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1 Which bootstrap?

Professor Brad Efron, a pioneer in the re-casting of modern statistics in its current computer-

intensive framework, has given us another important and thought-provoking piece of work.

To discuss it, consider the standard additive regression model

Yj = µp(xj) + εj for j = 1, . . . , n (1)

where Y1, . . . , Yn are the data, εj are the errors assumed i.i.d. (0, σ2), and xj is a length p

vector of explanatory (predictor) variables associated with the observation Yj . The function

µp(·) is unknown but assumed to belong to a certain class of functions that is either finite-

dimensional or not. For simplicity, let us focus on the simple case where µp(·) is affine in its

arguments, i.e., µp(xj) = β0 +x′

jβp
with β

p
= (β1, . . . , βp)

′. Also for simplicity assume that

the p coordinates of xj are ranked in terms of their importance so that model selection is

tantamount to choosing the order p; this is the case with the polynomial regression example

of the cholesterol data.

In the above, the regressor xj is most often thought of as deterministic, and µp(xj) has

the interpretation of expected value of the response Yj associated with regressor xj. But if

the regressors are random, then Efron’s set-up where the pairs

(Yj, xj) for j = 1, . . . , n are i.i.d. (2)

is appropriate. In that case, eq. (1) still applies by defining µp(xj) to be the (theoretical)

orthogonal projection of Yj onto the linear span of the elements of xj (plus a constant), and

letting eq. (1) serve as the definition of εj which would then be uncorrelated with xj. Of

course, under joint normality of (Yj, xj), the projection µp(xj) would equal the conditional
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expectation E(Yj|xj) since the latter would be affine as a function of xj; in this case the εj

would be normal as well, and independent of xj.

In the cholesterol example, it is obvious that even though the (transformed) compliance

variable may be normally distributed, when raised to the power of two or higher it will not

be. However, the assumption of normality is innocuous if it is just used as a trick to derive

the orthogonal projection via the simple formula for Gaussian conditional expectations.

Note that it is possible to avoid the assumption of normality but still retain the linearity of

E(Yj|xj). A simple way of doing that is to assume that eq. (1) is true with µp(xj) = β0+x′

jβp

and εj being i.i.d. (0, σ2) as before, coupled with the ‘exogeneity’ assumption that x1, . . . , xn

are i.i.d. and independent of {ε1, . . . , εn}.

The two aforementioned viewpoints on the same scatterplot motivate the two most

popular bootstrap methods for homoscedastic regression, namely the residual bootstrap and

the pairs bootstrap. The latter is a straightforward implication of eq. (2). By contrast, the

residual bootstrap keeps the xj fixed, and creates pseudo-data using eq. (1), i.e., letting

Y ∗

j = β̂0 + x′

jβ̂p
+ ε∗j for j = 1, . . . , n (3)

where β̂0, β̂p
are the Least Squares (LS) estimators of β0, βp

, and ε∗j is a random draw from

the set of fitted residuals {e1, . . . , en} with ej = Yj − β̂0 −x′

j β̂p
. Bose and Chatterjee (2002)

review and compare several different resampling methods for linear regression including the

pairs and residual bootstraps.

Efron uses the pairs bootstrap in the paper, and I do not think this is simply a matter of

taste. Doing the residual bootstrap presupposes a choice of the order p, i.e., model selection.

Suppose p̂ is a data-based selector of the order p; then the residual bootstrap would generate

data from a model with dimension p̂, and model selection procedures when applied in

the bootstrap world would disproportionally often select the same p̂ again. To elaborate,

suppose that with this type of data your favorite model selection procedure, say Mallows

Cp, would select p̂ = k with sampling probability pk, i.e., 100pk% of such scatterplots would

result into p̂ = k. The sampling probability pk would not be well captured/replicated when

pseudo-scatterplots are generated by residual bootstrap that always uses the order p̂ (say

p̂ = 3) that was chosen based on the original data.

The question arises: can we still employ a residual bootstrap in such a case where

model selection is also involved? The answer appears to be yes but it may be quite more

cumbersome. To start with, one can use the pairs bootstrap (or other considerations) in

order to estimate the aforementioned sampling probability pk. The important thing here is

not to underestimate model order; so one can probably afford to be slightly less parsimonious

at the stage of estimating pk. Then, use a two-step residual bootstrap: first generate the

order, say p∗, using the discrete distribution that puts mass pk on the number k, and then
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generate a pseudo-scatterplot via a residual bootstrap based on order p∗. The collection of

many bootstrap scatterplots generated this way should reflect well the variability associated

with model selection. If the regressors are not ranked, i.e., the models are not nested, then

one may associate sampling probability pk to candidate model k, and modify the above

two-step procedure accordingly.

2 Estimation and prediction

Efron focuses on the linear combination µp(x) = β0 + x′β
p

as the parameter of interest.

As previously mentioned, µp(x) has the interpretation of the mean response when the

regressor vector takes the value x. As such, it is a quantity that has precise meaning for all

models considered; indeed, all models should be able to capture such a quantity regardless

of whether individual β–parameters are zeroed out or not. Interestingly, µp(x) has an

additional interpretation: it is the L2–optimal (linear) predictor of the future response Yn+1

that is associated with a regression vector xn+1 that is equal to x.

Estimation and prediction often go hand-by-hand. It is not a coincidence that popular

model selection methods such as Mallows Cp or Cross-Validation rank models in terms

of their predictive ability. On the other hand, prediction is typically conducted using an

estimated model which implies a preliminary step of model-fitting. Since fitting a model

gives the practitioner the ability to predict future responses one can ask if the converse is

also true. The answer is yes: if one is able to predict the future response that is associated

with any regressor value x, then an implied model-fitting is taking place as the curve

explaining/predicting Y on the basis of x is being constructed.

But how can one predict without a model? The Model-Free (MF) Prediction Principle

of Politis (2013) substitutes the notion of transformation in place of a model, and places the

emphasis on observable quantities, i.e., current and future data, as opposed to unobservable

model parameters and estimates thereof. To briefly state it, consider the vector of responses

Y m = (Y1, . . . , Ym)′ where Yj is associated with regressor xj; the latter can be assumed

deterministic for the time being. Thus, Y n contains the already observed responses while

Y n+1 contains Y n plus the future (yet unobserved) response Yn+1 associated with regressor

value xn+1.

If the Yis were i.i.d., then prediction would be trivial: the L2—optimal predictor of Yn+1

would simply be given by the common mean of the Yis, totally disregarding the regressor

value xn+1. Since the Yis are not i.i.d., the Model-Free Prediction Principle amounts to using

the structure of the problem—that also utilizes the regressors—in order to find an invertible

transformation Hm that can map the non-i.i.d. vector Y m to a vector εm = (ε1, . . . , εm)′

that has i.i.d. components; here m could be taken equal to either n or n + 1 as needed.
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Letting H−1
m denote the inverse transformation, we would then have εm = Hm(Y m) and

Y m = H−1
m (εm), i.e.,

Y m
Hm7−→ εm and εm

H
−1
m7−→ Y m. (4)

If the practitioner is successful in implementing the MF procedure, i.e., in identifying

the transformation Hm to be used, then the prediction problem is reduced to the trivial

one of predicting i.i.d. variables. To see why, note that eq. (4) with m = n + 1 yields

Y n+1 = H−1
n+1(εn+1) = H−1

n+1(εn, εn+1). But εn can be treated as known given the data Y n;

just use eq. (4) with m = n. Since the unobserved Yn+1 is just the (n + 1)th coordinate

of vector Y n+1, the former can also be expressed as a function of the unobserved εn+1.

Finally, note that predicting a function, say g(·), of an i.i.d. sequence ε1, . . . , εn, εn+1 is

straightforward because g(ε1), . . . , g(εn), g(εn+1) is simply another sequence of i.i.d. random

variables.

Under regularity conditions, such a transformation Hm always exists although it is not

unique. The challenge to the skills and expertise of the statistician is to be able to devise

and estimate a workable such transformation for the problem at hand; see Politis (2013)

for a complete treatment of the regression paradigm. Note, however, that having mapped

our data onto the i.i.d. variables ε1, . . . , εn, a Model-Free bootstrap scheme readily presents

itself, namely: (a) generate bootstrap variables ε∗1, . . . , ε
∗

n by random drawing (without

replacement) from the set {ε1, . . . , εn}, and (b) generate a pseudo-response vector Y ∗

n =

Ĥ−1
n (ε∗n) where ε∗n = (ε∗1, . . . , ε

∗

n)′ and Ĥ−1
n is the estimated (inverse) transformation.

The MF bootstrap can be viewed as an extension of the residual bootstrap to settings

where a model is not available. To see why, note that if the additive model (1) is actually

available, then the transformation Hn can be readily estimated by first estimating µp(·).

For example, constructing the fitted residuals ej = Yj − β̂0 − x′

jβ̂p
can be viewed as a

transformation of the Y n data towards (approximate) i.i.d.–ness; recall that the residuals

are approximately i.i.d. being proxies for the true errors.

However, this is not the only possible transformation; for instance, one can define εj =

Yj − β̂
(j)
0 −x′

jβ̂
(j)

p
where β̂

(j)
0 , β̂

(j)

p
are the LS estimates obtained from the delete–one dataset

{(Yt, xt) for t = 1, . . . , n but with t 6= j}. In the above, the εj are nothing more than the

predictive residuals that are typically used in Cross-Validation; see e.g. Geisser (1993) and

the references therein. Politis (2013) gives an argument based on the Model-Free Prediction

Principle that favors using the predictive (as opposed to the fitted) residuals for resampling;

doing so appears to partially correct the under-coverage of bootstrap prediction intervals

noticed early on by Efron (1983) and Stine (1985).

In any case, when model selection is also involved, i.e., when the number p of regressors

to be used in the transformation Hn is up for debate, the analogy between the residual

bootstrap and the MF bootstrap suggests that a similar trick as the one suggested at
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the end of last section may be helpful. To elaborate, one can use a two-step resampling

procedure: (a) generate the model order, say p∗, using some estimated distribution (say

pk), and then generate a pseudo-scatterplot via the MF bootstrap based on an estimated

transformation Ĥn that uses p∗ regressors.

Nevertheless, there is nothing to stop the MF practitioner from using the pairs bootstrap

in this setting; this could be done just to obtain an estimate of the sampling distribution

pk needed above, or in order to carry out the complete task of capturing the variability

of an estimator that includes the model selection step. But using the pairs bootstrap is

associated with an assumption that the regressors xj are random, and furthermore that

the pairs (Y1, x1), (Y2, x2), . . . are i.i.d. as in eq. (2). In the case of random regressors, the

Model-Free Prediction Principle can be simply re-stated by conditioning on the regressor

values. In other words, the transformation Hm of eq. (4) would be constructed conditionally

on the values {x1, . . . , xm}, and the goal of the MF practitioner is to render the transformed

variables ε1, . . . , εm as close to i.i.d. as possible conditionally on {x1, . . . , xm}.

3 Models vs. transformations: a reconciliation

The Model-Free (MF) approach can form the basis for a complete statistical inference that

includes point estimators and predictors in addition to confidence and prediction intervals

without assuming an additive model such as (1); see Politis (2013, 2014) for details. Inter-

estingly, however, when an additive model is known to hold true, there is no discrepancy if

one adheres to the MF approach, i.e., tries to find a transformation towards “i.i.d.-ness”.

To see why, let us assume eq. (1) with µp(xj) = β0 + x′

jβp
. The essence of this model—

as far as MF prediction is concerned—is that the variables εj ≡ Yj − x′

jβp
are i.i.d. albeit

with (possibly) non-zero mean β0. Thus, a candidate transformation to ‘i.i.d.–ness’ may be

constructed by letting rj = Yj − x′

j β̂p
where β̂

p
is a candidate vector. The MF principle

now mandates choosing β̂
p

with the objective of having the rjs become as close to i.i.d. as

possible. However, under the stated regression model, the rjs would be i.i.d. if only their

first moment was properly adjusted.

To elaborate, a homoscedastic regression model such as (1) implies that all central

moments of order two or higher are constant; the only non-i.i.d. feature is in the first

moment. So, in this case, the MF principle suggests choosing β̂
p

in such a way as to make

r1, . . . , rn have (approximately) the same first moment. Noting that the first moment—if

it is common—would be naturally approximated by the empirical value r̂ = n−1
∑n

i=1 ri,

we can use a subsampling construction to make this happen.

To fix ideas, assume for simplicity that p = 1, and that the univariate design points
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x1, ..., xn are sorted in ascending order. Then compute the overlapping block means

r̄k,b = b−1
k+b−1∑

j=k

rj for k = 1, . . . , q (5)

where b is the block size, and q = n − b + 1 is the number of available blocks.

Note that r̄k,b is an estimate of the first moment of the ris found in the kth block. In

order to achieve the target requirement that all r1, . . . , rn have first moment that is the

same (and thus approximately equal to r̂), the MF practitioner may

choose β̂1 that minimizes LS(b) =

q∑

k=1

(r̄k,b − r̂)2 or L1(b) =

q∑

k=1

|r̄k,b − r̂| (6)

according to whether an L2 or L1 loss criterion is preferred.

Instead of r̂, we could equally use the mean of means, i.e., ¯̄r = q−1
∑q

k=1 r̄k,b as the

centering value in eq. (6). If b = 1, then r̂ = ¯̄r; if b > 1, then r̂ = ¯̄r + OP (b/n) so the

difference is negligible provided b is small as compared to n. Recall that in the typical

application of subsampling for variance or distribution estimation, it is suggested to take

the block size b to be large (but still of smaller order than n); this is for the purpose

of making the subsample statistics r̄k,b have asymptotically the same distribution as the

statistic r̂ computed from the full sample; see e.g. Politis, Romano and Wolf (1999).

Nevertheless, it is not crucial in our current setting that each of the r̄k,b have asymptoti-

cally the same distribution as r̂. What is important is that all the r̄k,b (for k = 1, . . . , q) have

approximately the same distribution whatever that may be. Therefore, it is not necessary

in eq. (6) to use a large value for b. Even the value b = 1 is acceptable, in which case we

have:

d

dβ̂1

LS(1) = 0 ⇒ β̂1 =

∑n
i=1(Yi − Ȳ )(xi − x̄)∑n

i=1(xi − x̄)2
where Ȳ =

1

n

n∑

i=1

Yi and x̄ =
1

n

n∑

i=1

xi.

In other words, the MF fitting procedure (6) with L2 loss and b = 1 is re-assuringly identical

to the usual Least Squares estimator! Note that the ris serve as proxies for the unobservable

εis which have expected value β0 under model (1). Hence, β0 is naturally estimated by the

sample mean of the ris, i.e.,

β̂0 =
1

n

n∑

i=1

(Yi − β̂1xi) = Ȳ − β̂1x̄

which is again the Least Squares estimator.

Minimizing LS(b) with b > 1 gives a more robust way of doing Least Squares in which the

effect of potential outliers is diminished by the local averaging of b neighboring values; details
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are omitted due to lack of space. Similarly to the above, minimizing L1(1) is equivalent to

L1 regression, whereas minimizing L1(b) with b > 1 gives additional robustness.

Finally, let us revisit the general case of model (1) with µp(xj) = β0 + x′

jβp
. When

p > 1, the regressors xj can not be sorted in ascending order. One could instead use a

local-averaging or nearest-neighbor technique to compute the subsample means. But no

such trick is needed in the most interesting case of b = 1 since the quantities LS(1) and

L1(1) are unequivocally defined as

LS(1) =

n∑

k=1

(rk − r̂)2 and L1(1) =

n∑

k=1

|rk − r̂|. (7)

It is now easy to see that the MF practitioner that chooses the β’s in order to minimize

LS(1) or L1(1), is effectively doing Least Squares or L1 regression respectively. Hence,

when an additive model is available, there is no discrepancy between the MF approach and

traditional model fitting. Nevertheless, the MF approach can still lend some insights such as

the aforementioned use of predictive residuals in connection with the model-based residual

bootstrap.
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