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For limse series that are nol stabionary, the block beotsirap of Kitnseh (19851 5 nat
directly applicable. However, H the undarlying stochastic sirncture i slawly changing
wilh Lime, gne may emplay the Jocal Block bootsirap of Paparcditis and Pelitis {2002).
We deseribe the local block bogtslrap procedare, and show s consishency iy an inferesting
aenmplo of a lorally statianary process,

L INTROTWCTION

Lot ¥i. .Y, be an obuworved sivelch of o renbvalned iine serios {Yi-t £ Z}. In many
applications, for ingtance in conpection with fnaneial or wetesrological Lime series, the
sarnple size 7 may be quite arge. Convespently; it avay be anvealisiic (o assame thad spoh
2 fonp vime serics i slalionary a more realistiv asswmption is thai of & slowly-changing
stockastie structure in the sense that the joind probability law of Ve Yoo Y
changes srxoothly (and slowly} with 7 for any & Such nomstationary models have heen
pravided by the evolutionsry spectra models of Priestiov (19881 and the Joeally stationsny
madets of Dablhans {1886, 10071

Xow beeamse of the nonstaiionarity of {¥:}, the block booistrap method of Kinsch
{1989) I pot directly applieable, apd neither are s different variations such a5 the gla-
viomary hoststrap: see o.g. Politis (2003) for a review. [uther, & modification that takes
ite aenunt the changing stochastic siructuve shoyld be construcred. Such a modifica-
tion hax been proposed in the Local Bock Bootstoap (LEB) precednre of Faparaditis
and Politis (3002). The basic premise of the LEB s te auly resample bBlocky Bhat are
close 1o each other, ie., u block that stans al fime ¢, van culy bo replaced with blocks
whese starting point s dose to &, The LB ides i 10 constzaet o bootat rap prendo-garies
by a concatenalion of ¢ hlocks of size b (such ihat, b ox 1), whene the 38k Dieck of the
resampled series is chosen randemly from a distribution (sav, rniform} on all the size-h
bloeks of conssentive dita whose time indices are ‘close’ to thow in the original block,

“Resopreh partially suppteted by NSF pyagt DMS.S10540850.
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A mere detailed descriplion of 1o LBB algeriibm is wow pressmied. Glven the data
Yi. o Yy, the LBR algorithm ereates o bootstrap prendo-series Y7, L. ¥ as [ollows:

s Sclect an inieger block sive &, and a real nunder B ¢ {0 7] such thal n# s an
intpger; both & amd B are thought of a5 Innctions of =,

s For hedi 1, ... {fafbl el deb Yo, o= Yoo for j= 10000, where Ty do,

g

are independent, integar-valyed randors variablies satislying P(1, = &) = W, x(A]

Hepe [k denotes the smallest integer that is greater or cqual 1o b Thus, in the casc
where v is hot an integer mubiipgle of b, the LBB algorivhm generates a bootstrap sexies
whose Jengih s slightly bigger thaw o, althongh only ¥, ¥V are kept in the end.

The prohshility disiribution ¥, (8] s lhe practitioners choice. The casiest chnies
i the nwiform probubility over the itegass in be imterval LA 4 Jasl, wheee £y =
max{l. fib— nf} and By == min{n - b+ 1 hb4+ n B} We will adopt this simple choee in
the sequel aithough roany other cholees are possible; see Paparoditis and Folitis (2K12).

Far an arbitomry peint &, ihe ronge [& — nB & + nff] tndicates ity local stationarity’
neighlsorhood: in other words, althouph the time series { X} iv aot {gobally} sbationary,
the strelel Xy p. o Xipar o810 Do thought t0 have boen generaterd by an approximale
sentionary roechunism provided that the lecal window size 228 s small with regpect to
the sample sive y1 Nevertheless, we wonld also need w8 - o0 50 that cnongh data
aeenprane in tha Jocal window. As a maiser of faet, doing a block bootstrap within the
local window wonld require a block gize b that is hig hot small with respert to Lhe local
window size 2nB,

The ceguired interplay between bluck and window size is iypieally gives by a require
ment sueh uy o, £2). Howover, the rates in eq, (2] are speafie o the problem addresssd
i the next section, i.e., showing the congistency of the LB in the context of dats from
the pariicular focally stalionsry proeess {1} helow; all technical proois ace placed in the

Appendiz.
2. CONRISTENCY OF THE LOCAL BLOCK BOOTETRAP

As i well-knows, the applicabilily of bootsirap methods 14 msuadly checked o0 2 cose-
by-case hasis  the only exception so fur seons ko be the Lid, boststrap with smaller
resample size that i generally congistenl: see e.g, Politis, Homano sed Wolf {1599}
Thus, we now focus o & porticalar interesting exsrple of & locally stattongry process in
the sense of Dahihans (1996, 10971, Let the data be generated from the madel?

Yo om o osu{f) 4+ p o+ wlfle, forallze & {1}
where {¢; 1 € 7} & a mMeas-2ero and varianes-one, strony mixieg and strictly statiomary

sequence satisfving:

W
Ele,i™ « oo, and 3 a¥EFHR < oo for some § 0.

P
oo that wnder (1), the data ¥y, L Y, conatitute the seh row of 2 friagiler arvay: however, sines no
comfusiog artais, we wi ool use the vsual doahle-hudex notation.
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where of{k) indieates the steong mixing coeffivient sssociated with {en, 1€ B} We also
assumie that su(t) = mit/n}, w{t) = o{i/n}, for some fixed functions m. g tha ,,I;
dillerentiable® with hownded derivatives on M,1]. We will further assume Lhat o 3}'»\;{}‘
far all @ in {,1] and that m satislies £ mixide = 0; due the latier, m sy be Ilz.m.ghﬂtr of
as & 'seasonality” Hnclustion abont the *grand mean’ ‘ I

Oar goalis fnterval estimation of the unknows parsnseter p#lhased op the data ¥y, Y,
For this reasen we regpirs an approxivmation io the saenpling distribation of the mmp?e
sagin fi=ont LY, that will serve as our estinater of 4. We propose the BB as a
method [or this approximation. I

We Brst establish some of the properties of 4. Fhe {ollowing two lammas coreern the
nevraplotic biss and varsance of the sansple menn.

Lemma 2. Lot ofs) = Covtog. ). Then, as v — oo, Ve (n%{fz - _u}) - V% where
. % . » ]
Vi= T els)fi o®(u)dn

g

In the pext theorem we eatablish asyruptotic nosmality of 1he sauple mean,
Thestern 1. As n — oo, Jalf -~ ) =5 N{D.y™.

We now Lors to the LRI properiies. Let ¥, V" duneie an LBB pueuds -seriey cone
steyeled nsing the sigorithe of the previoms section, and la g = n~! Tty ¥e be the
hooistrap sampde nesn, As usssl, ot P, E° Var® indicate probahility, cxpt::cia‘ti(ms and
variance ander the LBR schame (vonditional on the data Vi, ... ¥k

To tnvesiigate the consisteney of the LBB we will— as previpusly mentioped-—roguine
%ama comditions on the block size, as well as the window sire Indicating the bocal neigh-
borkoud. For this remson, constder the folfowing:

Letn—s 0. oo o0 but b= a{'min(ﬂ.%zﬁﬁ}) =t and nft - oc but w0 {2)
femnis 3 below tan be compared 1o Lemma 1 and 2.
Letorna 8. Under {2), B* (w.”;i i - ,&}} s (y(nBYY. and Var (n%{;jz' ;1_]) oy,

f)r;lr rauin theorem helow shows that the LBB Is sucoussfud in giving a consistent ap-
praxowbion 10 the sampling digtribution of the sanple tean 4.,

Theorem. 2. Under {2}, we have
sup L P{nl - 1) & @) — PRl - B2t < o) e, &)
as well as

sup | PL/R{f — ) @) = PG - iy < ) o 143

“‘i‘frader stightly more carefid anpients. the conditionn ou o and o ey be mlaxed 1o Just plerewise
Lipmebtz continuily as suggestod in Papovodity aed Politis ¢ 202},
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From Theorem 2 & follows $hal asymploficslly valid vonfidence im,ervai;a for jt van be
bawed on the qnantiles of cither the bovtstrap distribution P*{/m{i" ~ )< zjor tha
hootsiray distribution I*{/n{f" — 2) < =}, both of which are cmnpﬁmble a8 opposed
te: the quaniiies of the nonkoown troe distributlon P(Vnrig - p) < 7).

To help delineate which of these two appraximaiions may he prefersable, reeadl that

the distribution P /A — i} < =) has center of location Oy{(nB"} by Lewmma 3, whils
Priyalps — BYit) € 1) has cenber exactly sero, and PS5l - u} < =) hag center
£t/ vr) by Lewma Lo To order to salisfy {2) we may let B = 1/272 for some ¢
n (2,1/2). Typically, we may even have ¢ < 174, in which case sppraximation (3 s
preferrable as ils {zcre) center of location is closest to thal of the targes distribution
P{ynig - p) < ) Tn addition, the validity of (3] may bre proved under slightly weaker
conditions, namely replacing the condition nB* — 0 in {2} by the weaker I 0.

3. APPENDIX: TECHNICAL PRGCGFS

Froof of Lemma 1.

Ffw{re - z&ﬁ) ( ((%%isuiﬁﬁ 4oy ‘rfnff}f--':-}) “!“))

= ( (Z:»{;‘»k Ei}nkf}ce))

Proof of Lemma 2.

‘1 B
Var {né FTI ﬁs}) = ¥ ar (”’ E Y ﬁ}e‘)
iy
. nd i i
= tvar (o) <L E E ot -

M x|

ﬁ%f—

EE-ZNEE 3 B3
Using the Mean Value Theorem and letiing & € [2. 252 we can revwrite (5) ab

el wm—fn

Ly }(‘,Mé mz;**}\) (#)

' gt ] ol

3 ot Dyt )
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1 ETA I S i —is} E%E
R D) TR BT
et e P pmiont b pt

w4V vespectively,

Lot us consider V3l We have
i
f{ﬁ'i‘ &} ‘;)g

{:e n—|y|
- E

et orak

= {} ( % ‘tlii |<’.'.'(3}§) = O{E}

Fom F

Apd ﬁé

Loty < 5 By

"o : Tn

i‘*’

whete O = ez, 000, sto(ri) o'{e . The Bt is schivved by the mixing isengnalities and
Krapecker’s Lemma.
We can write V| s

E Z( ) ﬂ—w 5 E (ﬂ%;}?a{ﬂ}

fm—itd-f ik : Jvmmszé—z Pty L
which can be wrillen as V) - V. We have that

fi— i Hoon §

\ R i
V== % }: (#C1) el s 0 T Jsfletsl — 0
b g g o] pomgen fghdd # # St
whare O s=maxe 0.1] %19“{:3.’1])2 . Finally,

"1

o m"‘
V= E f%ﬁ? 2.. if"{ ‘) - “}f o ()
aud the lermma is proven.

?rqef of Theorem 1. Obscrve that we have 3 weighted sm of sbrong mixing random
varinbles where the weighis obey the conditions of Theores 3.7 of Ronssas, Tran and
Yoansnidey {mfété‘j -RTT for shert—on fixed desipn regrossion. The prablom s fo show

thas ;,_—— ‘?“ . iy w ssymptotically normally distribited under onr assumptions. Tu do

that, we t:eed te verify the awsusaptions snd conditians in BT For example, (AL of RT1
i satisfied by the definition of omt mudel along with our assnmptions. (A2} (i) of RTT is
# conseguence of the fack that

“E ""(;2“3 —+ {0 ns T e 0.
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for sama constant C5 > 0 since o 5 5 positive integrable funetion. (A2} {(#} o RTTis 2
vespit of the fact that there exists a consbanl C > 8 sueh that ofu) < O uniformly in «.
Furthonaore,

S () - (Eedr) =o(5)

herause

wz&'{ }2 —+ C1 AR — o™

for some £ > 8. Fherefore we have
ERY
HLER, ﬁﬁé‘ = () (Z rfﬁ{ }) )
H ‘

Assutnption {A3) of RT1 is sasisled by the fact that the varance of j iy U(i'} by
Lornang 2 which traplies thai

Assimption (Ad) of RTY is »n immediate consequence of onr sssumptions on the se-
quence g Condition {2.21) of BT has three parts. We first ebserve (hat the effective
murmboy of terms in our sy 18 1. \Ve have 1o check that there exist p and ¢ as defined in
HTT where ap™" — 3 aned where

ngp ! }: (_ﬁf&i)? _—

Sy on

pt folin *
l“ """""'&':" e {} b k] ] —
d Z ( " ) v O and ngp™iodg) = Das s 0

wiRee as shown eatlier

s passible chaice is p= ni~* and g = n¥* for some ¢ € {£.1/4]. As a result we coofirm
that the first pari of condition {221} of BT holds, Finslly, from onr mixing assmmption
on g, w have that ady) = o1 ;qz} antd Wherelore gy~ talg) = o1} which satisfies the last
parl of condition {2.21) of WIT amd the theaerom i proven.

Proof of Lernma 3. The proof is rather Tong and tedious. We give just the mahn idea
betow for lack of spaee and Tolex the reader 1o Dowla {2002) fur detalls, Consider the effect
af the LBE on the underlying quantities in eq. (1), namely m(;‘;) , i o{L)and o, The LBRE
actually performs a similar re-artangement Lo those unobservabile quantilies as the ene
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perfonined on the data 17, TIn other words, for A= 0.3, .., [n /b] — 13 sm(i F=1.....%
wat have rt (B s Biizly o ﬁﬁﬁ!—*i) = o fkﬁ:}-] g o g Bad o, o= )
where £3, Fo,. 00 are the same values used te genarate Y.

Therefare, we have the LBB bootstesy version of ey, {i} given balow.

i {
+ * Y .
Y em {“},;“ 0 \wﬂ.)ﬁﬁo {8}

The kev observation now zs thal m* {2} — m{t] = O(B} nuifermly in ¢ by Taylor's
theorem; thus, r b $8 (0| L1~ m{tN = O{B) as well. Similazly, e {4y —o{h} = O(B)
uniformaly in 4 recall that B by e {24

Thus, &8 expression of the iype £ (n%(g"s* - g%}‘) andfor Vart (ﬁ;;&{;‘g*- ----- ;,1]} van be
ﬂigniﬁzant%v simpliled since 4* s an average of {2 lineor combination of) the quantities

m*{) ot {L] and ¢ that are closely related io the quantities m{<).a(L) and e found
wzi}zm i More details can be found in Dowla {2002, Ch. 4). AL ibe final analysis, the
LBEB on lhe errors o & taniamount o (2 version of} the regular block bootstrap For
stationary segrenoes that 5 consistent for the varisnce of the saraple mean,

Proof of Theorem 2. Congider the expression

1%
?ﬁ{g e EEEEY " (‘)—‘ L A E”&’;")) .

il

We can sewrile the above e terms of a sum of Borks of size & fe,

Ll tel
> (i f05, - - £ G
fmd] Fard yzf)

Note that the tandom varisble £, is a function of the % independerd. block of data of
size b We need to show that the £7, ' satisfy the Central Lisgit Theorem for a trizngular
array sum of independent, nop-identicaliv distribuied modom variables. Sirea we have
nite momments of order G+4 we ran use the Lynpusov cendilion. From Lemma 3, and
ihe indapendence of the £7,%, 3t follows that

2]

EN 5 L
3 Var(€,) s 3 r:{ef_]j ofiuidu,
it P ¢
We also have
s
" A e I N
im}m E (?z JZI{ ey j}) = ;3(»’;;{1)*’;
-
ThereFore we olitain
Rl
i L En . %(ﬁg(}!,{?ﬁ}} e €3 ¥
S Vart{€l,) mwwé{-"j £ o ludu
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Using {2}, we cau invoke Lyspunov's eondition to establish that  weer un cvent whose

wibh mean zero. Furthennore, from Lemma 3 we kanow thet & has the correct asvinptotic
vartanee. Thas, the theorem & proven,
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