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The Unobserved ARCH model is a good description of the phenomenon of changing volatility that is
commonly appeared in the financial time series. We study this model adopting Bayesian inference via
Markov Chain Monte Carlo (MCMC). In order to provide an easy to implement MCMC algorithm we
adopt some suitable non-linear transformations of the parameter space such that the resulting MCMC
algorithm is based only on Gibbs sampling steps. We illustrate our methodology with data from real
world. The Unobserved ARCH is shown to be a good description of the exchange rate movements.
Numerical comparisons between competing MCMC algorithms are also presented.
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1. Introduction19

Many financial time series, such as stock returns and exchange20
rates, can be successfully modeled by assuming that the error21
variance fluctuates over time. Thus, such models can capture22
a usual phenomenon, often met in financial time series, the23
“volatility clustering”. The familiar modeling approaches are the24
Autoregressive Conditional Heteroskedasticity. (ARCH) mod-25
els and their variants (Bollerslev, Engle and Nelson 1994). An26
alternative to those models is given by the Stochastic Volatility27
models. For a recent good description of the stochastic volatility28
models see: Shephard (1996) and Ghysels, Harvey and Renault29
(1996).30

We focus our attention on a member of a class of models, in-31
troduced by Harvey, Ruiz and Sentana (1992), the Unobserved32
ARCH model, first explicitly presented by Shephard (1996). In33
this model the ARCH component is observed with error, or, it34
may be seen as a latent process. In a recent paper, Fiorentini,35
Sentana and Shephard (2004) discuss extensively the need to36
study models in which an ARCH process is used as a latent pro-37
cess. They point out that such modelling mechanisms can tackle38
important empirical problems in broad areas which include ag-39
gregate models, bid/ask prices, target interest rates and future40
contracts. Fiorentini, Sentana and Shephard (2004) concentrate41

on a multivariate heteroskedasticity model which may be viewed 42
as a factor-type multivariate extension of the model we propose 43
here. 44

We adopt Bayesian inference and we propose an easy to im- 45
plement and fast to converge MCMC algorithm. To achieve this, 46
we transform the parameter space so that the resulting full con- 47
ditional posterior densities have simplified forms. Moreover we 48
adopt the Auxiliary Variable (AV ) sampler (Swendsen and Wang 49
1987) and we include a set of latent variables in the full poste- 50
rior density of the model such that all the full conditional den- 51
sities to be of known forms. The MCMC algorithm we propose 52
consists of only Gibbs steps. This emanated from the desire to 53
develop an algorithm which is straightforward to use (unlike 54
Metropolis-Hastings, Gibbs sampling requires no tuning) and 55
has better convergence behaviour than existing MCMC sam- 56
plers. Jacquier, Polson and Rossi (1994) and Kim, Shephard and 57
Chib (1998) also used MCMC techniques to study the stochastic 58
volatility model, but their algorithms required Metropolis steps. 59

The remainder of the paper is organized as follows. In Section 60
2 we present in some detail the Unobserved ARCH model and 61
some of its theoretical properties. In Section 3 we describe the 62
non-linear transformations of the parameter space of the model 63
that we adopt and in Section 4 we propose our AV algorithm. 64
In Section 5 we illustrate this algorithm with real data and in 65
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Section 6 we compare the proposed algorithm with other existing66
popular algorithms. In Section 7 we discuss the overall fit of the67
model for our data.68

2. The unobserved ARCH model69

The Unobserved ARCH model is presented by Shephard (1996).70
The ARCH components in this model are observed with errors.71
The form of this model can be written using the following hier-72
archical structure of conditional densities:73

yt | ft , σ
2 ∼ N( ft , σ

2); ft | ft−1, a, b, f0 ∼ N(0, ht );

ht = a + b · f 2
t−1; (1)

where y1, . . . , yT is a realization of the process, ft is the Unob-74
served ARCH component at time t, f0 is the initial state or the75
“history” of the unobserved components and N (·, ·) is the Nor-76
mal distribution. To obtain ht > 0, the parameters a and b are77
restricted to be positive. The additional restriction 0 < b ≤ 1 is78
placed so that the ARCH component of the model to be covari-79
ance stationary (Engle 1982).80

The restriction b > 0 is imposed to this model so that the81
parameters are identifiable. Specifically, when b = 0, yt is a82
sum of two independent Gaussian white noises with variances83
σ 2 and a respectively, which cannot be separately identified on84
the basis of the sample information alone.85

Note that the unobserved component ft is not measurable86
with respect to the available information at time t , something87
which characterizes this class of models. The unconditional and88
conditional variances of yt are given by V ar (yt ) = σ 2+a�(1−89
b) and V ar (yt |yt−1, a, b) = σ 2 + ht . Therefore, the stochastic90
process yt can be considered to have an underline variance on91
which it is added the variability which is caused by the effect of92
volatility clustering.93

There are various reasons one might choose to use an Unob-94
served ARCH model instead of other standard models such as95
an observable GARCH. For example, note that if yt follow an96
Unobserved ARCH(p) model as in (1), then it is easily shown97
that y2

t follow a non-Gaussian ARMA(p,p) process, mimicking98
the well-known nice property of the square returns of GARCH99
models. To see this, note that y2

t = y2
t −σ 2 +σ 2 = f 2

t +kt +σ 2100
with kt = σ 2e2

t + 2 ftσet − σ 2. Now f 2
t follows an AR(p) pro-101

cess since it can be written as f 2
t = a + ∑p

i=1 bi · f 2
t−i + zt102

with zt = f 2
t − ht . Therefore, zt + a = b (B) f 2

t , where b (·) is103
the pth degree polynomial (b(ξ ) = 1 − b1ξ − · · · − bpξ

p) and104
B is the backward shift operator. Then, b (B) y2

t = b (B) f 2
t +105

b (B) kt + (1 − ∑p
i=1 bi )σ 2 = (1 − ∑p

i=1 bi )σ 2 + a + wt where106
wt = b(B)kt + zt , and y2

t is an ARMA(p, p) process since wt107
is an MA(p) process as a sum of an MA(p) process and a white108
noise. Moreover, in a series of empirical studies in Giakoumatos109
(2004) that are not reported here, there was evidence that the110
predictive ability of the Unobserved ARCH model is better for111
one-step ahead predictions than GARCH(1,1) models.112

3. Bayesian inference 113

The posterior density of the parameters of the Unobserved 114
ARCH model can be extracted via Bayes theorem, by 115

[a, b, σ 2, f0, f | y] ∝
T∏

t=1

([yt | ft , σ
2][ ft | ft−1, a, b])

× [a, b, σ 2, f0]. (2)

(Throughout the paper the usual square bracket notation is used 116
for joint, conditional and marginal densities.) The first two terms 117
in the above product are derived from the hierarchical structure in 118
(1) and the last term, [a, b, σ 2, f0], is the joint prior density of a, 119
b, σ 2 and f0. These parameters are assumed a priori independent 120
and we choose improper priors for the a, b, σ 2 and a vague 121
Normal density N(0, v) for f0, so that the joint prior density takes 122
the form [a, b, σ 2, f0] ∝ (a · σ 2)−1 exp{−0.5 f 2

0 �v}. Note that 123
the choice of priors is important since other functional forms 124
of priors on a and b would destroy the algebraic mechanism 125
which is essential for the derivation of the results of Section 4. 126
However, an inverted gamma prior could be used for σ 2 without 127
any serious complications. Using the above joint prior density, 128
the joint posterior density (2) takes the form 129

[a, b, σ 2, f0, f | y]

∝ 1∏T
t=1

√
a + b f 2

t−1

exp

{
−1

2

T∑
t=1

(
f 2
t

a + b f 2
t−1

)}

× 1

aσ 2 T +2
2

exp

{
−1

2

(
1

σ 2

T∑
t=1

(yt − ft )
2 + f 2

0

v

)}
. (3)

The above posterior (3) is heavily parameterized and the full 130
posterior conditional densities (i.e. the full posterior conditional 131
density means, the posterior density of one parameter condi- 132
tion on all the remaining parameters) are not of standard forms. 133
Therefore, the construction of the MCMC algorithm is not at 134
all simple. In order to handle this problem, we adopt some non- 135
linear transformations of the parameter space. Firstly, note that 136

Remark 1. If in the posterior density
[
a, b, σ 2, f0, f | y

]
defined 137

in (3) we perform the following transformations g = √
a/b and 138

wt = √
b/a ft ; for t = 0, . . . T, the posterior density takes the 139

form 140[
g, b, σ 2, w | y

]
∝ 1∏T

t=1

√
1 + w2

t−1

exp

{
− 1

2b

T∑
t=1

w2
t(

1 + w2
t−1

)
}

× 1

σ 2 T +2
2 b

T
2

exp

{
−1

2

(
1

σ 2

T∑
t=1

(yt − gwt )
2 + (gw0)2

v

)}
,

(4)

where w = (w0, . . . , wT ) . 141
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Proof: Note that the Jacobian of the above transformations is
|J | = 2bgT +2. The remaining calculations are straightforward.

�142

By using Remark 1, the resulting posterior density (4) has full143
conditional densities of a rather convenient form. In particular,144

•145

[
σ 2|·] ≡ IG

(
T

2
,

1

2

T∑
t=1

(yt − gwt )
2

)
,

where IG (a, b) denotes the Inverse Gamma density with146
mean b/ (a − 1); the notation |· implies conditioning on all147
the remaining parameters.148

•149

[b|·] ≡ IG

(
T − 2

2
,

1

2

T∑
t=1

w2
t

1 + w2
t−1

)
I (b ≤ 1) ,

where I(·) is the indicator function.150
•151

[g|·] ≡ N (m,s) I (g ≥ 0) ,

where152

m =
(

v

T∑
t=1

wt yt

)
�

(
σ 2w2

0 + v

T∑
t=1

w2
t

)

and153

s = (σ 2v)�
(

σ 2w2
0 + v

T∑
t=1

w2
t

)
.

•154

[w0|·] ∝ ND

(
0,

v

g2

)
1√

1 + w2
0

exp

{
− 1

2b

w2
1(

1 + w2
0

)
}

.

•155

[wt |·] ∝ ND
(
mt , s2

t

) 1√
1 + w2

t

exp

{
− 1

2b

w2
t+1(

1 + w2
t

)
}

,

for t = 1, . . . , T − 1.156
•157

[wT |·] ≡ N
(
mT , s2

T

)
,

where ND (·, ·) denotes the p.d.f. of the Normal distribution and158
mt and s2

t are given by159

mt = yt gb
(
1 + w2

t−1

)
gb

(
1 + w2

t−1

) + σ 2
, s2

t = σ 2b
(
1 + w2

t−1

)
g2b

(
1 + w2

t−1

) + σ 2
. (5)

Again, the full conditional densities of wt , for t = 0, . . . , T −1,160
are not of known forms. One way to deal with it, is to use161
Metropolis-Hastings steps (Hastings 1970, Metropolis et al.162
1953) which allow us to sample from non-standard densities.163
We tried a random walk Metropolis-Hastings step with a Nor-164
mal proposal density with variance given by s2

t . For a series of165

data sets we have analyzed, the probability of acceptance is ap- 166
proximately 0.5, a value which has been considered satisfactory 167
by Chib and Greenberg (1995a). 168

However, note that the full conditional densities of wt , t = 169
0, . . . , T − 1, can be written as 170

[wt |·] ∝ N
(
mt , s2

t

)
�(wt ), t = 0, . . . , T − 1

where �(wt ) is a function of wt . In that case, we can follow Chib 171
and Greenberg (1994) (see also Chib and Greenberg 1995b) and 172
sample from these full conditional densities by a Metropolis- 173
Hastings step using as proposal density N(mt ,s2

t ). In this case 174
the probability of acceptance reduces to min {1, �(w′

t )��(wt )}, 175
where w′

t is the proposal value. 176
Another way to sample from wt , t = 0, . . . , T − 1, is 177

to use AV sampling techniques (Swendsen and Wang 1987, 178
Edwards and Sokal 1988, Besag and Green 1993, Hidgon 1998, 179
Damien, Wakefield and Walker 1999, Neal 2003). The way this 180
is achieved becomes evident in the next section. 181

4. The auxiliary variable sampling 182

The basic idea of AV sampling is that the parameter space of a 183
posterior density can be increased by including extra latent pos- 184
itive variables which make the resulting posterior density more 185
tractable by sampling methods. Apart from the simplicity, the AV 186
sampling has many other promising properties fully examined 187
by Damien et al. (1999), Mira and Tierney (2002) and Roberts 188
and Rosenthal (1999). 189

We use AV sampling to construct an MCMC algorithm from 190
which we easily sample from the posterior of the Unobserved 191
ARCH model. We expand the parameter space, introducing 2T 192
auxiliary variables such that the resulting MCMC algorithm to 193
consists of only Gibbs steps. These auxiliary variables do not 194
have a useful interpretation but they are simply used as means 195
to facilitate the implementation of the MCMC algorithm. To 196
construct our proposed algorithm we use the following Remark. 197

Remark 2. If we include 2T positive latent variables u = (u1,

. . . , uT ) and k = (k1, . . . , kT ) in the posterior density (4) such
that the resulting joint density is given by

[g, b, σ 2, w, u, k|y]

∝ 1

σ 2 T +2
2 b

T
2


 T∏

t=1

I


ut ≤ 1√

1 + w2
t−1







×
(

T∏
t=1

I

(
kt ≤ exp

(
− 1

2b

w2
t(

1 + w2
t−1

)
)))

× exp

{
−1

2

(
1

σ 2

T∑
t=1

(yt − gwt )
2 + (gw0)2

v

)}
, (6)

then, the marginal density [g, b, σ 2, w | y] is given by (4). 198
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The above Remark guarantees that a MCMC algorithm which199
obtains samples from [u, k, g, b, w, σ 2 | y] obtains also sam-200
ples from [g, b, w, σ 2 | y]. To utilize Remark 2, we need to201
further elaborate on the resulting full conditional densities of202
[g, b, σ 2, w, u, k|y]. In fact, it is readily evident that it is more203
convenient to use some forms of conditional densities appro-204
priately marginalised over some parameters (Chib and Carlin205
1999). In particular, to sample from [g, b, σ 2, w, u, k|y] we use206
the full conditional densities of g and σ 2, which are presented207
in Section 2, because they are independent of u and k. For the208
remaining of the parameters, we use209

• Instead of sampling from [b|·] ≡ [b | k, w] we sample from210

[b|w] ≡ IG

(
T − 2

2
,

1

2

T∑
t=1

w2
t

1 + w2
t−1

)
I (b ≤ 1) .

•211

[ut |·] ≡ U


0,

1√
1 + w2

t−1


 ,

for all t = 1, . . . , T .212
•213

[kt |·] ≡ U

(
0, exp

{
− w2

t

2b
(
1 + w2

t−1

)
})

,

for all t = 1, . . . , T .214
•215

[w0|·] ≡ N (0,v) I


u1 ≤ 1√

1 + w2
0




· I

(
k1 ≤ exp

{
− w2

1

2b
(
1 + w2

0

)
})

.

• Instead of sampling from216

[wt |·] ≡ [
wt |ut+1, kt , kt+1, g, b,wt−1, wt+1, σ

2, y
]

;

for t = 1, .., T − 1,217
we sample from218

[wt |ut+1, kt+1, g, b,wt−1, wt+1, σ
2, y]

≡ N
(
mt , s2

t

)
I

(
ut+1 ≤ 1√

1 + w2
t

)

× I

(
kt+1 ≤ exp

{
− w2

t+1

2b(1 + w2
t )

})
,

where mt and s2
t are defined in (5).219

• Instead of sampling from220

[wT |·] ≡ [wT |kT , g, b,wT −1, σ
2, y],

we sample from 221

[wT |g, b,wT −1, σ
2, y] ≡ N

(
mT , s2

T

)
,

where mT and s2
T are defined in (5). 222

In order to sample from the above truncated Normal density 223
we chose to use rejection sampling (Gelfand, Smith and Lee 224
1992) which resulted in our application of Section 5 to accep- 225
tance rate of 0.15. Clearly, the choice of two auxiliary variables 226
for sampling [wt |·] instead of one was motivated by the need 227
to increase to increase this acceptance rate, since one auxiliary 228
variable (say λt ) would requires draws from Normal densities 229
truncated on the region specified by 230

I


λt ≤ 1√

1 + w2
t−1

exp

(
− 1

2b

w2
t(

1 + w2
t−1

)
)

 .

For the full conditional density of b,which is truncated Inverse 231
Gamma density, we use the AV sampler, introducing a latent 232
variable; see Appendix. 233

5. Application 234

We focus on the daily exchange rate of the Germany Marc 235
(DEM) with respect to the Greek Drachma. To elaborate, let ct 236
be the exchange rate of a currency with respect to the drachma 237
on day t ; then data series is given by yt = log(ct/ct−1) ·100, that 238
represents the daily relative (percentage) change of the exchange 239
rate since log (ct/ct−1) 
 (ct/ct−1) − 1 = (ct − ct−1)/ct−1 for 240
(ct/ct−1) 
 1. Our data set (Fig. 1(a)) consists of 844 observa- 241
tions taken in the period 16/12/93–2/5/97. Using our proposed 242
algorithm of Section 3, we obtain a sample from the poste- 243
rior density of the parameters of the Unobserved ARCH model. 244
Dropping the first 40000 iterations as burn-in, we sample 1 value 245
every 200 iterations such that the final sample, which consist of 246
2000 values, to be approximately an independent and identically 247
distributed sample from the marginal densities of the parameters 248
of interest. Note that, this thinning of the sampling draws is only 249
useful to save disk and memory space. This sample can be used 250
to find the summary statistics and to plot the histograms of the 251
posterior densities of the parameters a, b and σ 2. The posterior 252
mean of b (0.969) indicates that the ARCH component of the 253
DEM against Drachma is volatility persistent. 254

For the unobserved components ft ; t = 1, . . . , T , we plot the 255
time series of their posterior means in Fig. 1(b). When comparing 256
this plot with the plot of the daily DEM/Drachma exchange rates 257
(Fig. 1(a)), we notice that the Unobserved ARCH components 258
model very well the volatility clustering of the observed data. 259

6. Comparison of different MCMC algorithms 260

Using the first 3000 iterations we can compare the AV sampling 261
MCMC algorithm with respect to the Metropolis-Hastings al- 262
gorithm (MH) and the Chib and Greenberg algorithm (CG). We 263
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Fig. 1. (a) DEM/Drachma exchange rates. (b) Posterior means of the Unobserved ARCH components. (c) Means of the smoothed Unobserved
ARCH components.

initialize the three algorithms from the same dispersed initial264
values. The results are presented in Figs. 2(a)–(c). It seems that265
for all the marginal densities AV and CG algorithms reach the266
target distribution much faster than M H. In particular, AV has267
the best rate of convergence in Figs. 2(a) and (b) (parameters a268
and b) and CG achieves the fastest convergence in Fig. 2(c) (pa-269
rameter σ 2). To judge the overall convergence of the joint poste-270
rior density of (a, b, σ 2) we use the subsampling diagnostic that271
recently presented by Giakoumatos, Vrontos, Dellaportas and272
Politis (1999) which gauges at what point the chain “forgets” its273
starting points. This diagnostic uses as critical point that a chain274
gets in the target distribution the time that the coefficient of de-275
termination of a regression crosses a threshold d. The regression276
is based on the “range” of the (1 − a)100% confidence region277
for the t quantile of the distribution of interest and on 1/

√
N .278

The (1−a)100% confidence regions for the t quantile are calcu-279

lated using subsampling techniques for subsequent portions of 280
the chain and N is the number of iterations that are used to cal- 281
culate the confidence regions. In our example we set a = 0.05, 282
t = 0.90, d = 0.99, and we use the first 50000 iterations of the 283
three algorithms. The results of the subsampling diagnostic are 284
represented in Fig. 3. The AV algorithm needs approximately 285
13500 iterations to get in the target distribution when the CG 286
algorithm needs approximately 15500 iterations and the M H 287
approximately 22000 iterations. Note that the subsampling di- 288
agnostic is considered by its authors very ‘conservative’. 289

Another usual visual inspection which characterizes the be- 290
haviour is based on the correlograms of the Markov chain. In 291
Fig. 4 it seems that the autocorrelation of AV dies out much 292
faster than the CG and MH . 293

The computational time for one iteration of the MH and CG 294
algorithms is much higher than the AV algorithm. In general, the 295
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Fig. 2. (a) Markov chain behavior for the three samplers for the param-
eter a. Solid line: AV sampler. Dotted line: MH sampler. Dashed line:
CG sampler. (b) Markov chain behavior for the three samplers for the
parameter b. Solid line: AV sampler. Dotted line: MH sampler. Dashed
line: CG sampler. (c) Markov chain behavior for the three samplers for
the parameter σ 2. Solid line: AV sampler. Dotted line: MH sampler.
Dashed line: CG sampler.
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Fig. 3. Coefficient of determination versus iterations. Solid line: AV
sampler. Dotted line: MH sampler. Dashed line CG sampler. Straight
line: threshold d = 0.99.

expected computational times of MH and CG are more than 2 296
times greater than the expected time of AV algorithm. 297

Finally, we use the effective sample size (ESS) to compare the 298
three algorithms (Neal 1993, Brooks 1999). The ESS is defined 299
as the ratio n/τ—where n is the size of the sample, τ is the 300
autocorrelation time calculated by τ = ∑+∞

−∞ ρ(t) and ρ(t) is 301
the autocorrelation function at lag t. It expresses, in terms of 302
the variance of the sample mean, the number of independent 303
observations which correspond to a sequence of n dependent 304
observations. Using the first 3000 iterations of each of the three 305
algorithms we estimate the ESS for (a, b, σ 2) and we keep the 306
smallest of these as the minimum ESS of the corresponding al- 307
gorithm. Moreover dividing the minimum ESS of each algorithm 308
with the computational time that was needed for the 3000 itera- 309
tions we get the minimum ESS per second. The minimum ESS 310
and the minimum i per second are found to be (19.5, 0.1336), 311
(5.1, 0.0148) and (4.6, 0.0135) for AV , CG and M H respec- 312
tively. Again, it seems that the AV algorithm performs better 313
than the other two algorithms for this data set. 314

In conclusion, it seems that the AV performs relatively better 315
on the measures we considered. Both the ESS and the correlo- 316
grams show a relative advantage whereas the subsampling di- 317
agnostic indicates that the difference with the CG algorithm is 318
small. Although one might wonder how good these algorithms 319
are in absolute, rather than in relative terms, we feel that AV 320
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Fig. 4. Autocorrelation function plots for the parameters of the model.

algorithm performs generally well due to its implementation321
ease.322

Another algorithm that might be worth investigating as an323
alternative to our AV sampler is the single-step Metropolis sug-324
gested by Shephard (1996) and Pitt (1997). Unfortunately, our325
posterior density produces a full conditional density of wt that326
is a product of a normal density and a non-log-concave function.327
Therefore, the nice property of log-concavity that was utilized328
in Shephard (1996) does not exist in our model and we did not329
pursue this algorithm further.330

7. Overall fit of the model331

In order to check the overall fit of the model we follow Pitt and332
Shephard (1999) and we calculate the following residuals:333

(1) Log-likelihood lt ; for t = 1, . . . , T where 334

lt+1 = log([Zt+1 = yt+1|Ψt , θ̄]),

yt+1 is the realization of the stochastic process at time t + 1, Ψt 335
is the available information up to time t and θ̄ is the vector of 336
the posterior means of the parameters of the Unobserved ARCH 337
model. 338

As Pitt and Shephard (1999), we can estimate [Zt+1 = 339
yt+1|� t , θ̄;Mk] via filtering methods. First we obtain samples 340
of size K (in the applications of section 4 we use K = 10000) 341
of the unobserved component ft of the model, for t = 1, . . . , T, 342
using f i

t+1 ∼ [ ft+1|Ψt , θ̄], for i = 1, . . . , K . The above density 343
is easily derived for model (1). Then an estimate is given by 344

[Ẑt+1 = yt+1|Ψt , θ̄] = 1

K

K∑
i=1

[
Ẑt+1 = yt+1| f i

t+1, θ̄
]
, (7)
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which is the result of the Monte Carlo integration of345

[yt+1|Ψt , θ̄] =
∫

[yt+1| ft+1, θ̄][ ft+1|Ψt , θ̄]d ft+1.

This technique presupposes that we can evaluate and simulate346
from the density [yt | ft , θ̄] something which is true for the Un-347
observed ARCH model. For more details about this technique348
and the filtering method see Pitt and Shephard (1999).349

(2) Standardized log-likelihood ls
t , where350

ls
t = lt − µl

t

σ l
t

,

where µl
t and σ l

t are the mean and standard deviation of lt ,351
constructed as follow. We sample y∗i

t+1 ∼ [yt+1|Ψt , θ̄], for i =352
1, . . . , S (S = 100 in our application). For each y∗i

t+1 we evaluate353
li
t+1 using the above methodology, and we calculate µl

t and σ l
t354

as the sample mean and standard deviation of li
t .355

The statistic ls
t should have mean 0 and standard deviation356

1 if the model and the parameters are correct. Large negative357
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Fig. 5. Correlograms and partial correlograms of the squares of the
observed data and the squares of the posterior means of the Unobserved
factor respectively. (a) Correlogram of the squares of the observed data.
(b) Correlogram of the squares of the posterior means of the Unobserved
factor. (c) Partial correlogram of the squares of the observed data.
(d) Partial correlogram of the squares of the posterior means of the
factor.

vales of ls
t imply that an observation is less likely than the model 358

would expect; and vise-versa for the positive values. Moreover 359
we expect that

∑T
t=1 ls

t /T → 0 as T → ∞ (under the weak law 360
of large numbers). 361

In our case 26 ls
t out from 844 (26/844 
 0.03) are below 362

−3 and 2 out of 844 are below −10. The mean of the ls
t is 363

about 0.0273 and the variance is approximately 2.14. Therefore 364
the mean is close to zero (not statistically significant) but the 365
variance is much larger than 1, indicating that there are a lot of 366
very unlikely or very likely observations than expected but less 367
in between! 368

Moreover, from the filtering procedure we easily calculate the 369
smoothed Unobserved factors f̃ t , for t = 1, . . . , T, using as an 370
estimate the mean f̃ t = K −1

∑K
i=1[ ft |Ψt , θ̄]. These estimates 371

are presented in Fig. 1(c). 372
Figure 5 presents the correlograms and the partial correlo- 373

grams of the squares of the exchange rates and the squares of 374
the posterior means of the Unobserved components ft . It is re- 375
markable how the squares of the Unobserved components mimic 376
the behaviour of the squares of the observed data. Moreover 377
the correlogram of y2

t indicates that this process may have an 378
ARMA(1,1) behaviour. From the correlogram of f 2

t i t is clear 379
that this behaviour is captured by the Unobserved components 380
even thought they are based on ARCH(1). 381

Appendix 382

Sampling from truncated Inverse Gamma 383
We want to sample a value x from the density [x] ∝ 1

xa+1 exp 384

(− b
x )I(x < d). Instead of sampling x, we sample y from [y] ∝ 385

ya−1exp(−by)I(y > d−1), and we set x = y−1. In order to 386
sample from the last density, we add one positive latent variable 387
m such that [y, m] ∝ exp(−by)I(m < ya−1)I(y > d−1). Then 388
using the Gibbs sampler we take values from the full conditional 389
densities which are of known form: 390

• y|m ≡ exp(−by)I(y > k) where k = maxx (m(a−1)�2, d−1). 391
In order to sample from this distribution see Damien et al. 392
(1999). 393

• m|y ∼ U(0, ya−1) 394
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