnt flfllall with fn~per:1 ttl j.h~' t.x:al 
window Si2,,' 2n.B. 

11w I'f'.quired IIlterpia;), be\wl'm hlod: and window si;;f' i~ l"vpixally givpu by n require­
!1'I!'nt ~\lf'h <1..-; f'q. (2). Howt'wr, the ralffl in eq. (2) art sp()!::ifie to lhf' f.lwhl\~rn ad(ireS&e\i 
in thc' lIext sr~cliou, Le., 5howing the cousistlCncy of lh(' LBB in the !:oukxt of data rrom 
t,lw pari kular !omlly stllOollSry prt>f'"f's.; (1) ])r40w; all tcdmkal proofs ar!' pl;wed ill trw 
Aplwndix. 

2, CONSISTENCY O.t~ TIIE LOCAL BLOCK BOOTSTRAP 

As \11 wdt-k!lowu, (,he appliClthility vf bootsnap method!'; i.~ lliillal1.v .:hecked {)I\ a C.a!lf!­
h~H'I!..<.j' hasis I,he ,mly e}[ceptiou ~o far Mlt'llIS to he t,he l,i,d, bOl./tstrap wilh t>maHn 
tesampl;:~ siz('" that if! gellf'raiiy ('oI1s1Iltmi; 5("f e.g, Poll (.is, !WUl!),fI\) and Wolf (1900). 
TIHL~, we now fO('\ls <}II a, pllrtku!iU itltt'J"~~,ing ('XlUllplf' u! a locally stat.ionary pron"'bfl in 
the ~erlbf' ofUahJhan::. (H¥J6, 1997). },('I, thE:' data l:x' g,'uNatr'd from I,h(' fllO{ld 2 

I; + Jl + t1~U)f.,. fornllti':Z 	 (1) 

~h"H' {('j' fEZ} b a rnt'iHHr,('f(l and vaJ'iaru;"('"<.mf', strong mixing and strictly t;La.tionary 

sequrn'-"t-l wlti-1(\ljn~: 

EJcl>+~ <: 0.:. and I:
00 

k~(t~!l6-d) {k) <: 00 for some 6 > D. 
'\=1 

l!llo;<c tbat Ulld"r (1), til€> data 1'1, ... , i'~ tOl'lstitute the nth T<1W of a. tri;lJl]l,lllw aITl\y: lliOW"~r, llim:~ no 
wlIfu,,;r)ft aria::s, \I'\" ""m !lot I.Jll'i: tlJ\:l 11SUal dr;"lblfJ-""lm< nMan"'I!. 
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wheT{' a(k) jndit.-atc~ t·hp shong mixing f'{H~fikicfI( lL';1!ociatwi with {ej, l E Z}. WI' fils\) 
fl.'lSUrnc that. s,,(t) = m{tln), t;jj{1) "" 17(1/»), for &)l!)f' fixm. fUndion$ nUl thtl!. IUP 
diIT(,l"Cnfiahtf'3 wit.h bounded (1"rhatiVf'tl on [fl,ll. W,' will further ,a:;;snmp. Lhat rr(:r) ';. (} 
rm all J' in fH,I] and thnt. f!J N1{.j~n($ J,; m(:dd.r' 0; dw: lhf' laUer, III may hl'lhollght,.i 
as II 'fo!ca.sonallty' fim'j,uatlOn ahtlut l,hE' 't,rand trlHlJl' !l, 

Our f,oal is interval estimation of the IJnknuwu parn.rtietfl!}J La.'I!t'd Oil lfw da,j,a Y •.. "" Y",
I 

Fur this r('aso!! we require all ap}Jl'oxirmltion (,0 the satnl)ling di~Lribntion Qf the I\IiI.mplfl 

mf'Jln if 11 ~J Y.:i~l Y; that will H'rYe as (lltr f!SLlt]l)l.I,<.)f of 11,. We PWPOfW the LBU as .f1. 

method fOf this- approximation, 
\\:'I! Ih'b't ~tab1isb sonw 'If the properties of f•. The following fwo lemm~ Ct.mrnm the 

a!l)'rnptot.k hias and -varianc;:' of the sampl(' mE'U.n. 

Lmn1ll8 1. E(n1(JI /l)) 0(n-1),0 

Lemma 2. J.,;:;I, c(&} = CrJU(HIj.r",,). Thm, flb 1'1 --, 'Xl, VU1'(nt(ii-p))""", 0, where 
~ 00 1

V' = E eC~)fu (T2(u)du..
"'-00 

In the nexL lheort'rIl WI' e!ltabh"h (l.s..vmptotir normality of till' sanlpl" ml'atl. 

Thoorcrn 1. f\,,)J ~ 00, .Jnl,l pJ N(O, ~!'j). 

\-Ve now turn to thrl,rm proppttiOi'f... ~t Y;' .. , .. Yn' d':nol.e an LnB pseudo fwrirn t,;n­
strudl~d nsing thf' algorithm of thp pff't'iorm sf'dion, and ]('1 P: "" reI E~I t~' he thE' 
hoop-1tmp Bam!,lf' mean. As usual, j{1 p'. E'. Vr.,· indi('ate prouahiliiY, cxpf'Ctatioll, and 
vsriancl1 nnd(w thp LBB sclmnw {t'Ondltional 011 (,he dJ1.td 1'1 .... , 1';,). 

To iuvesl.ip,;».tE' tilt' tonpiHt.I~n(".Y \)r thB um w(' will ~ ru> pl<'vj{)n~ly m('!lti~.Jlled- ~'IUjuirf' 
$Orne conditions on Uw hlock. Hizf.', ""," well ,f5 thl' window ~jre iodicalillg the klf:a.l JH,jgh­
horhoud. For lh]s I'~), e<.)[IS'.idrr ~h(' rolJowill~; 

Let r<---> 00. b..,oo but b=o(mJn(llf,nB)) -.. 1\ a.nn nB ........ rx: hut, l1B1 -+0. (2) 


Lemma :3 below ;;:-an Lc ccmpan'{l W L!'JI1ma J and 2. 

L€Illrna 3. Cuder (2), F? (n1;(}1" ~ P,l) Op(nB~). a,nd Var' (1d(jt> - il.)) ~ .. V2. 

Our mlllI) lh~m'm hdow ShO...."2 that, thf' LllH is O:!1('ct,s:;ful in giving lJ. ctm$i~tent -up­
proximatioll to th", Hampling distrjblltioll of t.h(' saJlIpi(' fl'H'an l~. 

Theorem 2. UOOH (2), we have 

!>npjP(Jri(,u - f~} S xl -':>"(";;;U.' - E'#"):::: ~o., " (') 
us well as 

supIP{vn(p- 1j.)::;J)-P"(Jn(;~,· M::;.7)i "...,0. 	 (4), 
lUnder slightly mOM> car<Jf\d aq:ul,~e"tl! tlw ('Or,,jiti\:)HA 01' III. ann rr tNI.t· h\1 Ji:daxf'd to )1)3t piee~wjl¥\ 
',il'ru.:ililz oontinuity ac ~ in P...,<\rodiffi; hlld l'(,liti~ (:1002), 

http:iuvesl.ip,;�.tE
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From Th(WH!lll 2 it follows that lISymp!,(jticuUy valid t-'<Jntidencc intervals for 1.1. l'hn 00 
Imf'd on tho: quantile!> of dthf'1 the boctl,'tfil.p dbr,rirnltioo P'( Vii(P' - E·jl) <; XI or t,he 
bootsl1ap distribudofl J'"'( y'fi(W -- /1) :$. x), b(Jth (If whirll ,ir.,. cOlllpntable'-N< opp·oood 
to the (!ul'l.ntilt'$. Df the nnkO<Jwn true distribuU.m P( -Ifl(ii - JI) ::; T). 

'To h"'lp ricJineal(' whldl ot I,hose two approximatlOlL.'" rn!ty t.' prcierrnhlc, I'Ber.n that 
t hB distl'ibutiDfl r~( .jri:(;i* - Ii) S :1:) has CMtcr of l{)(:a~j()n Op(nB2) h,Y Lt>mma- ;·t whlle 
P'{ ,/hUj.~ -- E"ii.~) s: :1') La.-; !';(lrdN f'~l\dly ~flt'O, and r( ,fiif/t . /1) ":S x) hilt! {'Piller 
O(I/vn:J by Lemma L In ordf'1 (,0 sati~fy (2) W\' may kt B = ]/rl+ 1/2 fOI /kline t 

in (0. i/2). TypicaJly, we tII}\'1 eVl~n Ila",c t < 1/4, in which Cfl.'i(' apprnxill1uHon t3; IS 
pn.fen'able a'l itti (zero) H;nll"t of location tS do,;(~~t to that of the target distribution 
P( V'n(Jl ·.ul ~ ],:). Tn widlLion, thf' validity of (3) ma,y hf' pr{wed nuciM liJight1.r w(,alcr 
conditions, namdy t~lacing tIl\: condition nB? --> 0 in (2} by Ihe w<:akf'r JJ _ O. 

3. APPENDIX: TECHNICAl. PRDOFS 

Proof of Lemma 1. 

E {Ii -- -, F(fI~ -L'(,.,,,(t)-1­, '((1 " " + '"(lV,I) -,,))
f! hoot 

1" "" )'
..= E ( 117 ( - L ....,,{I) + ..:.. E I)IL(f}('/ ) 

'n J ", 11 1 _( 

I " 1 " )-- L,,~(t) + -LV,,(t)E(Ct)( r, !=J n '_1 

=flt, (1-L,m(t.;nJ,'l., ,) , (1)- ,=n7() =O{nW'i) 
11 1'e-1 11 

~inq~ l }:" m(t/n) is the Rlf'mann Rum approxiHlJ.tioll ofth(' integra.! J~ m{u)fht 0, 
n 1'e-; 

Proof of Lemma 2. 

, '1 " )
Var (.t'i (iJ. - 't}) ,- 'nVltT (- L r,,;t)c! 

fl. "",; 

1, "b ')l""lJ, (" --)el =- LL~-Jo-(-){;fi--:i)= :;;\-47 n _ 1I'-,L)_) t1 11 

1 "-J ,,--1,1 r r + bl ' 
" L L 0(-10(--11(') (5) 
11: ,1",,' ,,+1 r",j 11 rl 

Using thl' Mf'an Valli'" TIworBOl ami kttlhg ~:/ E It. ":'.1j we ran rt'-write {fi) aob 

".1 "-I~I r ( '~i )L L o{-) o(!.} + l:.111'((~"') 
TI ,,,"_,,+1 ",od 11- 1! n / 

I .,_1 »-1s1 ( l' ~ 1 ,H "-1<1 r I~I 

-;:; L I: (!(-)) u{sj-t:;; L L n(:;)"':"'-V"'(~~0}c(,j)


"""--"n ~::=l n, A"'_n+1 r"'L rt 


Vi t t~) rfWr)-{1~~tivel'y. 


l.ct us ('Ol1$id€r Iv~l, W\, hl!.Vf 

II ,,1 "-i$/ l' !;I i 
'- L L "(+'''o'{(:''I<'I,')1
111; "",-)":.+1 r",,1 11; tl I 

C ,,-1 n-bl C 1<-1 "I J 


<:-'- L L Id,')I:':-'- L L-"-I*II 

n .""_,,+[ r"l 'fl n ~__"+lr-""i n 

~ () ('f 1'1 )«"1/) ~ 0(/1
,e---><+J n 

wh"'I't'! C = rm'Xr-!lllo,:lln{.T)~ j...-'(i/)i. The limit i" :whicved b,Y the mixing IOf'f{llah!l"'l, ~t!ld 
Kronecker'" Lf'HlUl!}.. 

We Cdll write \'; a.:, 

*":~1 t ~ ('r(~)rc(,,) - ;; ~"'~il rO-~I+l (crt;)) ~ c(~) 
whkh ntn Of' WI'U If'n .l..'l VI' W'" haw thfl.t 

1 ." I 
C(,,)IVn : 'f.: t Cr{ ~ <C,- L H ~" ,I "",""-1<+1 r"'n -1_r+1 n >""_<j H 

when' C\ =HlliX;rcIO,IJ (v(:r))2. Finll.H), 

_ n-i 1 '-'~I f' '1~ ;;>:;, ,
j.;~ L C('+L\"(-II -, L 0- (!t )dt<J.., ' S=-~IH.f " r-] n , ".,,_ "" 

h.lld the !emma is pwwn. 

Proof of Theorem 1. ()bhl~fV~2 tbu.t w(' ha.vf' a wf'ir,h(eo slim of stroll!!, nuxing mnrlDln 
YfU'm,blt'!> wht'n.' th", weightl! ubey the conditions of TlworCfH :1 i or ROIlZ>.~~t~, 'fran and 
luannjdf'S (l992) ··rnJ fo,)" ,~hnrt~on fixe.rl dE'~ign rcgrc.%ion, The prohl0m b 10 show 

" tha" *Y: (lIt,! iH K\1IlllptGlkaJly normuUy distrifl\1lrrl under our a_~:>mnptions. 'To do 
t~l 

Ihat, we tired 1;, veritY tht' 'W>~HnpUnnli and {\.mdi1iqHll in RTL For example, (Al) of RTJ 
b "ati~fiM by tlle li..finition uf 0111' nlOJe! Alollg with om i:\~nmptiofl~. (A2) (i) of IITJ i8 
.,. ('otlllcqmrm;(1 £If flu] fact that 

1" . 
- L cr(~') --+ Co !\.'> n -. 00. 

n ,,,,I rl 
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((,t 50m~ Coobtant Cil > 0 since (J is a p«>inve inh~e;mbl(' function. (A2) (ii) ofRTI is a 
rCf'I1Jt or t.he fad t,ha.1 tht!re eJo:ist,h It COnlitant C > 0 sitch that a{lI.) < C unifonnl,v in 11. 
PIIl'thCflUore, 

~("(iM)' ~I (!to(':')')' o(!\
:;-; n rt 1'1,,,,1 n n) 

bt'raus€ 

" i.),c(­C-+ 1 &"Irt -+!X! 
11 'If 

fOT SOIll(~ C! :> D. Th\'r~for~ WP h,.vf' 

a(")1 (" (a(2))')
IlLaX, i~ I () I: \-"'~ ~ 

11 ,.... 1 , n 

Assumption (A3) of RTI is bnm:linl bV tIlE' fact that llw v.ariauIY of {< IS O( ~) by 
Lemma 2 whidl implit1s tlmt 

"f: (a(;l)­ OIVur(ji)) 
'''' I 11 

(A4) of RTI is all imlIl~(nat(' tUnseqUI.'Jlre of ()1H l>.%ltmpl,ions on thv se­
Wll,'nCp Ct" Cunrlitk!l! (2.21) l)F BTl hill. lhrf'(r Ih:l.rts. WI' first (Ibsen'!;> t1mt, the metHvl? 
HEmLer qr t,errnl1 In OUf sum is n. \Vr hzv<' 1.0 dle(:k that "h.'T<' ('xi,,(, p and q a4 dclin~'d in 
RTJ 1'\ heH' 'IP--1 ....... 0 nnd whew 

" ( 1'1)"nqp- 1 L ::.:i. -+ {}. 

,=1 11, 

'j::L:" ( ~H)' -.0 and ilf}P-'():{qj---.Oasn-':x, 
'"_ J 1\ 

:,.im:c as ,;hown ;11l-flier 

.. la(~I)'n I: ~~ ~ IJ(1), 
''''' \ n 

apnlJnble;~hoice i~p= n~-': and q nt-h' fothlHll!" c; c: (01/41' As a result. weconl1rm 
that the Hrsl P31t of c(lm1jf,ion (?:21) of RTI hold", Finally, from OUT Illlxmg assnmption 
Oil e" w,~ havtJ t\."t atr;) 0(1/r;~) llnd dwrerore nqp-1a(q} 0(1) whi,:h &atisfJ~ t,he l:tSt 
part of mndlUoll (2,21) of RTI and !,h(' thnlfCHl is pfI)l'en. 

Proof of I,emma 3. The pronf is Imh;:>r lonp; ana tookll.l$l. W€ r;lW j\I~1 thB maIn idea 
h~40w for laek of spa>.;!" ilnJ n~r'l)' ttl.(' fi'zder to Duwla {2(02) fDr dctaiiH. Consider tilt' eff€cl 
of the LBO on tho'O underlyinf!. <Iuantitics in eq. (1), uamd.y m(~) , 11, O't!;) and Ct· The LBB 
;l.etually pf'rfonn;; ii, SilllilAl' l'C-nHllnAf'lllent tn th()!IC unob~t'rv&blc qmmtH.ie8 ;J.tI th(" vne 
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pl'rforll1.:.. 1 on thc data }~. In other words, ror h "" 0, L. , . , (rn/bl -- 1) and j = 1., .. ,P, 
Wt~ hav(~ m'(~l) = mel>+"Z-l), C'(1!'I;1) = (T(ik+.rl), /1.' /', and chl>+j 1",,+j.,. 
Wh"If f l1 /,;", . are the ,~a1ru: va.ln('!/, usml 1.0 ~tlf'lfH'atl: ~'. 

'fberdorc, W(1 h.av~! lhl' LBn boot~tflJP Vf!rsioll of t'fJ. (l) givt'll hrlow. 

V;+ =m'(!') + If, + c·(!.)e~,
n n 

The key l1b,'wrvati;:.m now is that. m'(~) - m{~J = O(B) Iluifoffilly in l by Taylor's 
thoor(!m; thu~, n- I i:~l(m'(f,) - mC~)l = O( B) as well. SimilaIly, c'(!J -0'(:) = O(E) 
umfcrmly it) t; tL'(1l.11 that IJ ---. 0 b:; /Kl. (2). 

TImB, an t:xprf's.'>ion of th", type E' (lItfl~' - M) ltlld/or Var' (1ij(~[. - fiJ) elin b" 
signitll"ant!," simpWiL-d sin<:n iY i!l an a\'era!!p of (a linmu nll"UbinatlOIl of) t.he quantitiffl 
m·{~),cr·(i.J and t:; that are dosdy rt'lfllrd to the <juttnUtia; m[f.).a(illlnd e, found 
within ft., \1(JI~! details ("All Iw Fllllmi in Dowla (7,{lH2, eb. 4), AL I,h., final ttnalyais, lhl' 
LHH nn the errors (;, is t.antamount to (a vel-sioll of) 1.he [('gular hl(lCk bootstrap for 
litatiollary ~nem1;!.• that is ("onsit'/('nt for th{' varianc<' of ~,IH1 sa.mple In{'<l.lI. 

Proof of ThoofE.~m 2. COfieid"f j,lw (!xpl'C$SJon 

(f!' - R'll'; '"" nr (f' _1 (Yo' _ E,.-wyq) ,
rin" ;! 

We can wwriLe the ubow in t-erm!! of a slim of blocb ()f ~jZ(' b. 

l'J~' (" ... ". *-. ) l~J' 1'"'_1L n I 2:P.t>t-, - R ¥'ki) = L "'\,,~. 
,,,,'1 1"'1 "--'v 

Not" that tht! random v;"rif;:.h1e (i,t\ is fL fllnf1:ion orthe ill, independent. hlof:k of data of 
sf?P If \Vt' Ileed to ",how thai, the 4,',,, '1< !<I'tisfy th(' Central Limil Thl'(Jr('l1l fur a triangulal 
array Hum of ind('j)('oden!" non-id€lltica.R" dbt.ribu[,,,d raodDtll varittbl~. Smu1 we hav(' 
finite mOOl('Uh of order G+o WI' r:an u,w the Ly'Upu!10V nmdiUoll. Frum L~mHlUl, 3, and 
lhe ifldqhctHlml(~ of t,11t' <;,>\ '$. il tlJlloWfi [,IUlt 

[rj-1 '= J

L \/or*(£",I.1.!:.· L" C(Ii) ko''(II)d'l1. 
,-0 •.,.. -:;c Q 

Wf' ;,\00 haw 

E'I<:'(I))) = E< ( ..-~ ,t'(F* _ E')-" I)';=':"0 (1)"'\ 
~ '-I,,, L.. ,1>+" i&+) l'1~ P ! 

.1=1 

Therefore WI! obtain 

I'~~'" £:,,.,,,.61 

,-," l""n ~ (f,rOJ'(f~t;!l___'i Op 
 .'L~ ~l' j )~' ( 1: ((.~) ~)j C/"2(IJ)(/U.)): Var·(C,,,]( .-0 .""-"'" 

http:In{'<l.lI
http:tL'(1l.11
http:T(ik+.rl
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'Using (2), w" (all invoke Lyapunov's ronditinn t.o ('ht.",hli"h (hat <)Vcr llft l'Vtmt whQi#! 
probability tend~ to onp-- the random varlabl .. rf~(fo' ~ ~~11"1 Ii> asymptotically nomliu 
with meall lien). PUt! hennore, f!'Om LE'nUI1A 3 we imO'A that jJ.+ ha... the OOUffi:t G.'IYllll)1Oi it 
variam.:c. Tllll.8, till' th,~orE'1H ill pmv<'fI. 
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